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Abstract
This paper introduces a hyperchaotic system from the Lü system with a sinusoïdal perturbation. This hyperchaotic system has more complex dynamical
behaviors, and can generate 2-scroll hyperchaotic attractor and 2-scroll chaotic attractor under different control parameters. Theoretical analyses and simulation are conducted to investigate the dynamical behaviors of the proposed hyperchaotic system by means of Lyapunov exponents, analysis of the
bifurcation diagram and phase portraits.
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1. Introduction
Therefore, much attention has been paid to the investigation of the existence and
applications of hyperchaos. It is well known that hyperchaos can only appear in
four- or more dimensional systems and is usually generated from a known
low-dimensional system [1]-[8] via some control schemes. With the generating
mechanisms, some hyperchaotic systems have been discovered as in [9]-[16]. In
this letter, we will report a new hyperchaotic system constructed from the Lü
system [17] via a sinusoidal perturbation. The Lü system found in 2004 [17] has
many interesting properties such as the existence of two-scroll chaotic attractors
with only three equilibria and two 2-scroll chaotic attractors with five equilibria.
It is perhaps expected that the Lü system with a sinusoidal perturbation will exhibit more complex dynamical behaviors.

2. The Lü System
Lü system is a bridge between Lorenz system and Chen system, and it realizes a
DOI: 10.4236/jamp.2021.95076 May 28, 2021

1100

Journal of Applied Mathematics and Physics

P. Djondiné, P. A. Malobé

transition from a system to another system. It is also the simplest chaotic attractor among the unified chaotic system. The Lü system [17] is described as
=
 x a ( y − x )

− xz + by
 y =
 z = xy − cz


(1)

where x, y, and z are the state variables, and a, b, and c are three system parameters. When

( a, b, c ) = ( 36, 20,3) ,

system (1) demonstrates a chaotic attractor,

shown in Figure 1 and the Lyapunov dimension is 2.0669.
Hyperchaotic systems, generally, are classified as chaotic systems with more
than one positive Lyapunov exponent, this shows that the chaotic dynamics of the
systems are expanded in more than one direction and may give rise to more complex attractors. Hyperchaotic system also should satisfy some basic properties:
1) Hyperchaos exists only in higher dimensional systems, i.e. not less than 4D
autonomous system for the continuous time cases.
2) It was suggested that the number of terms in the coupled equations giving
rise to instability should be at least two, in which one should be a nonlinear
function.
In this study is constructed from (1) a new Lü system with a sinusoidal perturbation on parameter c in the original Lü system. The new system is described
as
=
 x a ( y − x )

− xz + by
 y =
 z = xy − c (1 + ε sin ωt ) z


(2)

where ε is the perturbation amplitude, and 𝜔𝜔 is the perturbation angular fre-

quency. The addition of the time varying parametric perturbation εsinωt
changes the autonomous system (1) to the non-autonomous system (2), which is

equivalent to a four-dimensional autonomous system.
This work, we show that the system (2) is hyperchaotic (Figure 2) for the pa=
=
=
=
a 36,
b 20,
c 10,
ε 0.43,
ω 23 .
rameter values=
The conditions for achieving hyperchaos are as follows:
1) The minimal dimension of the phase space should be at least four for continuous time systems of integer order.
2) The system has at least two positive Lyapunov exponents, and the sum of
all Lyapunov exponents is less than zero.
Using Wolf’s algorithm [18], the Lyapunov exponents of the new hyperchaoa 36,
=
b 20,
=
c 10,
=
ε 0.43,
=
ω 23 and
tic system (2) are calculated for=

X (0) = (0.1, 0.1, 0.1, 0.1) for T = 1× 104 seconds as
=
L1 1.8357,
=
L2 0.0004565, L3 = −21.8628 .
Since the Lyapunov exponents L1 and L2 are positive, we conclude that the
new system (2) is hyperchaotic. Also, by adding all the Lyapunov exponents, we
get their sum as L1 + L2 + L3 =
−20.0266435 . This shows that the new hyperchaotic system (2) is dissipative.
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Figure 1. Strange attractors of system (1) with

( a, b, c ) = ( 36, 20,3) .

Figure 2. Phase portraits of system (2).

3. Numerical Simulation
In this section, we show how the route to hyperchaos is obtained using bifurcation diagram and phase portraits. This new hyperchaotic system is numerically
solved using fourth-order Runge-Kutta formula. For each iteration, the time grid
is always ∆t = 2 × 10−6 seconds and the computations are made using parameters and variables in extended mode. Bifurcation diagrams are is exploited to define the type of behavior leading to hyperchaos. The Lyapunov exponent is calculated using the method described by Wolf et al. [18]. The spectrum of Lyapunov exponents (Figure 3) agrees with bifurcation sequence. In Figure 4, the bifurcation diagram depicts plots of local maxima of the variable z in terms of the
control parameter c in the range 1 ≤ c ≤ 2 . To better clarify that the new hyperchaotic system develop period-doubling scenario, a bifurcation diagram and
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Figure 3. Lyapunov exponents spectrum of system (2).

Figure 4. Bifurcation diagram of system (2) for varying c, with ε = 0.2, ω = 23.

corresponding Lyapunov exponents are plotted for varying in the range for and
with the same initial condition. Figure 5 shows the 2-D phase plots of the new
system (2). It is seen that the new system (2) exhibits two-scroll attractor.

4. Conclusion
By introducing a sinusoïdal perturbation, this paper presents a Lü system to
generate the hyperchaotic behaviors. We discussed dynamic properties such as
Lyapunov exponents, phase portraits and bifurcation diagram. The new system
has more complex dynamical behaviors, and can generate 2-scroll hyperchaotic
attractor in wide parameter ranges. It is very possible that a coexisting intermittent
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(a)

(b)

(c)

Figure 5. 2D phase portraits of the hyperchaotic system obtained for some specific values
of the control parameter: (a) hyperchaos for c = 10, (b) torus state for c = 20 and (c) periodic orbit for c = 32.
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chaotic attractor exists in the hyperchaotic system. As the control parameter varies, this proposed system can be periodic, quasi-periodic, chaotic and hyperchaotic, respectively.
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