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Abstract

In this paper, we evaluate the integrals that are solutions of the heat and
Stokes’ equations obtained by Fokas’ transform method by deriving exact
formulas. Our method is more accurate and efficient than the contour de-
formation and parametrization used by Fokas to compute these integrals. In
fact, for the heat equation, our solution is exact up to the imaginary error
function and for the Stokes equation, our solution is exact up to the incom-
plete Airy function. In addition, our solutions extend to the lateral boundary
without convergence issues, allow for asymptotic expansions, and are much
faster than those obtained by other methods.

Keywords

Heat Equation, Stokes Equation, Fokas’ Transform, Asymptotic Expansion,
Hilbert Transform, Incomplete Airy Function, Imaginary Error Function

1. Introduction

Fokas’ method (Fokas, 1997 [1] and 2002 [2]) is a recently introduced approach
that allows solving a large class of PDEs. Also known as the unified transform,
this method extends classical approaches, such as separation of variables or the
scattering transform, contains them as special cases, and gives solutions in situa-

tions where the classical methods cannot.

Classical methods work only poorly for spatial domains with boundary, when

dealing with inhomogeneous boundary conditions. In this context, the key con-
tribution of Fokas is the so-called “global relation”, which combines specified

and unknown values of the solution and its derivatives on the boundary.

Fokas” method gives the solutions as integrals on an unbounded contour in
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the complex plane. For example, for the heat and Stokes (first kind) equations
on the half-line

q,(x.1)—q, (x,1)=0, 0<x <o, 0<1,
q(x,O):qO(x), 0<x, (1.1)
q(0,1)=g, (1), 0<1,

and
qt(x,t)+qm(x,t)=0, O<x<owo, 0<t,
q(x,O):qo(x), 0<x, (1.2)
q(0,t)=g,(¢), 0<1,

respectively, this method constructs the solutions q(x,t) as integrals (2.1) and
(2.2) in the complex plane involving an x-transform of the initial condition g,
and a ttransform of the boundary condition g, .

To evaluate these integrals numerically, Flyer-Fokas (2008, [3]), Fokas et al
(2009, [4]), and Papatheodorou-Kandili (2009, [5]) used the steepest descent
method, deforming the contour in the complex plane, then used the simple tra-
pezoid rule, after parametrizing the curve, to compute the integral.

Following Flyer-Fokas [3] and for the sake of enabling a comparison, we make
the choice

9, (%) =0, g, (1) = sin(41).

But, any reasonable (e.g. tempered distribution) Dirichlet boundary condition
g, (#) can be decomposed into a superposition of sines, using the sine Fourier
transform. Thus, we can solve the above equations for general boundary data.
Initial data are simpler, to the point that one does not need Fokas” method to
handle them and will be treated elsewhere.

In this paper, we evaluate the integrals (2.1) and (2.2) by an alternative ap-
proach. First, we obtain a closed formula for the solution ¢(x,7) of the heat
Equation (1.1) in terms of elementary functions and one special function, name-

ly the imaginary error function erfi:

2
X

T

R[e_le (i+erfi(—z))+ e (i+erfi(—z, ))J ,

where z and z, are defined later. Second, we obtain an exact expression for

q(x,t)z ©

the solution of Stokes’ Equation (1.2) in terms of elementary functions and

another special function, the incomplete Airy functions:
B
1 . 3 ‘[737}” . I & (e
q(x,t):z sin| At+A3x |+e sin (A7) +ZZF(0: x )

where F (a; ,x*) are functions of the incomplete Airy functions and will be
determined later. The quantities x =(3¢)3x and o =(3t)3q,.
The above formulas lend themselves well to applications, since there exist fast

and highly accurate methods for computing the imaginary error function and
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incomplete Airy functions. For example, the imaginary error function is a stan-
dard function in MATLAB, where it is estimated with 10° accuracy by means of
Padé approximants (Cody, 1969 [6]). Hence, our numerical solution is more ac-
curate than Fokas’ solution and even than that of Papatheodorou-Kandili (2009,
[5]), who obtained a solution with 107" accuracy for the heat equation on a finite
spatial domain. We also obtained speed improvements of at least an order of
magnitude, see the Appendix A.

A related problem is that, as stated in Flyer-Fokas: “for x =0, the integration
interval is infinite and any truncation will result in the integral not converging
exactly to the boundary condition”. By contrast, our exact expressions for the
solutions extend all the way to the lateral boundary x=0 without this issue of
convergence (they are still ill-behaved as 7 — 0, though).

In this paper, we also derive the asymptotic expansion for the heat equation
solution with precise bounds for the error term, which allows one to compute
the solution with arbitrarily high precision. This only requires evaluating ele-
mentary functions and the imaginary error function erfi.

The paper is organized as follows. In the next section, we briefly describe Fo-
kas’ method as applied to Equations (1.1) and (1.2). In Section 3 we derive the
exact formulas for the solutions. In Section 4 we obtain an asymptotic expansion
for the heat equation solution, together with an estimate for the error size. Fi-
nally, in the Appendix B, we describe the numerical implementation of our

scheme and compare the results to those of Flyer-Fokas.

2. Fokas' Integral Solutions

In this section, we present the solutions of Equations (1.1) and (1.2) given by
Fokas and that take the form of integrals. For the heat equation on the half-line
with initial condition (¢, (x) =0) and a Dirichlet boundary condition

(g, (t)=sin(Ar)), the solution is:

1 e _ eszz e _ eszz N
q(x,t)=%v|‘ﬁ +[ - ke™dk (2.1)

k=il K +il

For the Stokes’ equation of the first kind with the same initial and boundary
conditions as above the solution is:

it itk —idt itk
—¢C

3 e’ —e e 2 ik
q(x,t)—ELD{ et Jke dk (2.2)

To evaluate numerically these integrals, Flyer-Fokas (2008, [3]) and Fokas et

al, (2009, [4]) deformed the contour of integration to a path in the region where
the integrand decays exponentially fast for large k. Specifically, in order to get
rapid convergence of the numerical scheme, they deformed the contour of inte-
gration to a hyperbola above the real axis and asymptotically below oD". After
that, they mapped the hyperbola from the complex plane to the real line using

the following parametrisation:
k(6)=iysin(a—if)=y(cosasinh@+isina coshd), (2.3)
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which maps points @ on the real line to points k(&) on a hyperbola in the
complex plane. The integral in Equation (2.1) becomes (also see Formula (3.8) in
Flyer-Fokas):

y e e—iﬂt _e—k(ﬂ)zt CW _e—k(a)zt
2m o

)= - k(0)e™ ) -i0)d0. (24
71) k(0) —iA k(e)zm,] (0)e" cos(@=i0)d0. -4

The parameters o and y were set to 1. After mapping the integral to the
real line, Flyer-Fokas truncated the infinite integration interval to a finite one and
used the simple trapezoidal rule. The same deformation-mapping procedure was

used with the stokes Equation (2.2) except that « =1/8 was replaced with /6.

3y (o | e — O grin _ k0’ 2 _ik(0)
xX,t)=—"*- - k(6) ™\ cos(a—if)d6. (2.5)
q( ) 47,:_'.,00 ﬂ—k(9)3 /’L-‘,—k(ﬁ)} ( ) ( )

3. Exact Formulas for the Solutions

3.1. The Heat Equation

Using several variables and contour changes, as well as Cauchy’s residue theo-
rem, we obtain a more manageable expression for the solution ¢(x,z) of the
heat Equation (1.1). Our starting point is identity (2.1). Define the following

four quantities z,, 1<i <4, which will appear in the computation:

e

More precisely, let
N B /1_ [ x \/ﬂ
! 2 Jt 2 zJ
x \/ﬂ
2

’1_
2
A, [ x /1
Zy = —|— —
t 2
They have the property that z =-z, and z, =—z,. Consequently, z =z}

and z; =z, , We also note for future reference that

2 _ 2 —
zf:—x—+x\/z—i x\/z—/lt :zf,zzzz—x——x\/zﬂ' x\/z-i-lt =2z,
4¢ 2 2 4¢ 2 2

Lemma 3.1. The solution of Equation (1.1) is given by:

A
e x\]; sin(/lt - x\/ZJ
2

e_th +0 € +o0 e
-~ [Zi_ljwk” k-3 3j dk],xqm
q(x,t)= M (3.1)
+o € +00 e
[Z”Iwk”dk YLl dj,x:tm

2
e“[zllf”e dk - 2,3_[“06 ],ptﬂ.

*k+z
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Proof. First, we convert the integral along the infinite contour to an integral
on the real line. From (2.1), we have
| e (i2k =k )+e " (i2k+ k")~ 2ike™

- ixk
q(x,t)—zTC . PENSE e™dk  (3.2)

We consider the contour C=[-R,R]UC, UC,,. UCy , where C_ . is the
part of C on the boundary of the domain D" and C, and C, are circular
arcs of radius R Let f (k) denote the integrand. On the contour C there are
two removable singularities at k = Vil andat k=—=iA . There are no poles
either inside or on the contour. Using the analyticity of the integrand, we have:

The contributions of the integrals along C, and C, vanishas R — oo, by

Jordan’s lemma. Equation (3.1) can be written as:

—idt ixk it ixk i1 —tk? +ixk
S a1 Y AR C ¥
21 YT kT —iA 2 Y0 kT +iA T KT+ A

q(x,t)z

Along C,, k=Re”, for 0<6 S% and dk = Rie’d@ . The first integral in
(3.3) becomes

© R2j2i0 givRe”

IO R*e™ —il a0

We will show that the integral of the modulus of the integrand converges to 0

as R — oo and therefore the integral of the integrand converges to 0 as well.

g R2je0 iR ¢t

T R2e—stin6 2

T
n efosingdg

de SI;|Rzezf9_il|desR2_l.[o

Therefore, when R — oo, the integral converges to 0 since sin(6)>0 for
T
0<f=<—.

For the second integral in (3.3), we have
b RZefosinH

n p2,,—xRsin@
S J‘Z - R €
0 |R2e2’5 N iﬂ|

< J.()4 |R262i9| dé = J.OZ o *Rsind 4 9

% R2i62i6 eixR 0

0 R +ild a6

which also convergesto 0 as R — 0.

For the third integral, we have

% Re® eftRZe” eixRe‘” Ric®

0 R*e%0 4 12

g RZe—tR2 cos20—xRsin 6

dé|< de

0 | RYe*0 4 12|
< Lz ge—llx’z cos20—-xRsin ng
R2 0

which converges to 0 as well as R — oo since sin(6)>0 and cos(260)>0
for 0<O<”.

Therefore, the tglree integrals vanish also along C, since sin(#)>0 and
cos(20)>0 for 2L<@<n. Also, as R—>oo, the contour C,
—0D" . Therefore,as R — o,

becomes

4
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jam f(k)dk = jif(k)dk.

and,
. R . . 2, .
eﬂ/’lz J'+°° kezxk ellt . kezxk lﬂ, ‘[+w keflk +ixk

— = —dk. 34
21 = k4 Q2 (3.4)

e B A~ vy E
Now, we evaluate each of these three integrals. The first and second one are
computed directly using the residue theorem. The third one is computed using a
different strategy.
For the first integral, we consider a contour that is the boundary of an upper
semicircular region of a circle of a radius large enough to include the pole N

Using the residue theorem and Jordan’s lemma, we get:

—iAt X —i. s =X iJri X i, t
¢’ J.Mo ket dk:(e M]Zm’Res(x/a):ée \E [\/: AJ (3.5)

2n T k=il 2n

In this integral, we need not consider the residue at the other pole —/il
since it is not inside the contour. Same holds for the second integral. We con-
sider a contour that is the boundary of an upper semicircular region of a circle of

radius large enough to include the pole —/—il . Using the residue theorem, we

i i PR Ny
Z—Zr:%dk=ée ol (3.6)

get:

In this integral as well, we need not consider the residue at the other pole

\/—iAd since it is not inside the contour. Summing (3.5) and (3.6) gives:

—idt ik it ixk .
¢ J.+°c ke dk_e_roc ke dk =—e \Esin[x\/%—/hj (3.7)

2n 0 k=il 2n T kP +il

For the third integral in (3.4), we use the partial fractions decomposition of

——— as:
K+ a2
k_L(lJrl_l_lj(?)S)
K+ 22 44\ k—~fih  k+~id k—~N—id k+~—id) '
We get:
. 7tk2 +ixk 7tk2 +ixk 7tk2 +ixk
+o00 -1 +o0 +oo
_i4 ke4—2 =_J' 4 +.[ W
i kA 4| = k=i “ k+~Jid

(3.9

o oK ik o oK ik
| ——dk-| —F—dk
I’“‘ k—~—id '[’“’ k+~=id
We next compute these four integrals. After changing the variable & by

k =kt and completing the square in k , we have:
¢ The first integral

2
~ X
ik vixk x [ N ]

+0 € —— +o €
L

—e M ~—d/€,
=k —~iant
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Another change of variable: k =k —i =, gives:
24t
i @ ik 2T ok
dk=e # dk, 3.10
LOk—\/ﬁ J k+z, (3.10)

S

21

x At x At
where z, =i———idt =— 2= +i| —=——— |22 |.
N V2 [2\5 V2

The integrand in the right hand side of (3.10) has -z, as a pole. Deforming
the integral back to the real line will result in a residue at —z, exactly when

Im(-z )= A x is non-positive (Cauchy’s theorem). If x>¢+/24, then
1 2 5 \/;

there is a residue. If x <¢+/24, then the pole is not inside the contour. There-
fore, the first integral is:

xz 2
-+ €
e ¥ j dk, x <22
= k+z
2 2

—tk? +ixk x -
+o € — prto €
dk=Je ¥ dk +miRes(~z, ). x = 1524

J.‘”k— = e L"k+zl +miRes(-z ), x=1

\’2 2

A, +oo -k
e 4zI © dk+2niRes(—zl),x>t«/ﬁ,

= k+z

where the integral is interpreted in the principal value sense when z € R
and
e e—k2 _ﬁ_ZIz —x\/%ﬂ'[x\/g—lt]
Res(-z )= lime ¥ (k+z)——=¢ % =e¢ . (3.11)
k—==z k+ A

* The second integral

2, . 2 2
—tk* +ixk o e—k

+o € S
Lot L

[At | At
where z, = 7+i (ﬁ+ 7] Note that in this case there is no residue
t

associated with the pole —z, since it is outside the contour when deforming the

integral to the real line.
¢ The third integral

2

—tk2+ixk xz
+o € ——T to €
j dk=¢ % j dk,

=k —~—il = k+z,

where z, =- /% +i(ﬁ+ /%j Note also that deforming the integral on the
t

real line in this case will not result in a residue since the pole -z, is never in-
side the contour.
* The fourth integral
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2

e 4 J‘MO ke dk, x < t\/ﬁ

+2z
oo eftkzﬂxk 7& - e*kz
L’” k+\/T e j_w e dk+niRes(—z4),x=t\/ﬂ
= w o
e ¥ J‘* e dk+2niReS(—z4),x>t\/ﬂ’

*k+z,

where z, = \/ﬂ (23, \/E J Deforming the integral on the real line will

result in a residue depending on the location of the pole —z,. The residue at

e e—k2 _ﬁ_zg —x\/%—i[x\/%—lt]
Res(-z,)= lim e * (k+z,)——=e ¥ = :
k=24 k+ z,

-z, is:
(3.12)
The difference of the residues at —z, and -z, is

R ,x\ﬁ 1
Res(—z)—Res(-z,)=¢ * (e’z‘ —eH ) =2ie V2 sin[x\/;—lt),

which cancels in the boundary case x =¢v2A . Therefore, the sum of (3.7) and
(3.9) produces (3.1), which is what we wanted to prove. O
We note that

F(z)= IM

is odd and F(Z)=F(z). Since z :—Z and z,=-z,, it follows that
F(z,)=-F(z) and F(z3)=— (z ) Then

zj”’ " k- Zj“" e —dk = 2R2j“‘° e Z(dk. (3.13)

*k+z,

Therefore Equation (3.1) becomes:

e"f sm[/lt x\/@

lt

q(x,t)=1- z, 1J‘+w e’ dk x=t22 (3.14)

RY: [ < gk x<i2h

= k+z

X

el dkx>t\/

i=l1

3.2. The Stokes Equation of the First Kind

Lemma 3.2. The solution of Equation (1.2) is given by

(tk +xk)

dk. (3.15)

1

1 1 —[€+é]l%x
q(x,t):E sin(ﬂt+/13xJ+e sin (Ar) o ZI
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2
1 1 1
a, = —l+i£ AeC; a,= l—iﬁ A3, o= —l—iﬁ AeC .
2 2 2 2 2 2
Proof. From Equation (2.2), we have that

iat 2 5 —idt 2 5 5 itk
3 (A R )+ e (K -k ) - 2k%e
a(nt)=[,e s dk. (3.16)

1 1 1
where o, =43, a,=-4%€cR; a3=[%+i£Jl3,

We convert the integral along the infinite contour to an integral on the real
line. Consider the contour C=[-R,R]UC, UC, . UC, , where C,. 1is the

ap*
part of C on the boundary of the domain D" and C, and C, are circular

arcs of radius R. Let f (k) denote the integrand. On the contour C there are
! ! 1 1
four poles: k =A%, k,=-A%, k, =(1+i£j13 and k, :[—lnﬁjﬂ .
2 2 2 2
Using the analyticity of the integrand, we obtain:
R
$f(k)dk=[" s (k)dk + jCRl f(k)dk+jcw+ f(k)dk+jCR2 £ (k)dk
= mi{Res (k, )+ Res(k, )+ 2Res (k, ) + 2Res (k, )}
= 0,

because the residues at k;, k,, k; and £k, are all equal to 0. (It is easy to
show that. The proof is available upon request).

The contributions of the integral vanish along C, and C, .Infact, ¢(x,z)

k5 ilx+itk’

can be written as:
k*e™ 3 g ke
x,t)=—e™ dk+—e™* —| ——
a(xt)=0 '[Rxl—k3 4n J.R/1+k3 J k=27
Along C,, k= Re"’,for 0<6 Sg and dk = Rie’gdé’ . Therefore:
¢ The first integral becomes

dk

R3l 3i0 V(Re

ke

Therefore,

nRSI 3i0 Lch b R3 —XRsin 6 R3

J'%R?se—stinOde

OW I |l Rie 3"g|d9:ﬂ,—R3 0
when R — oo, the integral converges to 0 since sin(6)>0 for 0<6< g .
* For the second integral, we have:
R3l 3i0 LxRe R3 —stmH
_[0 /1+R33"9 I |A+R3

which convergesto0as R — .
¢ The third integral
i0

gR6l~ei69eitR3e3i5 olvRe

0 R6e616 _ 12

RG 6 _—xR” sin 6—tR> sin30
d0 S 12 I3R *X blﬂ hll"l de
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which converges to 0 as R-—oo since sin(6)>0 and sin(36)>0 for
0<o<.

Along3 C,, » the three integrals vanish also since sin(6)>0 and sin(30)>0
for 2n <O<m.

Also, as R — oo, the contour C,. becomes —0D" .

Therefore, as R — oo, J.aw f(k)dk = Lof(k)dk.

Therefore, the contour is deformed to the real axis:

3 i _efk3z o _ okt
x,t)=—| k™ + dk
a(x0)=7 1 [ K A+k
3 » k26ikx 3 o kZGIILY 3
2 dk+ ¢ A
o vl o

A=k 4n
The first and second integrals are computed directly using the residue theo-

3.17
5 ike+itk® ( )
ke

dk

rem. For the first one, the roots of the denominator of the integrand are:
1 1 1
3 1 30,35 1 31,35
k=43, k, = ——+i£ A3 and k= -——=- £ A3 . We therefore consider
2 2 22
a contour that is the boundary of an upper semicircular region of a circle that
has a radius large enough to include the poles &, and k,. We do not need to
consider the residue at the other pole k; since it is not in the considered con-

tour. Therefore:
%e“‘ {miRes(k, )+ 2miRes(k,)} = %e”’ {Res(k,)+2Res(k, )},
n

where (after some computations)

1 7[£+L‘]gé
i23x o \22 *
Res(k ) =- , Res(ky)=— 3
Substitution of Res(k;) and Res(k,) in the integral gives
1 3
ieiit eziir + 2e7[7+i];~3

For the second integral, the roots of the denominator of the integrand are:
! 1 1
k=-A%, k,= (%H?J/ﬁ and k, = (%—i?]/ﬁ . We therefore consider a

contour that is the boundary of an upper semicircular region of a circle that has
a radius large enough to include the poles & and k,. We do not need to con-
sider the residue at the other pole k, since it is not in the considered contour.
Therefore:

3 . . 3
e l’{mRes(kl)-i-ZmRes(kz)}:Ze #{Res(k, )+2Res(k,)}.

where (after some computations),
1
1 (,£+L],ﬁx
—il3x 2 2

Res(kl):T, Res(k, )= © 3
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Substitution of Res(k) and Res(k,) in I, gives

1
. 1 _{ﬁgj s
I, = Ze’”’ e 4 0e

2 2

Therefore,

1 V31 é
1. o L e
I+1, =i At+3x +5e sin (Ar).
5
For the third integral, we use the partial fractions decomposition of FyE

R
as follows:
o1 Lt 1 1
K- 6 1 1 1 1
PSRN N B UNPLVCR P B BIPRE R P
2 2 2
+ ! + !
1 1
k- —l—zﬁ A3 k- —1+i£ A3
2 2 2 2
Therefore,
q(x,0)=1+1,+1,
Bl i{ok +k)
1] . 1 '[7"5]/13" . 1 & e
=—|sin| At+A3x |+e sin(At) |[+— dk,
2 ( ] (%) 47:2'[R k-a,
O

In light of identities (3.1) and (3.15), to obtain exact formulas for the solutions

of Equations (1.1) and (1.2) we are left with evaluating integrals of the form:

1 e"‘2
F(z)=—=
(Z') n Rk +z
and
i(tk3+xk)

(S
F(al.,x,t):;jR ——dk.

1

These Cauchy integrals can be computed by means of the Hilbert transform.
When restricted to the positive half-line [0,+), the first integral is known as
the Goodwin-Staton integral, see Abramowitz and Stegun [7]; also see Dawson’s
integral. We compute both integrals in the following section in terms of special

functions.

3.3. The Hilbert Transform

Lemma 3.3. Consider two entire functions fand g, such that f +ig is bounded
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on W' and f-ig is bounded on W, then Hf =g . In particular, consider
two entire functions f and g such that f and g are real-valued on the real line and
f+ig isboundedon H'. Then Hf =g.

Proof Since f+ig is bounded on H, its Fourier support is contained in
[0,0), (that is its Fourier transform vanishes over (-o,0)). Therefore, for
<0, f(§)+l§(§)=0 Likewise, the H~ boundedness of f —ig implies
that f(£)-ig(£)=0 for £>0.Hence, for £=0, §(&)=-i(sgn(&))f (&),
and therefore Hf =g . For &=0, under our boundedness assumptions, one
cannot get anything worse than a constant, and the Hilbert transform is only
unique up to a constant.

For the second conclusion, by the Schwartz reflection principle f(z)= m
and g(z)=g(z),so f(z)+ig(z)=/(Z)—ig(Z). Hence the boundedness of
f +ig in the upper half-plane implies that of f —ig in the lower half-plane

and we can fall back on the previous argument. [
Regarding the error function, since e and —e’zzerﬁ(z) are real-valued
on the real axis and € (1—ierﬁ(z)) is bounded in the upper half-plane, it

follows that the Hilbert transform of ¢ is
(He'k2 )(z) - e erfi(z) = e erf (iz),

which is also an analytic function, and real-valued on the real line. Here the im-
aginary error function erfi(z) is defined as erfi(z)=—ierf(iz) and erf(z)

is the usual error function:

erf (z dr=1- “dt.

£

For zeR, erfi(z) isreal-valued too, as seen from the fact that

2
)_\/Ejo

2 ¢z
erfi(z) = —I e dr.
Jr
This Hilbert transform is closely related to Dawson’s function and to the Mit-

tag-Leffler functions E,, : He P = iD+ (z),see [7].
s

Writing the Cauchy kernel as a combination of the Poisson and Hilbert ker-

nels, we get:
[H/1(=), zeR
Lpy ::@dk: -if (2)+[Hf](2), zeH" (3.18)
" o \r (@) H)(z). zeH
Therefore:
(He’kz )(z) S erfi(z),zeR
%PVf: ij dk =4 —ie™ +(Hefk2 )(z) = (i + erﬁ(z)), zeH" (3.19)

e ™ +(7—(e"‘2 )(z) e (i—erﬁ(z)), zeH"

where PV denotes the Cauchy principal value, H the Hilbert transform,
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erfi(z) the imaginary error function, H' ={z=x+iy:x,yeR, y>0} the
upper half complex plane, and H~ the lower half complex plane.
The expression (3.19) is analytic, for ze H" and for zeH separately, and

is bounded on the complex plane, but is not continuous, due to the jump

discontinuity across the real axis. It decays at a rate of O[ J as [Imz| - .

|Im z|
At this stage, we obtain an exact formula for the solution of the heat equation.

Proposition 3.4. The exact solution of Equation (1.1) is given by

2

Ta

q(x,t) = R[e’z12 (i+erﬁ(—zl))+e—z§ (i+erf'1(—22 ))J (3.20)

The above formula is valid for all (x,7) with x>0, >0 (since z are
not defined when ¢=0). This agrees with the fact that, although the expression
(3.1) defines a discontinuous function, the solution q(x,t) is continuous up to
the boundary and smooth for ¢>0.

Proof. Of the four values z;, z, and z; are always in the upper half-plane,
while z, and z, canbein H", R, or H . Thus, we have to distinguish the
following three cases:

» If x<ty22, then z, and z, are in H and z, and z, are in H".

Therefore,

me” ‘(i—erﬁ( ), z=1

2 -3 (.
o e —me ™ (i+erfi(-z,)), z=1z,
dk =

)
—®© k+ z _ne—z§ (l+ erfl(—Z3 ))3 z= Z3

e (i-erfi(-z,)), z=2z,

PV

and from Equation (3.1) above

2

2 ’L —k? —k?

Vg L NI b SR f SR
q(x,t) © sm[x\/; ! 4 ;J.“” k+z ;I‘” k+zj.
.’(2 Xz
e7$ -z —z3 671 (. 23 (.

== (e P—e “)—T[e "(i—erfi(-z,))—e ™ (i+erfi(-z,))
e (i+erﬁ(—z3))—e"z‘% (i—erﬁ(—z‘t))} (3.21)

2

: Ee 7 (iverfi(-z ))*ie 7 (ireri(- j))}

J=1 Jj=1

= Ref et (i erfi() + e (iert(-2,)) |

Here we used the fact that iz, =iz, and iz, =iz, , S0 erfi(—z,) =erfi(—z) .

o If x=tvy24,then z = \/g and z, = \/j arein R;and
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z, = ,f%ﬂ' 24t and z, = —J%H’ 2At arein H. Therefore,

ne Terfi(-z), z=z
2.
v o esz dhm —me” 2 (z+erﬁ(—zz)), z=1z,
“ktz —me? (l+erﬁ( 23)), z=1z,
-ne “erfi(-z,), z=z,

and

e ey

wk+ j=3 00k"l‘Z (322)
Y '
¢’ Re[e’z12 (i+erﬁ(—z ))+e’z§ (i+erﬁ(—z ))J
2 1 2
* If x>/22, then all the roots z, arein H'. Therefore,
—me (i+erfi(-z)), z=7
o —ne? (i +erfi(—z , Z2=2
PY[" S —dk= 2( (=) ’
“k+z —me 3 (i+erﬁ(—z3 )), z=1z,
e (i+erﬁ(—z4)), z=z,
and
,‘Cz
?z*wezdk mezdk
q(xt)=-"— ;fw kiz, ‘Z::Lo +Z .

Re[e’z‘2 (i+erfi(—z))+ e (i+erfi(-z, ))}

The Formulas (3.21) and (3.23), which correspond respectively to the regions
x<tJ24 and x> t24, are the same and reduce to the Formula (3.22) when
X approaches 22 from both regions. In all three cases, we have proved
(3.20). O

For arbitrary boundary data g, (7), this leads to the following solution of the
heat equation:

>

X

q(x.1) = j Re[ e (iverfi(~z))+ e (i erfi(-2,)) | & (2)dA,
where g; is the sine transform of the boundary condition g,:
N 2 .
g (4)= ;IO g, (¢)sin(Ar)ds.

Next, we compute the integral F(e;,x,t) and obtain an exact expression for
the solution of the Stokes equation of the first kind. The change of variable
k= (3t)5 k in the expression of F(e,,x,7) gives:
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*3
i[—k3 +x*k*]
1, e

F(a:,x*) :; Rwdk*, (324)

1 1
where x" =(3¢)3x and @ =(3t)3 q,. This is the Cauchy integral of

.[k“ . ]

0| —+x k

e’ , which is an analytic function bounded on the real line—so, for fixed
xand yeR, F(-+iy,x)e BMO.

Proposition 3.5. The exact solution of Equation (1.2) is given by:

1 (5,05
1 . 5 ( 2 +2Jﬂ * . 1 6 * *
q(x,t):z sin| At+A3x |+e sin (At) +—ZF(al.,x ) (3.25)
i=1
where F (ai* ,x*) are computed later.
Proof. By analogy with (3.18) and following Constandinides-Marhefka [8], let
the incomplete Airy functions be given by:
{iert]
Ai (x)= [ g,
t3
) _i)w i[fﬂrt}
Bi, (x) = j}f e g, (3.26)
3
i i[?wct]
Ci,(x)=["e'" Jdr
For the integral to converge, the upper integration limit in (3.26) can be taken

to be e, for O e (0,%}U(%,njU[%,?j . Over each range, the integral

is constant.

Due to the integrand’s rapid decay, the integral (3.26) converges for any
x,k € C, defining an analytic function of both. Ai, (x) is known as the in-
complete Airy integral, introduced by Levey-Felsen (1969, [9]). Also see Michae-
li (1996, [10]) for a so-called “Airy-Fresnel integral”.

When k=0, Aij(x), Biy(x),and Ci,(x) solve the inhomogeneous Airy
equation y"—xy=1. More generally, for any k e C they solve it with a source

3
i k—+xk
3

The three incomplete Airy functions are then related, modulo the usual Airy
functions Ai(x) and Bi(x):
Bi, (x) =Aj, (x) - 27':Ai(x), Ci, (x) =Aj, (x) - n(Ai(x) + Bi(x)).

term of

Vi—xy=e

Since (by a change of variable ¢ =it )

—+xt

| 3 t3
Ciy (x)=["e [3 Jdr =—i[ e, (3.27)

Ci;(x)eiR for keiR and xeR. Hence iCi, (x)eR for keR and
xeR.
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By the Schwartz reflection principle, it follows that iCi. (x)=iCi,(x), so

Ci; (x) =—Ci, (x) . In particular, Ci_, (x)=-Ci,(x) for keR and xeR.
For k=0 and xeR, Ci,(x) ispurelyimaginary:

—£+ X
Ciy (x) =~iC(x), C(x)=["e * "dr.

When xeR, C(x)e(0,) isa positive real number. C(0) is an absolute

constant that can be computed in terms of the I function:
t3
[ 3gr =323
C(0)=["e 3dt=371(1/3).

When x=0, Ci,(0) can also be expressed in terms of the incomplete I'

function:
3

t
Ciy (0)=if e Tdr=-374f © e Fdr =370 ir(1/3,(3ik)” ’ )

However, for k=0 and x =0, the incomplete Airy functions cannot be
reduced to a simpler expression.

Lemma 3.6. The function
3 3

k t
f(k, x) _ e?ka Jck+oo efg+xtdt

is uniformly bounded for R(k)=0.
Proof.
e If keR", then the integral converges and gives a continuous function of &
and therefore it is uniformly bounded.
e If k¢R", then we have k+iy and the first part of the above function be-

comes:
) B oy () 3
(k+iy) ~(k+ip)x ?7k()»+y )H{?f?fxy k——k(x+y2)
e 3 =e =e? x phase,

which is bounded given that ¢ <1. The absolute value of the integral of the

above function is also bounded. In fact:

i 2 s 2
——k{x+y ——+k|x+ )
e’ e )one e )djze’kyzjgekyzd)?
g
Now, let k =ik and ¢=i7 then R(k)>0 implies Imk <0 and the above

function becomes:
] —iw i[§+xij . —i[;txlz] )
I e df =ie Ci, (x),

: =

73 ]23
- {Twrl;] oo 7ﬁ+xt _I-[T+XI€
f(k,x)ze fk e 3 dt=ie
which is bounded for Imk <0.
Now, let k =&k, where &' =1, then the above function will be expressed in

terms of the two other incomplete Airy functions. In fact:

73 /;3 i3

ie_{Tﬁk"J J:m e{%ﬁt_]df _ ie_i[3+x£JBi,; (X) _ ie-"[?m;] (Cikf (x) e (x))
%xz;]

= f(lg,x) +iC, (x) ei{
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where C,(x)= —n(Ai(x)—iBi(x)) , is bounded for & in some half-plane. On
the other half plane, the function becomes:
/;'3

ie'i[éﬂkj L;Zw ei[gﬂf]df _ ie_{E:HI;]AiE (x)= ie_i[THEJ (Ci,; (x)+C, (X))

- 4[?“(/?]
= f(k,x)+iC2 (x)e
where C, (x)=mn(4i(x)+iBi(x)), is also bounded.
Therefore:

fe=e §e (0]

] (£)=0; & on some half-line
(3.28)

73
i k—+xk

f+iC, (x)ei [ ’ ] (§) =0; ¢ on the other half-line

Now Let’s apply the same change of variables to the derivative of the above
function with respect to x. We have:

k} 3
0

fhx)=e* [T M

Then the change of variables k =ik and ¢=if gives:
5ol o U5 5]
~ —i| —+xk 7iw~i—+xt B —i| —+xk 7iw~i—+xt B
f’(k,x):—e ’ J']; e\’ Jdf=ie \° J']; e\’ Jdi
ﬂ'[ﬁﬂdﬂ
=ie 7 UCit(x),

which is bounded. In terms of the two other incomplete Airy functions, we let
k = ¢k ,where &’ =1. Therefore:
1;3

G5 g e 15 (54
—I| —+X i —+xt —1| —+x =i —+X
ie C [TRel? Jdi=ie 7 UBip(x)=ie 0 (Cir(x)+C(x))

= f'(i,x)+iCl’(x)ei[3+XE]
where: C/(x)=-n(Ai'(x)-iBi'(x)), and

—i| ﬁmzj 2 i[ﬁufj —i[ﬁﬂlgj —i[%+xﬁ]
ie[3 [T’ di=ie V7 VAir(x)=ie T (Ci(x)+C(x))

i k—+xl€

=f'(l€,x)+iC2' (x)e{ ]

where: C; (x)=m(Ai'(x)+iBi'(x)), which are both bounded.
Now, we have the general formula of the Hilbert transform for the function

R

Hf =af+BfCi,(x)+yfCi(x).
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Taking the Fourier transform and using the above results, we get:
if = af+/5'fC1k( )+;/fC1k(x) & e(—x,0]
iEf = af+ﬂfC1k( )+;/fC1k (x), & onsome half-line
i f=af+pBfCi, (x)+ 7 fCi, (x), £ on the other half-line

Using Equation (3.28), the above system becomes:
i=a
iE=a-C (x),B—Cl'(x);/ (3.29)
ig" =a=C,(x) -5 (x)y

Therefore, the solution for ¢, f,and y:

a=i

i[(1-9)a(x)-(1-8)Cl(x)]
C (x)C(x)-C, (x)C/ (%) (3.30)
i(1-8)6 (x)-(1-8)C, (v)]

C (x)C (x)-C,y(x)C/(x)

)
Using the formulas for C(x), C,(x), C/(x), Ci(x), & :(—«/§+i) ,
&= (\/§+i) and the Wronskian W(Ai(x),Bi(x)) =1/m, we get after simpli-

fication:

B=(i-1)Ai (x)-3iBi'(x) (3.31)
y = (1=i) Ai(x)+~3iBi(x)

Now, we have:

3

He,,[?uk} _ e—i[?ka |:i+[(i_I)Air(x)_\/giBi'(x)J Ci, (x)
[(-0)Ai(x)+V3Bi(x) it ()]

Thus,

ne"[%” i [+ [ (=1 A7 (x7) - V3iBi'(«) i, ()

-0 Ai(x )+ EBi(x ) e, ()], foray, = (34

. [”“][[l 1)ai'(x) 3B (x)]ci. (+')

Fla, ,x )= 1
[ Al(x )+le1( )] il (x*)} for oy, :(iéﬂ.?}@b)}’

*3

nei[’?x J [21’ + [(i ~1)AQ (x')-3Bi'(x') i . (+)
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and finally

1 : [ﬁ ;J” 1& (e
q(x,t)zz sin| At +A3x |+e sin (A7) +ZZF(0‘:"X)

4. Asymptotic Expansion of the Heat Equation’s Solution

4.1. Deriving the Asymptotic Expansion

Our exact expression (3.20) for the solution gis not very transparent. In order to
better understand its properties, we next derive an asymptotic expansion for
gq(x,t). It is well known, see Abramowitz and Stegun [7], that the imaginary er-
ror function erfi(z)=—ierf(iz) has the following asymptotic expansion:
2
(1 1 3 15 2n—-1)!
erﬁ(z):—i+e —+—3+—5+—7+---+%+--- , (4.1)
Jelz 22 47 8z 2"z
Here (2n—1)!'=1-3-5---(2n—1) is the semifactorial function, with the con-
vention that (-1)!!=1.

For completeness, we rederive this formula below, together with some precise

bounds for the error in this expansion. We start from the definition of the error

function:
2 o
e dr=1-——("e"dt

Zp

erf zz

-2

By repeated integration by parts, we obtain

2
st €[ 1 k3 X3k x(2(N-1)-1)
Lzetdt: i Z+2223+235 HN 2N +RN(Z)
2
e’ W(2n-1)!
== Z(znﬂ—zn)ﬂ"'RN(Z)’
n=0 z
where R, (z) isthe remainder after N'terms and is given by
2N -1 o™
Ry (2) - (o G e
Therefore,
2 v (2n-1)1
erﬁ(—z)z—ierf(—iz):—i—en (2:12—2”?1+R]'\,(z) (4.2)
n=0
where
, (=i)(=1)" (2N =11l e
R} (z2)= - [, S (4.3)

Replacing (4.1) in (3.20), we formally get the asymptotic expansion of the so-

lution

x2

(2n 1)" (2n—1)”

q( ) z [2n+l 2n+l1 + 2n+lz2n+.].j' (44)
n=0 2
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However, this computation is slightly misleading, because it does not give a
good estimate for the size of the error. If we use Formula (4.4), the error will be
large in some cases of interest. In fact, Formula (3.1) is better in a certain sense
than Formula (3.20), because the sine term in the former, which is absent in the

latter, can sometimes be a leading term, see below.

4.2. Estimating the Error in the Asymptotic Expansion

A more straightforward approach also leads to a better error estimate. For this
purpose, we discard the exact Formula (3.20), obtained by estimating the Cauchy
integral using the Hilbert transform, and go back to (3.1).

Lemma 4.1. The following asymptotic expansion is valid as |z| — o for
argze[S,n-5|U[rn+68,2n-5], §>0:

I idkw_i(Zn—l)!!\/;‘

Y k —z = 2n ZZn+l
More precisely,
. 1 (2n-1)IWr
dik =— + z), 4.5
Lo f—2 LT O,y (2) (4.5)

where the error is bounded by

(2N -1)!Nm 1)Hf

O (2 : (4.6)
| 2N ( | N |z| |
which converges to 0 for fixed Nas |Imz|— .
Proof The fraction can be written as:
—Z
L1t 1k +k2+m+kN’1 . kY
k—z z l—é z z2 2 zN (k—z)zN'
z
Therefore,
0 e_kz 2 1 k2
[ P dk = LO e dk+0,, (), (4.7)
- m*l
where
" k2Ne—k2

O,y (Z) = I_wmdk

The values of the integrals in (4.7) are known: for m—1 odd they are zero
because the integrands are odd. For even values of m—1=2n we obtain, by re-
peated integrations by parts,

(2n-1)!r

> (4.8)

[ ke dk =

Therefore

I ~2(an 12),,'1{ +0,, ().
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An upper bound for the error term (,,, , based on the exact formula above, is

| ;Iw KN di = M

[0u1 (<) < 2 |im7] 2 | i

O
Substituting (4.7) in Formula (3.1) and taking into account (3.14), we get the
following asymptotic expansion of the solution ¢(x,7):
Proposition 4.2. The solution q(x,t) to Equation (1.1) admits the following

asymptotic expansion:

S E PR N

2\/;n - 2n+| 2n+l1 2n+] 2n+l1
q(x’t) = 2 (4'9)

X

Cana ((2n-1)10 (2n-1)N
—£ZR(( n-1) +( n-1) J+Q2'N,x>>t\/ﬁ,

2 ,TE = 2n+IZlZn+1 2n+122n+1

2
where the error (,, is bounded by

2

2e “i(2N-1)!!

|Q2’N|< 2\N '
max[lt,ztj ‘x—t\/ﬁ‘\/g

Proof. From (3.1) and (4.4) we get the following rough bound for the error
Oy:

0] L, e (2N -1)In

" (B

. e ¥ (2N -1)!! L 2eaeeN-nn
_max(ﬂt xiJN o f max[/u J‘x—tﬂ\ﬁ

The first line can also be used to obtain other bounds, e.g.

2
X

24VPe 4 (2N 1)1

‘x - t\/ﬂ‘mﬂ \/E

05| <

O
Thus, the asymptotic expansion (4.9) may be inaccurate near the diagonal
x =ty/24, but covers both the case when x is fixed and ¢ is large and the case

when ¢is fixed and xis large.

5. Discussion

Interestingly, the solution behaves differently in these two regions. In the large x

regime, the leading order approximation to the solution is given by (after simpli-
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fication)
5 xz x2
8At2xe ¥ 2% 4 5.1)
xt)=q (x,t)+0) =—-—""———+0,,|0)|<——— (5.1
R PV N R
2

X

The leading term ¢, and the error are both of size x ¢ * .

The next term in this expansion is (after simplification)

5 7 9 11 a2
(3ﬂt2x8 +34e2x7 —162°12x° —1441°¢ 2 xsje 4

q,(x,t)=— . (5.2)
(1) 16(x4+1612t4)3\/%

Explicitly, as x — o

x2

()= (1) 0, (00) 01 0] « — 2
q(x,t)=q,(x,t)+q,(x,2)+0;,|0)| < ———.
1 3 45 |4 (x—t\/ﬂ)s\/;
X2 VZ

The second term ¢, isofsize x ‘e * and the error is of size x7e * .

On the other hand, in the large ¢regime, the term

et
e \E sin(ﬁt —x\/ZJ
2

dominates (at least on average, since the sine can be zero), so as ¢ — oo the first

two terms are
2

5 X

-x\ﬁ A 8At2xe
,t =¢e 2 Sin ﬂ,t— \/: +—+ ”
9(x1) ( 2 (x* +164%*)Jn e

2

27 4

l(tm—x)\/;'

Again, ¢, (x,7) has the same size, ¥, as the remainder. Considering one

o<

more term, we have

,x\ﬁ 2
q(x,t):e 2 gin /lt—x\/; +q1(x,t)+q3(x,t)+QZ;,
XZ
6t e 4

o<
5/2

Here ¢,+Q, hasasizeof at most ¢ /°.

Finally, let us mention that along the diagonal x =#+/24 a similar analysis

implies that
i
e 2
N2t ~ , 1 —> o0,
q( ) \2mAt
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Appendix A. A Comparison with Fokas’ Method

For comparison with Fokas’ method, we repeatedly ran both our code and

Flyer-Fokas’ code on the same publicly available MATLAB/Octave online im-

plementation http://www.tutorialspoint.com/execute_matlab_online.php, and

averaged the times we obtained. The running times and averages are listed in

Table Al.

We found that it takes much longer to produce the figure below for the heat

equation using Fokas’ method and that the difference in running times becomes

more pronounced for a bigger grid.

Table Al. Running time difference in seconds between Fokas' method and our method in
solving the heat equation on a half-line.

Fokas’ Method for Heat Equation

101 x 101 Grid

501 x 501 Grid

Our Method for Heat Equation

101 x 101 Grid 501 x 501 Grid

Average

0.52904

0.51714

0.54877

0.49711

0.49120

0.51665

12.191

12.796

11.895

11.974

11.515

12.074

0.04947 0.60803
0.05220 0.57233
0.07941 0.46863
0.05840 0.47097
0.07217 0.46541
0.06233 0.51707

Appendix B. Code

For reference, this is the MATLAB/Octave code we used to compare the running

times of Fokas’ method and our method and to generate Figure B1.

//\ e //\\\
/ // \
/ \ ////// ////\\ \
1+ \ 1 _— h \\\
e SR
il \ =
= :“‘ / =l S
0 ) N m e O FITEETZZ il
A R RS 7 s
gl s 7
\\\\\l/#l,%\\\\\\\\\“mw“ IS
W
W A
I b

Figure B1. The solutions of the heat equation displayed on xe[0,1] and 7e[0,4n] (left) and of Stokes equation displayed on

xe[0,1] and 7e[0,1] (right).
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B.1. Our Matlab code for the heat equation

cpt=cputime;

W=2%pi;

n=51; m=51;

[xx,tt]=meshgrid(linspace(0, 1, n), linspace(0, 2, m));

[nt,nx] = size(xx);

x=xx(2:end, 1:end);

t=tt(2:end, 1:end);

zl=-sqrt (wxt./2)+((x./(2.*sqrt (t))-sqrt(wxt./2))*i);

z2=sqrt (wt./2)+((x./(2.*sqrt (t) ) +sqrt (w¥t./2) ) *i);

g=exp(-x.72./(4%t))/2.*real (exp(-z1.72) .*(iterfi(-z1))+...
exp(-z2.72) .*(i+terfi(-z2)));

g=[zeros(1,nx); ql;

mesh(xx, tt, q); xlabel(’x’); ylabel(’t’); colormap([0, 0, 0]);

tl=cputime-cpt;

display(t1);

B.2. Flyer-Fokas’ code for the heat equation (Adapted from [3])

cpt=cputime;

w=2%pi; a=2;

h=0.1; ga=1;

alpha=pi/8;

n=51; m=51;

[xx, tt]l=meshgrid(linspace(0, 1, n), linspace(0, 2, m));
[nt, nx]=size(xx);

xr=xx(2:end, 2:end);

tr=tt(2:end, 2:end);

s=zeros(nt-1, nx-1);

for kk=0:floor(9/h)

th=kkx*h;

k=i*ga*sin(alpha-ix*th);

q=exp (ixkx*xr)*k.* ((exp(-i*wktr) -exp(-k"2xtr))/ (k" 2-i*w)-...
(exp (ixw¥tr)-exp(-k~2*tr))/(k"2+i*w)) ;

term=real (q*ga*cos (alpha-i*th));

s=s+term;

if ((kk==0) || (kk==90)); term=0.5%term;

end;

end;

s=(1/pi)*h*s;

s=[zeros(1,nx); [sin(wxtr(l:emnd, 1)), sl];

mesh(xx, tt, s); xlabel(’x’); ylabel(’t’); colormap([0, 0, 0]);
tl=cputime-cpt;

display(t1);
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