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Abstract 
The strain and stress fields of a rectangular dislocation loop in an isotropic 
solid that is a semi-infinite medium (half medium) are developed here for a 
Volterra-type dislocation. Specifically, the loop is parallel to the free surface 
of the solid. The elastic fields of the dislocation loop are developed by inte-
grating the displacement equation of infinitesimals dislocation loops over a 
finite rectangular loop area below the free surface. The strains and stress then 
follow from the small strain tensor and Hooke’s law for isotropic materials, 
respectively. In this paper, analytical verification and numerical verification 
for the elastic fields are both demonstrated. Equilibrium equations and strain 
compatibility equations are applied in the verification. Also, a comparison 
with a newly-developed numerical method for dislocations near a free surface 
is performed as well. The developed solution is a function of the loop depth 
beneath the surface and can be used as a fundamental solution to solve elas-
ticity, plasticity or dislocation problems. 
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1. Introduction 

The problem of finding analytical solutions for the elastic fields of dislocations in 
different material types, material geometry and sizes has occupied researchers 
for tens of years. Early on, researchers focused their research on infinite isotrop-
ic materials or mediums. They also focused their work on infinitely-long dislo-
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cations (i.e. two-dimensional problems). For example, [1] [2] [3], amongst other 
textbooks, provided older known derivations for the displacement, strain and 
stress fields of screw and edge dislocations in an infinite medium assuming ma-
terial isotropy. However, [2] has also provided two integral equations for finding 
the displacement field (the Burgers equation) and another stress fields of a closed 
dislocation loop (of any shape) in an infinite isotropic material. 

Several researchers have studied different aspects of the dislocation loop prob-
lem using a variety of techniques. Initially, [4] and [5] investigated the prismatic 
circular loop (one whose Burgers vector is normal to its plane). The circular 
glide loop was initially investigated in [6] and given in [7]. The solution by Kel-
ler and Kröner was later corrected in [8] and [9]. In a more recent study of the 
displacement and stress fields of glide and prismatic circular dislocation loops, 
[10] [11] corrected some earlier work. The displacement field, including the sol-
id angle term, of a rectangular dislocation loop of the Volterra type in an infinite 
medium was developed by [12]. 

A Somigliana ring dislocation having both prismatic and radial Burgers vector 
components was investigated by [13] [14]. A torsional dislocation loop of the 
Somigliana type was investigated by [15]. 

As for problems involving dislocations near a free surface, [16] derived the 
elastic fields of a dislocation meeting a surface in an angle for an arbitrary choice 
of Burgers vector. Baštecká [17] formulated the field stress due to a pure edge 
circular dislocation loop near a free surface with Burgers vector normal to that 
free surface. The effects of free surfaces on a circular loop were also studied by 
[18] and [19]. [20] [21] showed the field displacements due to an infinitesimal 
dislocation loop of arbitrary orientation and Burgers vector in a semi-infinite 
isotropic medium. The elastic field of a finite-sized closed dislocation loop can 
thus be obtained by means of area integration using the results for the infinite-
simal loop. Jing et al. [22] used the last two references to find the displacement 
field of a rectangular dislocation loop parallel to a free surface. Maurissen and 
Capella [23] [24] derived the field stress correction terms of a dislocation seg-
ment parallel and perpendicular to a free surface in a semi-infinite elastic me-
dium. Comninou and Dundurs [25] presented the formulations of the elastic 
field of an angular dislocation segment in isotropic half-space. For an anisotrop-
ic medium, [26] derived an integral form of field stress for the case of a dislocation 
terminating at the free surface of an anisotropic half-space. Gosling and Willis [27] 
expressed the stresses due to an arbitrary dislocation in a semi-infinite medium as 
a line integral along the dislocation. 

In [1] [2], to treat the unphysical stress traction brought on the free surface by 
a screw dislocation line (parallel to the surface) whose fundamental solution is 
that of a screw dislocation in an infinite medium, an image screw dislocation 
with opposite Burgers vector is utilized. The image screw dislocation is a ma-
thematical/un-crystal dislocation situated across from the surface at a distance 
equal to the crystal screw dislocation. The image solution does not satisfy the 
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zero traction condition on the free surface when an edge dislocation parallel to 
the free surface is considered. In the case of an edge dislocation, [1] showed that 
extra term(s), called “surface correction terms” or stress surface correction terms, 
are needed to be added to the edge dislocation solution in an infinite medium 
plus the image edge dislocation solution (with opposite Burgers vector also treated 
as if it is in an infinite medium). With the addition of these three terms, the cor-
rect stress field is obtained as it ensures zero traction on the free surface. 

In recent years, several papers utilized the “collocation point” numerical me-
thod to solve the problem of dislocation near a flat free surface. These colloca-
tion point methods enforce zero traction on a select number of surface points 
and not infinite number of them as in analytical methods. For example, [28] and 
[29] utilized an image dislocation plus a stress correction term. The stress cor-
rection term(s) were obtained by meshing the large surface with prismatic con-
tiguous “mathematical” dislocation loops. Yan et al. [30] and [31] dropped the 
use of the image dislocations in the collocation point method by instead utilizing 
a mesh of generally-prismatic dislocation loops. 

In this paper, the strain-stress field of the correction terms due to a rectangu-
lar Volterra dislocation loop parallel to a free surface are developed by building 
on the corrective displacement field solution (using [21] and [22]). Also, strain- 
stress fields of the infinite medium term and the image term due to a rectangular 
dislocation loop are obtained by deriving the displacement field solution presented 
by [12]. Furthermore, analytical verification and numerical verification of the re-
sult will be presented. 

Elastic field solutions for dislocation problems as presented herein, are benefi-
cial for several reasons: 1) They serve as fundamental solutions, similar to a Green’s 
function, for other elasticity, plasticity or dislocation problems (e.g. for disclina-
tion problems, fracture problems, or general eigenstrain problems [32] [33]), and 
2) They serve as verification problems for numerical methods like the colloca-
tion-point method or different dislocation dynamic simulation codes. 

2. Elastic Fields of a Sub-Surface Rectangular Dislocation  
Loop 

First off, the problem configuration under consideration is given in Figure 1. 
The figure shows a free surface (labelled as such) of a half isotropic medium (i.e. 
semi-infinite medium) that is below the surface (i.e. lies in the positive z or x3 
direction). Beneath the free surface is a rectangular dislocation loop (labelled as 
“Finite-sized crystal dislocation loop”) that is parallel to free surface. This Vol-
terra-type dislocation loop has a Burgers vector b, which has three components 
bx, by and bz, and has a dimension 2a in the x-direction and a dimension 2b in 
the y-direction. The line sense of the loop is shown with the arrow going around 
the loop. The loop is below the surface a distance c. The goal is to determine the 
strain and stress tensors or components for an arbitrary field material point P. 
Note that in this paper, x1 and x are used interchangeably, so are x2 and y, and so  
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Figure 1. A finite-sized dislocation loop with an arbitrary Burgers vector, b, below (by c) 
a free surface. Also shown an image dislocation loop with opposite Burgers vector above 
the surface. Lastly, an infinitesimal dislocation loop located at a point in the plane of the 
subsurface finite-sized loop is also shown. 

 
are x3 and z. Similarly for 1x′  and x′ , and so forth. 

To find the displacement, strain or stress fields ( u� ,   or, σ  respectively) due 
to the subsurface dislocation loop, such fields are the sum of three terms: 

inf image su u u u= + +
� � � �                        (1) 

inf image s= + +                           (2) 
inf image s= + +σ σ σ σ                       (3) 

where the superscript “inf” refers to the field solution of a rectangular disloca-
tion loop as if it was in an infinite medium and not in a half medium as shown 
in Figure 1, the superscript “image” refers to the field solution of an image rec-
tangular dislocation loop which is also shown as the top loop in Figure 1 (also as 
if this image loop lied in an infinite medium), and finally the “s” superscript re-
fers to surface correction terms needed to ensure a zero traction condition on 
the free surface. 

Let’s focus first on the infinite term in the above equations. The Burgers equa-
tion [2] is an integral equation for the displacement field of a closed Volterra 
dislocation loop of any shape or curvature and lying in an infinite medium. It is 
composed of three integrals: the first of which is an area integral representing 
the solid angle of a rectangle, the second and third are line integrals summing 
the contributions of infinitesimal line lengths ( d ′l ) composing the loop along its 
line sense: 

( )

( )

2 2

2

1 1d d
8 8

1 d
8 1

m m j i mik kA c
j

i ijk kc
m j

u b R A b R x
x

Rb x
x xν

∂ ′ ′ ′= − ∇ − ∈ ∇
′π ∂ π

∂ ′− ∈
′ ′π − ∂ ∂

∫ ∫

∫

r �

�
         (4) 

where mu  is the mth component of the displacement vector u� , mb  is the mth 
component of the displacement vector ( ), ,x y zb b b b= =b

�
, ∈  is the permutation  

symbol, ν  is Poisson’s ratio, ( ) ( ) ( )2 2 2R x x y y z z′ ′ ′= − + − + −  (see Figure 2) 
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and 2 2R R′∇ = . 

The integration of the above equation for the displacement field of the rec-
tangular dislocation loop shown in Figure 2 was done in [12]. It is not re-pro- 
duced here. This displacement field represents the “inf” and “image” terms in 
Equation (1). To find the strain field associated with this rectangular dislocation 
loop in an infinite material, the tensorial small strain definition is invoked here: 

1
2

ji
ij

j i

uu
x x

 ∂∂
= +  ∂ ∂ 

                        (5) 

This provides the “inf” and “image” terms in Equation (2). Finally, to find the 
stress field of this loop, one invokes Hooke’s law for an isotropic material: 

2ij kk ij ijσ λ δ µ= +                         (6) 

where 
( )( )1 1 2

Eνλ
ν ν

=
+ −

, 
( )2 1

Eµ
ν

=
+

 

Here, ijδ  is the ijth component of the Kronecker delta, µ  is shear modulus, 

kk  is the dilatation or the volumetric strain, and E is Young’s modulus. Finding 
the stresses using Equation (6), will provide the “inf” and “image” terms in Equ-
ation (3). The strain and stress fields have been obtained here using the mathe-
matical software Mathematica which has a very strong symbolic engine. Howev-
er, they are not provided here for brevity for they will take several pages to list. 

As for the displacement surface correction term in Equation (1), it can be ob-
tained as follows: 

ds s
A

u u= ∫
� �

                          (7) 

where d su�  is the displacement vector at any field material point caused by an in-
finitesimal dislocation loop shown in Figure 1. By integrating the displacements 
caused by infinitesimal dislocation loops over a finite-sized area, one can obtain 
the displacement field associated with the sub-surface rectangular dislocation loop. 

 

 
Figure 2. The geometry of a rectangular dislocation loop in infinite material. Here  

( ), ,r x y z′ ′ ′ ′ ′= =r� . 
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Bacon and Groves [21] provided a formula for the surface correction displace-
ment term of a sub-surface infinitesimal dislocation loop, of area dS: 

( ) 3
3 3 3

, , 3

1d 1 2s
i j i

ij ij

x
u kx A

R R
δ   ′= − − − 

 
 
      

               (8) 

where, ( )d 4 1jk b S ν= π − , ( )2 4 1ij ijA ν ν δ= + − , 1 2d d dS x x′ ′= ,  
( ) ( ) ( )22 22

1 1 2 2 3 3R x x x x x x′ ′ ′= − + − + + . The integration for the sub-surface rec-
tangular dislocation loop was done by [22] and won’t be re-produced here for 
brevity. Using such solution, the surface correction term for the strain field in 
Equation (2), can be obtained from Equation (5). Once this strain field is devel-
oped, the surface correction term for the stress field in Equation (3) can be ob-
tained from Equation (6). The stress correction term is given here for the first 
time. 

3. Results and Discussion 

The surface correction terms for the strain and stress fields were obtained using 
the mathematical software Mathematica which has a very strong symbolic en-
gine. Only the stress results are listed in the appendices (Appendix A for the bx 
component, Appendix B for the by component, and Appendix C for the bz com-
ponent). If one is interested in the surface corrections terms for strain, which are 
not listed here brevity, these could be obtained from the stresses in the appen-
dices using: 

1
2 2 3

ij
ij ij kkG

λδ
σ σ

µ λ
 

= − + 
                    (9) 

where kkσ  is the first invariant of the stress tensor. 
To verify the results, the authors embarked on several verifications: i—ensuring 

that the stress traction on the free surface is zero, ii—ensuring that the equili-
brium equations are satisfied inside the half medium, iii—ensuring that the strain 
compatability equations are satisfied inside the half medium, and iv—comparing 
the analytical results with numerical results from the collocation-point method 
described above. 

i) Stress Traction on the Free Surface 
The stress traction T

�
 at the free surface is defined as: 

T n=
� �σ                           (10) 

which should be 0
�

 at the free surface. Here, σ  is given by Equation (3). How-
ever, the unit normal vector at the free surface is {0, 0, −1}, see Figure 1. This 
means from Equation (10) that xzσ  yzσ  and zzσ  should all be zero at the 
surface points. To check that these three stress components are zero on the sur-
face, one could do one of two things. First, use Equation (3) and specify z = 0 in 
it and see if it reduces to exactly 0 for each of the three stress components. Un-
fortunately, since the final results of Equation (3) are a few pages in length, Ma-
thematica was not able to simplify these stress components at z = 0 down to 0 
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value even if one waited more than 24 hours for the simplification. Alternatively, 
one can consider arbitrary lines along the x and y directions on the free surface 
and see if these reduce to zero. They indeed all identically reduced to zero. In 
addition to this analytical verification, surface or carpet plots of the three stress 
components on the free surface were created. This is a numerical verification as 
all such stress values should be zero. The plots in Figure 3 show just that. 

ii) Equations of Equilibrium 
The partial differential equations of static equilibrium in a solid material are 

given in indicial notation by: 

, 0ij
ij i

ix
σ

σ
∂

= =
∂

                       (11) 

If one expands the last equation on the repeated indices then the resulting 
three explicit equations are: 

0xyxx xz

x y z
σσ σ∂∂ ∂

+ + =
∂ ∂ ∂

                    (12) 

0yx yy yz

x y z
σ σ σ∂ ∂ ∂

+ + =
∂ ∂ ∂

                    (13) 

0zyzx zz

x y z
σσ σ∂∂ ∂

+ + =
∂ ∂ ∂

                    (14) 

 

 
Figure 3. (a) Plot of zzσ ; (b) Plot of xzσ ; (c) Plot of yzσ . For these plots, the following values were chosen: 100 za b b= = , 

10 zc b= , 0x yb b= = , 1zb = , 0.3ν = , 100µ = , 0z = , 10 10a x a− ≤ ≤ , 10 10b y b− ≤ ≤ . 
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These equations should be satisfied at every material point of a solid in equili-
brium. To verify the developed stress solution σ  given by Equation (3), one 
can see if Equations (12)-(14) are identically zero either using analytical or nu-
merical methods. For the analytical method, the equations are so humungous 
that Mathematica is not able to simplify them to 0. However, for any given line 
in space along the x-, y- or z-directions, Mathematica identically simplifies the 
equilibrium equations to zero. Hence analytical verification of the equilibrium 
equations is possible. Alternatively, numerical verifications can also be made by 
plotting Equations (12)-(14) along any plane in the material to see if the equations 
give a zero result. Figure 4 shows such plotting for by ≠ 0 right below the sub- 
surface dislocation loop. The figure shows that the equilibrium equations are satis-
fied. Note that given the combination of Burgers vector components and equili-
brium equations a total of nine plots are minimally generated. However, only three 
plots for one of the Burgers vector components are shown here for brevity. 

iii) Strain Compatibility Equations 
The equations of compatibility can be written in indicial notation as [34]: 

, , , , 0ij kl jl ik ik jl kl ij− − + =                       (15) 

This equation can be expanded over the repeated indices and written explicitly 
as six different/unique equations: 

2 22

2 2 2yy xyxx

x yy x
∂ ∂∂

+ =
∂ ∂∂ ∂

                      (16) 

 

 
Figure 4. (a) Plot of equation (12); (b) Plot of equation (13); (c) Plot of equation (14). For these plots, the following values were 
chosen: 100 ya b b= = , 10 yc b= , 0x zb b= = , 1yb = , 0.3ν = , 100µ = , 11 yz b= , 10 10a x a− ≤ ≤ , 10 10b y b− ≤ ≤ . 

https://doi.org/10.4236/jamp.2021.91011


L. Li et al. 
 

 

DOI: 10.4236/jamp.2021.91011 154 Journal of Applied Mathematics and Physics 
 

2 22

2 2 2xx xzzz

x zz x
∂ ∂∂

+ =
∂ ∂∂ ∂

 
                     (17) 

2 22

2 2 2yy zyzz

z yy z
∂ ∂∂

+ =
∂ ∂∂ ∂

                       (18) 

2 22 2

2
yz xyxx xz

y z x y x zx
∂ ∂∂ ∂

+ = +
∂ ∂ ∂ ∂ ∂ ∂∂

                     (19) 

2 2 22

2
yy xy yzxz

x z y z x yy
∂ ∂ ∂∂

+ = +
∂ ∂ ∂ ∂ ∂ ∂∂

                     (20) 

2 222

2
xy yzxzzz

x y y z x zz
∂ ∂∂∂

+ = +
∂ ∂ ∂ ∂ ∂ ∂∂

                    (21) 

These equations should be satisfied at every material point of a solid. To verify 
the developed stress solution   given by Equation (2), one can see if Equations 
(16)-(21) are identically zero either using analytical or numerical methods. For 
the analytical method again, the equations are so large that Mathematica is not 
able to simplify them to 0. However, for any given line in space along the x-, y- or 
z-directions, Mathematica identically simplifies the equilibrium equations to zero. 
Hence analytical verification of the equilibrium equations is possible. Alternative-
ly, numerical verifications can also be made by plotting Equations (16)-(21) along 
any plane in the material to see if the equations give a zero result. Figure 5 shows  

 

 
Figure 5. (a) Plot of Equation (16); (b) Plot of Equation (17); (c) Plot of Equation (18). For these plots, the following val-
ues were chosen: 100 xa b b= = , 10 xc b= , 0y zb b= = , 1xb = , 0.3ν = , 100Gµ = = , 11 xz b= , 10 10a x a− ≤ ≤ ,  

10 10b y b− ≤ ≤ . 
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such plotting for bx ≠ 0 right below the sub-surface dislocation loop. The figure 
shows that the compatibility equations are satisfied. Note that given the combi-
nation of Burgers vector components and compatibility equations a total of 
eighteen plots are minimally generated. However, only three plots for one of the 
Burgers vector components are shown here for brevity. 

iv) Comparison with the numerical “collocation point” method 
As mentioned above, the “collocation point” method is a numerical method 

that can work in tandem with the infinite stress/strain terms to find the strain 
and stress fields in Equations (2) and (3). This numerical method works for any 
sub-surface dislocation geometry or inclination and not just horizontal disloca-
tions or loops. To compare with this method, the following parameters were 
taken followed by stress components comparison between analytical and nu-
merical solutions in Figures 6-15: 

100a b= = , 400c = b , 0.3ν = , 200z = b , 10 10a x a− ≤ ≤ , 
10 10b y b− ≤ ≤  

 

 
Figure 6. Comparison of analytical solutions (solid and dashed lines) to the results of the 
numerical “collocation point” method (symbols) along x-direction for non-zero bx. 

 

 
Figure 7. Comparison of analytical solutions (solid and dashed lines) to the results of the 
numerical “collocation point” method (symbols) along x-direction for non-zero bx. 
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Figure 8. Comparison of analytical solutions (solid and dashed lines) to the results of the 
numerical “collocation point” method (symbols) along y-direction for non-zero bx. 

 

 
Figure 9. Comparison of analytical solutions (solid and dashed lines) to the results of the 
numerical “collocation point” method (symbols) along y-direction for non-zero bx. 

 

 
Figure 10. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along x-direction for non-zero by. 
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Figure 11. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along x-direction for non-zero by. 

 

 
Figure 12. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along y-direction for non-zero by. 

 

 
Figure 13. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along y-direction for non-zero by. 
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Figure 14. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along x-direction for non-zero bz. 

 

 
Figure 15. Comparison of analytical solutions (solid and dashed lines) to the results of 
the numerical “collocation point” method (symbols) along x-direction for non-zero bz. 

 
The figures show perfect match between the analytical and numerical solu-

tions. 

4. Conclusions 

In conclusion, the strain and stress fields associated with a sub-surface rectan-
gular dislocation loop that is parallel to the free surface of a semi-infinite solid 
have been developed. These are obtained from three different contributions or 
terms: a term associated with the loop being in an infinite medium, another term 
associated with an opposite Burgers vector image loop, and the third from sur-
face correction terms. The infinite terms and the surface correction terms were 
developed here. 

The developed field solutions were verified using analytical equations and nu-
merical comparisons. The verifications were to ensure satisfaction of the zero trac-
tion boundary condition on the free surface, the satisfaction of the equilibrium 
equations, the satisfaction of the strain compatibility equations, and compari-
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sons against numerical results from the proven “collocation point” numerical me-
thod. 
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Appendix A 

The surface correction terms for stress considering only bx (the x-component of 
the Burgers vector): 
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Appendix B 

The surface correction terms for stress considering only by (the y-component of 
the Burgers vector): 
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Appendix C 

The surface correction terms for stress considering only bz (the z-component of 
the Burgers vector): 
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