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Abstract

We consider a five-electron system in the Hubbard model with a coupling be-
tween nearest-neighbors. The structure of essential spectrum and discrete spec-
trum of the systems in the third and fourth doublet states in a v -dimensional
lattice is investigated. We prove that the essential spectrum of the system in a
third doublet state consists is the union of at most four segments, and dis-
crete spectrum of the system is empty. We show that the essential spectrum
of the system in a fourth doublet state consists of the union of at most seven
segments, and discrete spectrum of the system consists of no more than one
point.
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1. Introduction

In the early 1970s, three papers [1] [2] [3], where a simple model of a metal was
proposed that has become a fundamental model in the theory of strongly corre-
lated electron systems, appeared almost simultaneously and independently. In
that model, a single nondegenerate electron band with a local Coulomb interac-
tion is considered. The model Hamiltonian contains only two parameters: the
matrix element ¢ of electron hopping from a lattice site to a neighboring site and
the parameter U of the on-site Coulomb repulsion of two electrons. In the sec-

ondary quantization representation, the Hamiltonian can be written as
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H=t)a,a, +UY a :a, .a a, .., (1)
m,y m

where a,  and a, , denote Fermi operators of creation and annihilation of
an electron with spin y on a site m and the summation over 7 means sum-
mation over the nearest neighbors on the lattice.

The model proposed in [1] [2] [3] was called the Hubbard model after John
Hubbard, who made a fundamental contribution to studying the statistical me-
chanics of that system, although the local form of Coulomb interaction was first
introduced for an impurity model in a metal by Anderson [4]. We also recall
that the Hubbard model is a particular case of the Shubin-Wonsowsky polaron
model [5], which had appeared 30 years before [1] [2] [3]. In the Shu-
bin-Wonsowsky model, along with the on-site Coulomb interaction, the interac-
tion of electrons on neighboring sites is also taken into account. The Hubbard
model is an approximation used in solid state physics to describe the transition
between conducting and insulating states. It is the simplest model describing
particle interaction on a lattice. Its Hamiltonian contains only two terms: the ki-
netic term corresponding to the tunneling (hopping) of particles between lattice
sites and a term corresponding to the on-site interaction. Particles can be fer-
mions, as in Hubbard’s original work, and also bosons. The simplicity and suffi-
ciency of Hamiltonian (1) have made the Hubbard model very popular and ef-
fective for describing strongly correlated electron systems.

The Hubbard model well describes the behavior of particles in a periodic po-
tential at sufficiently low temperatures such that all particles are in the lower
Bloch band and long-range interactions can be neglected. If the interaction be-
tween particles on different sites is taken into account, then the model is often
called the extended Hubbard model. It was proposed for describing electrons in
solids, and it remains especially interesting since then for studying high-temperature
superconductivity. Later, the extended Hubbard model also found applications
in describing the behavior of ultracold atoms in optical lattices. In considering
electrons in solids, the Hubbard model can be considered a sophisticated version
of the model of strongly bound electrons, involving only the electron hopping
term in the Hamiltonian. In the case of strong interactions, these two models can
give essentially different results. The Hubbard model exactly predicts the exis-
tence of so-called Mott insulators, where conductance is absent due to strong
repulsion between particles. The Hubbard model is based on the approximation
of strongly coupled electrons. In the strong coupling approximation, electrons
initially occupy orbitals in atoms (lattice sites) and then hop over to other atoms,
thus conducting the current. Mathematically, this is represented by the so-called
hopping integral. This process can be considered the physical phenomenon un-
derlying the occurrence of electron bands in crystal materials. But the interac-
tion between electrons is not considered in more general band theories. In addi-
tion to the hopping integral, which explains the conductance of the material, the
Hubbard model contains the so-called on-site repulsion, corresponding to the

Coulomb repulsion between electrons. This leads to a competition between the
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hopping integral, which depends on the mutual position of lattice sites, and the
on-site repulsion, which is independent of the atom positions. As a result, the
Hubbard model explains the metal-insulator transition in oxides of some transi-
tion metals. When such a material is heated, the distance between near-
est-neighbor sites increases, the hopping integral decreases, and on-site repul-
sion becomes dominant.

The Hubbard model is currently one of the most extensively studied multie-
lectron models of metals [6] [7] [8] [9] [10]. But little is known about exact re-
sults for the spectrum and wave functions of the crystal described by the Hub-
bard model, and obtaining the corresponding statements is therefore of great
interest. The spectrum and wave functions of the system of two electrons in a
crystal described by the Hubbard Hamiltonian were studied in [6]. It is known
that two-electron systems can be in two states, triplet and singlet [6] [7] [8] [9]
[10]. It was proved in [6] that the spectrum of the system Hamiltonian H' in
the triplet state is purely continuous and coincides with a segment [m,M ] ,and
the operator H® of the system in the singlet state, in addition to the conti-
nuous spectrum [m,M ] , has a unique antibound state for some values of the
quasimomentum. For the antibound state, correlated motion of the electrons is
realized under which the contribution of binary states is large. Because the sys-
tem is closed, the energy must remain constant and large. This prevents the
electrons from being separated by long distances. Next, an essential point is that
bound states (sometimes called scattering-type states) do not form below the
continuous spectrum. This can be easily understood because the interaction is
repulsive. We note that a converse situation is realized for U <0: below the
continuous spectrum, there is a bound state (antibound states are absent) be-
cause the electrons are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the
on-site Coulomb interaction of two electrons and corresponds to the energy of
two noninteracting electrons, being exactly equal to the triplet band. The second
band is determined by Coulomb interaction to a much greater degree: both the
amplitudes and the energy of two electrons depend on U and the band itself
disappears as U — 0 and increases without bound as U — . The second
band largely corresponds to a one-particle state, namely, the motion of the
doublet, i.e, two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal
described by the Hubbard Hamiltonian were studied in [11]. In the three-electron
systems are exists quartet state, and two type doublet states. In [11] proved the es-
sential spectrum of the system in a quartet state consists of a single segment and
the three-electron bound states or three-electron anti-bound states is absent. Fur-
thermore, shown what the essential spectrum of the system in doublet states is the
union of at most three segments. In [11] also proved that three-electron bound
states exist in doublet states.

The spectrum of the energy operator of system of four electrons in a crystal
described by the Hubbard Hamiltonian in the triplet state was studied in [12]. In
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the four-electron systems exist quintet state, and three type triplet states, and
two type singlet states. In the work [12] proved that the essential spectrum of the
system in a triplet state is the union of at most three segments. There are also
proved that the four-electron bound states or a four-electron anti-bound states
exists in triplet states. Furthermore, also proved the spectrum of these three triplet
states are different. The spectrum of the energy operator of four-electron systems
in the Hubbard model in the quintet, and singlet states were studied in [13]. In [13]
proved the essential spectrum of the system in a quintet state consists of a single
segment and the four-electron bound states or four-electron anti-bound states is
absent. In the system exists two type four-electron singlet states, and they are
different origins. In the singlet states the essential spectra of four-electron sys-
tems consist of the union of no more than three segments. Furthermore, in the
system exists no more one four-electron anti-bound states or no more one
bound states.
Here, we consider the energy operator of five-electron systems in the Hubbard
model and describe the structure of the essential spectra and discrete spectrum
of the system for third and fourth doublet states.
The Hamiltonian of the chosen model has the form
H=A4) a, a, +BY a,. a, +UYa .a .a a. . (2)

.y oy m
Here, A is the electron energy at a lattice site, B is the transfer integral between
neighboring sites (we assume that B >0 for convenience), 7=xe;,j=12,-,v,
where e, are unit mutually orthogonal vectors, which means that summation
is taken over the nearest neighbors, Uis the parameter of the on-site Coulomb

interaction of two electrons, y is the spin index, =T or y =1, T and

1 1
denote the spin values 3 and 5 and a,, and a, 6 are the respective

electron creation and annihilation operators at a site me Z" .

In the five-electron systems exists sextet state, four type quartet states, and five
type doublet states.

The energy of the system depends on its total spin S. Along with the Hamilto-
nian, the N, electron system is characterized by the total spin S,

S = Sy S = o7+ S S = S = O

Hamiltonian (2) commutes w2ith all components of the total spin operator
S= (S 8,8 ) , and the structure of eigenfunctions and eigenvalues of the sys-
tem therefore depends on S. The Hamiltonian A acts in the antisymmetric Fo’ck
space H,, .

Belove we will give constructions of the Fo’ck space.

Let H be a Hilbert space and denote by H" the n-fold tensor product
H'=HO®H® -®H. We set H"=C and define F(H)=@ _,H" The
F (H) is called the Fock space over H; it will be separable, if H is. For ex-
ample, if H =L, (R), then an element y € F(H) is a sequence of functions

14 :{WO’WI (xl)vl//z (x15x2)>V/3 (x19x2»x3)9"'} » 50 that
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? dx,dx, -+ dx, < oo,

l//n (xl’XZ’.“7xn)

|‘//0|2 + ;_[Rn

Actually, it is not F (M) itself, but two of its subspaces which are used most
frequently in quantum field theory. These two subspaces are constructed as fol-
lows: Let P be the permutation group on n elements, and let {l//n} be a basis
for space H . For each o € P,, we define an operator (which we also denote by o)
on basis elements H" by O'((Dkl ®p, ® B¢, ) =P ®¢k(;(z) ®-~®(/Jka(n) .
The operator o extends by linearity to a bounded operator (of norm one) on

space H", so we can define S, = —'Z o . It is an easy exercise to show that,

the operator S, is the operator of Ui)P;thogonal projection: S> =S , and
S" =S, . The range of S, is called n-fold symmetric tensor product of . In
the case, where H=1L,(R) and H"=L,(R)®L,(R)®--®L,(R)=1L, (R”) ,
S H" is just the subspace of L, (R" , of all functions, left invariant under any
permutation of the variables. We now define 7, (H)=@,_,S,H". The space
F.(H) is called the symmetric Fock space over 7, or Boson Fock space over
H.

Let &(.) is function from P, to {I,—1}, which is one on even permuta-
tions and minus one on odd permutations. Define 4, = —'Zaep &(o)o, then
4, 1is an orthogonal projector on H". A H" is called the n-fold antisymme-
tric tensor product of 7. In the case where H=1, (R), AH" is just the
subspace of L, (R") consisting of those functions odd under interchange of
two coordinates. The subspace F,(H)=@ _,4,H" is called the antisymme-

tric Fock space over H, or the Fermion Fock space over .

2. Third Doublet State

In the system exists five type doublet states. The doublet state corresponds to the

. . 1712 o+ o+ 4
l;as;/l: functions dw’mlezv = am’ian’iarﬁatga]//ﬁoo and
o+ o+ o+ + o+ o+ o+ +
mon,r.t,leZ” - amvia”ﬁa’aiatﬁal,T¢o and m,n,rtleZ’ - an1,¢an,Tar,Tat,¢al,T¢0 and
4 412 o+ o+ o+ 4 5 71/2 S S S
gz’ = On i@t ndad @y and "dC L =0,40,10, 10,400,410,

The subspace 37'[1‘/’2 , corresponding to the third five-electron doublet state is

the set of all vectors of the forms
3%‘;2 = Zm ., Hlezvf(m,n,r, t,1) 3q'? f€ly, where [} is the subspace of

m,n,rtleZ” ’

5
antisymmetric functions in the space I, ((Z V) ) .

The restriction *H 1‘;2 of H to the subspace 3711‘/12 , is called the five-electron
third doublet state operator.

Theorem 1. The subspace 37'(172 Is invariant under the operator H, and the
operator 3H172 is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator *H 1‘;2, acting in the space 1y’ as
(3[T]172 )(m,n,r,t,l)
= 5Af(m,n,r,t,l)+BZ[f(m+z’,n,r,t,l)+f(m,n +r,r,t,l)

v (3)
+f(m,n,r+T,t,l)+f(m,n,r,t+r,l)+f(m,n,r,t,l+z')]
+U[5m,n +5m,r +5m,l +§n,t +5r,t +5t,l]f(m9nsrstsl)s
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where &, is the Kronecker symbol. The operator 3H172 acts on a vector
3, d _ 3q4d
Vip € Hl/z as

31—[172 3‘//172 = Z (3H172f)(ms”:”7t,l) 3d;/2n rtdez”” (4)

m,n,ritlez’

Proof. We act with the Hamiltonian /A on vectors y € 37'472 using the stan-
dard anticommutation relations between electron creation and annihilation op-
erators at lattice sites, {am,y,a;ﬁ} 0,0, 5> { mv,anﬁ} ={a;7, } 0, and
also take into account that a, ¢, =6, where @ is the zero element of 7'(1/2.
This yields the statement of the theorem.

Lemma 1. The spectrum of the operators “H 172 and *H, 1‘}12 coincide.

Proof. Because SHI‘;Z and 31?{;2 are bounded self-adjoint operators, it fol-
lows from the Weyl criterion (see, for example, [14], Ch. VII, §14) that there ex-

ist a sequence of vectors 1, such that

:1)

+ + 4+ +
l//n - Zp,q,r,t,s fn (p’ q’ r’t’S)al’,ial]ﬁarﬁaziasﬁq)o 4 | l//

n

and

=0, (5)

tim *Hi,v,, - Ay,

where A¢€ O'( 3H1‘;2 ) On the other hand,

ey, 2w, | =By, - Ay, Hw, iy,

= > ||3H172f" (p.gsrit,s)— /1f"(p,q,r,t,s)"2

Pq,hst,s

+ 4+ o+ 4+ + o+ 4+ 4+
X(“ 14 'TarTall«asT¢0’ap,iaq,Tar,Taz,ias,T¢0)

- " "Hi,F, - ( @,18,10,14, 10,10, |8, 18,10, 0,105, )
[0 )-8
n — oo . Here E,Z(ﬂ,(Paq””’t’s))pqrmezv and

F

n

? = Zp’q’r’t’s £ (p,q,r,t,s)|2 =||1,//n|2 =1. It follows that Ae 0'(31‘_11‘;2) .
Consequently, O'(SH;[Z)C 0'(31‘_1172). Conversely, let 1 € 0'(317172). Again by

the Weyl criterion, there then exist a sequence F, such that

AN

as n—> 0.

Setting W, = z s "(p ar, t s) ia Tamawa T(z)o,we have
3574 3
n 1/2 127 n n >
|w [ Hy),F, " H/ v —Ay " This, together with

Formula (6) and the Weyl cr1ter1on, implies that A € a( HY, P ) , and hence
(3H1/2 ) c O'( 3Hl/2) . These two relations imply that O'( Hl/z) (3H1/2)
Welet F denote the Fourier transform: F:/, ((ZV) ) L, (( ) ) Hl/2 ,

p q,rts)| =1

and

-0, (6)

1/2
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where 7" is a v-dimensional torus with the normalized Lebesgue measure
di:A(T")=1.
We set “H, f;z =F°H 52]: !, In the quasimomentum representation, the oper-
ator *H 1‘;2 acts in the Hilbert space L7 ((T Y )5) as
",
= {SA +2B) [c0s A, +¢0s 41, +€OS ¥, + 08 6, +cos 1, ]}f(/i,,u, 7,0,1)
i=1

+UfTv[f(s,ﬂ+,u—s,7,t9,77)+f(s,,u,l+}/—s,¢9,77) (7)
+f(s,y,;/ﬁ,l+7]—s)+f(ﬁ,s,;/,/1+t9—s,77)
+f(/1,ﬂasa7+‘9—Sa77)+f(ﬁaﬂa755,9+77—5)]d5,

5 5
where L ((T V) is the subspace of antisymmetric functions in L, ((T V) )
Using tensor products of Hilbert spaces and tensor products of operators in
Hilbert spaces [15], we can verify that the operator H 172 can be represented in

the form

Hy wy = Hy (A pu)®I®I+ 1@ H; (7,0)®I+1®I®H; (6,7)  (8)

where

(I:Iéf)(/l,,u) = {2A+ZBZV:(COS A, +cos ,ul.)}f(l,,u)

i=1

+U[ S (s, A+ u=s)ds+U[ [ (5,7 +6-s)ds,

(ljlzzf)(;/,é?) = {2A+282(cosyi +cos9i)}f(;/,t9)

i=1

~U[ f(s;A+y=s)ds=U[ [ (s,A+n-s)ds,

(1:123f)(9,77):{A+2Bicosnl}f(0,7])+UfTVf(s,0+n—s)ds
~U[ . f(s,u+0-5)ds,

and /is the unit operator.
Taking into account that A, u,7,0,n € T", we can express the action of oper-
ators 1:I§,1:122 and 1:13 in the form
(ﬁ;f)(l,,u) = {ZA +2B) (cos 4, +cos )}f(ﬁ,,,u)

i=1

+2U.|.Tl,f(s,/1+,u—s)ds,

(Flzzf)(y,ﬁ) = {2A+ZBZV:(cosyi +cos€i)}f(7,¢9)

i=1

—2U[,f(s,y+0-s)ds,

(Flff)(ﬁ,ry) = {A+2Bzvzcosnl}f(9,77).

i=1
The spectrum of the operator A®+7® B, where A and B are densely de-

fined bounded linear operators, was studied in [16] [17] [18]. Explicit formulas
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were given there that express the essential spectrum o, (4®/+/®B) and
discrete spectrum o, (A®I+I®B) of operator A®/+/®B in terms of
the spectrum o (4) and the discrete spectrum o, (A4) of A and in terms of
the spectrum o(B) and the discrete spectrum o, (B) of B

O (A®T+1® B)

={o(4)\o,, (4)+c(B)\o,, (B)}\{(0., (4)+(B)) )
U(o(4)+ 0., (B))}.

0, (4181+188)=(0,, (4)+o(B)U(o(4)+0,,(B).  (0)

It is clear that O'(A®I+I®B)={/I+,u:l eo(Ad),pe O'(B)}.

Therefore, we must investigate the spectrum of the operators H,, H? and
.

Let A\ =A+u, A,=y+0, A;=0+n.

Let the total quasimomentum of the two-electron system A+ = A, be fixed.
Welet L, (F A ) denote the space of functions that are square integrable on the
manifold FAI ={(ﬂ,,u):l+,u =Al}. It is known ([19], chapter II, pp. 63-84,
and [15], chapter XIII, paragraph 16, pp. 303-341) that the operator 1-7; and
the space T, =1L, ( T )2 can be decomposed into a direct integral
H = (—BJ. VHéA]dA] , Hz (—Bj VHQAI , of operators I:I;Al and spaces
HZAI =L, ( A ) such that HM are invariant under H2A and 19;,\1 act in
Hz A, according to the formula

i

(I:I;Alf,\l)(l):{ZA+4Bzr_lcos%icos(%—ﬂi]}f,\l( +2UI S (s

where f, (x) = f(x,A1 —x).
It is known that the continuous spectrum of H ) A, is independent of the pa-
rameter Uand consists of the intervals

i

4 4 4 v Ai v A
G oo (3, )= GY, = [my, M ] = {2,4 - 4Bzi:100571,2A +4BY" cost |

Definition 1. The eigenfunction ¢, €L, (T "xT V) of the operator H) A
corresponding to an eigenvalue z, &G, is called a bound state (BS) (anti-
bound state (ABS)) of I:I; with the quasi momentum A,, and the quantity
z,, 1is called the energy of this state.

We consider the operator K, (z) acting in the space ﬂzl,\l according to

the formula

2U

(K0 ()0 )(0) =], iCOS(Ai_t]_ZfAI(t)dt

24+4B)  cos [;1

It is a completely continuous operator in ’FLZI y for zé G,V\l .
ds,ds, ---ds,

v Al Al
24+4B) . cos 7‘c0s [2‘ -5 J -

Weset D) (z)=1+2U],
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Lemma 2. A number z=z,¢G, is an eigenvalue of the operator H) /4
and only if it is a zero of the function D, (2),ie, D, (ZO) =0. i
Proof. Let the number z=z, ¢ G, be an eigenvalue of the operator H) A

and ¢, (x) be the corresponding eigenfunction, Ze.,

{ZA-|-4Bicos%cos[%—x,)}(oAI (x)+2Uj L0, (5)ds =z, (x).
i1

Let y, (x)= {2A +4B)" cos%cos (%—xl}—z}% (x). Then

2U

v Al Al
24+4B) . cos 2'cos(2l - X, J -z

W, (x)+J.TV w,, (1)de=0,

ie, the number x =1 is an eigenvalue of the operator K (z). It then follows
that D} (z,)=0.
Now let z=2z, be a zero of the function Dy (2), ie, Dy, (z,)=0. It fol-

lows from the Fredholm theorem than the homogeneous equation
W, (S)dsl -oeds,

A Al =0
2A+4Bzrlcoszlcos( 21 —sij—z

W, (x)+2U ”

has a nontrivial solution. This means that the number z =z, is an eigenvalue
7l
of the operator H,, .
We consider the one-dimensional case.
Theorem 2. 1). At v=1 and U <0, and all values of parameters of the

. . agl . .
Hamiltonian, the operator H,, has a unique eigenvalue

A -
z, =24-2,[U* +4B’ cos’ 71 , that is below the continuous spectrum of H,, ,

. 1
ie, z;<my .

2). At v=1 and U >0, and all values of parameters of the Hamiltonian,

~ A
the operator H,, has a unique eigenvalue % =2A4+2,|U" +4B’ cos’ 71 , that

. . ag . ~ 1
is above the continuous spectrum of H,, ,ie, z,>M, .

Proof. If U <0, then in the one-dimensional case, the function D,(l (z) isa
monotone decreasing function on (—oo,m,l\l) and (M,l\l,oo), Le., outside the
continuous spectrum domain of the operator H, A - For z< m,l\1 the function

v 4 v
Dy, (Z) decreases from 1 to —oo, Dy (z)>1 as z—>—o, Dy, (z) > —o0

as z—>m, —0. Therefore, below the value m, , the function D (z) has a

A
single zero at the point z =2z =24-2,|U* +4B” cos’ —- <m) . For z>M, ,
2 1 1

and U <0, the function Dxl (z) decreases from +oo to 1, DXI (z)—>+oo
as z _>M11\1 +0, Dy (z)—>1 as z—>+o. Therefore, above the value M}\l ,

the function Dy (z) cannot vanish.
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If U >0, then the function Dy (Z) is an monotone increasing function on
(—00, m,l\1 ) and (Mll\1 ,00) , Le, outside the continuous spectrum domain of the
operator I:I; A, - For z<m,1\l the function DXI (z) increases from 1 to +o0,
Dy (z)>1 as z—>—o, D (z)—>+w as z—>my —0. Therefore, below
the value mlAl , the function Dy (z) cannot vanish.

For z >M/1\1 , and U >0, the function Dy (Z) increases from —o to 1,
Dy (z)>-w as z—>M, +0, D; (z)>1 as z—>+w. Therefore, above
the value M /1\1 , the function D,(l (z) has a single zero at the point

7 =24+2 /U2+4Bzcos2ﬁ>M‘A .
2 1

In the two-dimensional case, we have analogous results.

If U>0, then the function D12\1 is an increasing monotone function on
(—oo, m,z\1 ) and (M ,2\1 ,OO) , Le, outside the continuous spectrum domain of the
operator 19; A, - For Z<m,2\1 the function Dy (Z) increases from 1 to +oo,
Dy, (z)>1 as z—>—0, Dy, (z)>+0 as z—o m,z\l —0. Therefore, below
the value m,z\1 , the function D (z) cannot vanish. For z > M/Z\1 and U>0,
the function D,(l (z) increases from —oo to 1, D,V\l (z) -1 as z—>+wo,
Dy, (z) —>-0 as z—>M il +0 . Therefore, above the value M il , the function
Dy, (Z) has a single zero at the point Z, > Mil .

If U<0, for z>M il , then the function D,Z\l (z) decreases from —+00 to
1, Dy (z)—>1 as z—+w, Dy (z)—>+0 as z—> M +0 . Therefore,
above the value M il , the function Dy (Z) cannot vanish. If U <0, for
z< m,z\1 , then the function Dil (Z) decreases from 1 to —oo, Dy (z) —1 as
z—>-0, Di -0 as z—)mf\l —0. Therefore, below the value m,z\1 , the

function D) (z) has a single zero at the point z, < m, .
1 1
We consider three-dimensional case. Denote
dslds2ds3

" s A A .
l_:10057 1+cos T—Si

For U<0,and U< —2—B, below the continuous spectrum of the operator
m

m=

H) A, » the function Dil (z) has a single zero at the point z=z < mil. For
U<0, and ——<U <0, below the continuous spectrum of the operator

~ m
H, A, » the function Df\l (z) cannot vanish.
ds,ds,ds,

Z?_ cosﬁ 1—cos ﬁ—sl.
=l 2 2

2B
For U>0, and U >ﬁ’ above the continuous spectrum of the operator

Denote M :.[73

I:I;Al , the function Df\l (Z) has a single zero at the point Z >M,3\1. For

2B ~
0<U< v above the continuous spectrum of the operator ) A, » the function

D/3\1 (z) cannot vanish.

Now we investigated the spectrum of the operator H 7 A, » 1€, the operator

DOI: 10.4236/jamp.2020.812214

2895 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.812214

S. M. Tashpulatov

( 2A2fA2)() {2A+4Bicos%;cos([\—;—yij}fl\z ZUJ' fA2

i=1 2

It is known that the continuous spectrum of the operator 1:122 A, is indepen-

dent of Uand coincides with the segment
v A v A’
G oo (H3, )= [2A -4BY"" 00572, 24+4BY " cos?} =Gy, .

Welet L, (F Ay ) denote the space of functions that are square integrable on
the manifold I', = {(7,6’) ty+0= Az}. That the operator H,; and the space

H =L, ((T” )2) can be decomposed into a direct integral H! = (—B.[TVI:IZZA2 dA,,

7:@2 = (—DI ﬁf,\z dA, . Each operator I:IZZA2 acts in 7:L22A2 =L, (F/\z) as

(I:I;AzfAz )(7/) = {2‘4+4BZT_ICOS%COS(%_7’}}J§\2 2UI Vf/\z >
where f (x)=f(x,A,—x).

Weset Dy (z)=1-2U ds,ds, ---ds,
T

24+4B)’ cos /\22 cos ( A22 — sl} —

The analogue of the Lemma 2 holds for the in this case. We consider the

one-dimensional case.
Theorem 3. 1) At v=1 and U >0 and for all values of the parameter of

the Hamiltonian, the operator H} A, hasaunique eigenvalue

A
z=2z,=24 —2\/U * +4B’ cos’ 72 , that is below the continuous spectrum of

72 . 1
operator H,, ,ie, z,<m, .

2) At v=1 and U <0 and for all values of the parameter of the Hamiltonian,

~ A
the operator H3, has a unique eigenvalue z =%, =24+ 2\/U2 +4B° cos” —%,

. . 72 . ~ 1
that is above the continuous spectrum of operator H,, ,ie, Z, >M,,

The Theorem 3 is proved totally similarly to Theorem 2.

In the two-dimensional case, we have analogous results.

If U>0, then the equation Diz (z) =0 has a unique solution z, < m,z\2 ,
below the continuous spectrum of the operator H ] A, - If U <0, then the equa-
tion D/2\2 (z)=0 has a unique solution Z, > M iz , above the continuous spec-
trum of the operator H; Ay -

We consider three-dimensional case. Denote

ds,ds,ds,

e

For U>0,and U >§, below of the continuous spectrum of the operator
m

m =

H; A, » the function Df\z (Z) has a single zero at the point z=z, < miz . For
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2B . 5
U>0,and 0<U <=, below the continuous spectrum of the operator H, Ay
m

the function Diz (z) cannot vanish.

ds,ds,ds,

Il i i )
A A
> cos 22 [1—005( 22 —S,B

2B
For U<0,and U< YA above of the continuous spectrum of the operator

Denote M =

ﬁzzAz , the function Diz (Z) has a single zero at the point z =2, >M/3\2 . For
U<0, and ———=<U <0, above the continuous spectrum of the operator
H? A, » the function D/3\2 (z) cannot vanish.

Now we investigated the spectrum of the operator H i3 .
(3 1, )(9) = {A +2BY cos(A, —6, )}fM (6).
i=1

It is obvious that the spectrum of operator 1?/3\3 is purely continuous and
coincides with the value set of the function A, (09) = A+2BZ,-V:1 cos(/\3 —Hl) ,
ie, o(H} )=o0,, (M} )=[4-2Bv,4+2Bv].

Now, using the obtained results and representation (8), we describe the struc-
ture of essential spectrum and the discrete spectrum of the operator 31?10/12 of
third five-electron doublet state:

Theorem 4. At v=1 and U <0 the essential spectrum of the system of
third five-electron doublet state operator 31:11'/12 is exactly the union of four

segments:

cfm(3151{;2):[a+c+e,b+d+f]U[a+e+22,b+f+§z]

Ule+e+z,d+ f+z|U[e+z,+Z,, f+2,+5,].

The discrete spectrum of the operator “H 1”;2 isempty: oy, ( H 3q/2) =.

A A
Here and hereafter a =24-4B cosj, b=2A+4B c0s71 ,

A A
CZZA—4BCOSTZ, d=2A+4Bcos72, e=A-2B, f=A+2B,

A A
z, =2A—2JU2+4Bzcos271 , %, =2A+2\/U2 +4B° cos272.

Theorem 5. At v=1 and U >0 the essential spectrum of the system of

third five-electron doublet state operator 31:1172 is exactly the union of four

segments:
o-ess(3l-ll‘jz)=[a+c+e,b+d+f]U[a+e+zQ,b+f+zz]

Ulc+e+Z,d+ f+Z|U[e+Z +z,, [ +7 +2,].

The discrete spectrum of the operator “H 10/12 isempty: Oy, ( H 3q/2> =.
A A
Here % =24+2,|U*+4B’ cos271 , 2z, = 2A—2\/U2 +4B° cos” 72 :
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Proof. It follows from representation (8) that
0'(3151{;2)={/1+y+0:/1 ea(ﬁ;,\l ),,u € 0'(1:122,\2 ),060(1:1/3\3 )} , and in the

one-dimensional case, the continuous spectrum of operator H,, is

- A A
Coomt (H;A])z{ZA—4Bcosj,2A+4Bcos7l} , and at U <0, the discrete

spectrum of I:Ii A, consists of a single point z,. The continuous spectrum of

operator Hj, is o, (ﬁzzAz ) = [2A—4Bcos%,2A+4Bcos%} , and at
U <0, the discrete spectrum of H 7 A, consists of a single point Z,. The spec-
tra of the operator H /3\3 is a purely continuous and consists of the segment
[A —-2B,A+ ZB] . Therefore, the essential spectrum of the system of third doub-
let-state operator [T 1‘/’2 is the union of four segments, and the third doub-
let-state operator *H l‘/lz has no eigenvalues.

The Theorem 5 is proved totally similarly to Theorem 4.

In the two-dimensional case to occur the analogous results.

We now consider the three-dimensional case.

Theorem 6. The following statements hold:

1) Let v=3 and U<O0, U<—£, M>m, or U<O0, U<—2—B,

m M
M <m . Then the essential spectrum of the system third five-electron doublet
state operator *H 1‘;2 is the union of four segments:
0. (PHY ) =[a+c+eb+d+ flUla+e+z,b+ f+3]
Ulc+e+z,d+ f+z|U[e+z +2,, f+z+5].
The discrete spectrum of the operator “H 10/12 isempty: Oy, ( H 32 ) =J.

Al Al
Here, a=2A4-4BY cosh, b=24+ 432;00571,

c:2A—4BZ;cos%, d:2A+4BZ;cos%, e=A-6B, [=A+6B

and z,,Z, are the eigenvalues of the operators H ) A JH A, » correspondingly.

%)B Let v=3 and U<O0, —2—BSU<—2—B, and M>m or U<0,

——=<U<——,and M<m. T hen the essential spectrum of the system third
ﬁV]é\‘{é‘lé‘CfI‘OH doublet  state operator *H 1”;2 is the union of two segments.
o, 531?{;2;: [a+ct+eb+d+ f]lU[a+e+Z,b+f+5] or

*Hy,)=la+c+eb+d+flU[c+e+z.d+ f+z]. The discrete spectrum
of the operator *H 1‘;2 is empty. Oy, (3 H 172) =d.

GGSS

3) Let v=3 and U <0, —££U<O,and M<m,or U<0,

m
2B
——<U<0, and M >m. Then the essential spectrum of the system third

five-electron doublet state operator *H f/lz is consists of single segment:
O, (3 H ,72) = [a +c+eb+d+ f ] , and the discrete spectrum of the system third
doublet-state operator *H 172 isempty: o, ( H f;z ) =J.

Theorem 7. The following statements hold:

2B
1) Let v=3 and U >0, U>2—B, M>m, or U>0, U>ﬁ’ M<m.
m
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Then the essential spectrum of the system third five-electron doublet state oper-

ator *H 1‘;2 is the union of four segments:
(3H3/2) [a+c+eb+d+flU[a+e+z,,b+f +1z,]
Ulc+e+Z,d+ f+Z|U[e+Z +z2,, f+Z +2,]
The discrete spectrum of the operator “H 172 is empty: O, ( 3 11114/12) -,

A A
Here, a=24-4BY cos—h, b=24d+ 432;00571,

A’ A
c:2A—4Bz;cos72, d:2A+4Bz;cosT2, e=A-6B, f=A+6B,

~ . . ag! . .
and Z, is an eigenvalue of the operator /,, ,and z, is an eigenvalue of the
72
operator H,, .

2) Let v=3 and U >0, £<U<£,zmd M<m,or U>0,

28 U< 28 ,and M >m. Then the essential spectrum of the system third
%e electron doublet state operator “H! » 1s the union of two segments.
3Hl/2 [a+c+e b+d+f] [a+e+z2,b+f+zz] or
(CHD ) =[atc+e, b+d+f]U[c+e+zl,d+f+zl] and the discrete
spectrum of the system third doublet-state operator *H, 2 1s empty.
377d
O disc ( H1/2) D . 2B
3) Let v=3 and U>0, 0<U<—, and M<m , or U>0,
m
0<U<—, and M >m . Then the essential spectrum of the system third

12

five-electron doublet state operator *H 172 Is consists of single segment.
O, (3H h /2) [a +c+eb+d+ f ] and the discrete spectrum of the system third
five-electron doublet state operator *H;! 2 Isempty. Oy ( HY 2 ) =J.

We now consider the three-dimensional case. Let v=3,and A, = (A? LAY, A?) ,
and A, =(A3,A5,A3).

Then the continuous spectrum of the operator ﬁ; A, is consists of the seg-

ment

0 0

H! )=G3 24-12Bcos L 2A+IZBcosA—
20 2 2

CO’U

We consider the Watson integral W = —f f fo - 3drdydz ~1.516.
COSX —COS Y —COSZ
ds,ds,ds, w

(see. [20]). Because the measure v is normalized, _[ N 3 , =—.
"33 cos(A] —s,.) 3

Theorem 8. At v=3 and U <0 and the total quasimomentum A, of the

system have the form A, =<A},A12,A13)=(A?,A?,A?). Then the operator

0
_ 6Bcosi
H;Al has a unique eigenvalue z, if U<—T2, that is below of

continuous spectrum of operator H ) A, - Otherwise, the operator H) A, has no
eigenvalue, that is below of continuous spectrum of operator H) A

Theorem 9. At v=3 and U >0 and the total quasimomentum A, of the
system have the form A, =(A1,A12,A13):(A?,A?,A?). Then the operator
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0
: 6Bcos L
H;Al has a unique eigenvalue Z, if U>T2, that is above of

continuous spectrum of operator H ) A, - Otherwise, the operator H) A, has no
eigenvalue, that is above of continuous spectrum of operator H ) A

In this case the continuous spectrum of the operator H 7 A, Iis consists of the
segment

0 0

oo (3, )= G2, = {2A—123cos%,2A+1chos% .

Theorem 10. At v=3 and U <0 and the total quasimomentum A, of
the system have the form A, = (A;,A;,AZ ) = (AS,AS,AS ) Then the operator
0

y 6Bcos 2
H22A2 has a unique eigenvalue z, if U<—T, that is above of

continuous spectrum of operator H 2 A, - Otherwise, the operator H; A, has no
eigenvalue, that is above of continuous spectrum of operator H 7 A
Theorem 11. At v=3 and U >0 and the total quasimomentum A, of
the system have the form A, = (A;,A;,AZ) = (Ag,Ag,Ag ) Then the operator
0

_ 6Bcosﬁ
H;Az has a unique eigenvalue z, if U>T2, that is below of

continuous spectrum of operator H 22 A, - Otherwise, the operator H 22 A, has no
eigenvalue, that is below of continuous spectrum of operator H; Ay -

We now using the obtaining results and representation (8), we can describe
the structure of essential spectrum and discrete spectrum of the operator of third
five-electron quartet state:

Let v=3 and A, =(A},A},A}),and A, =(A3,A5,A3).

Theorem 12. The following statements hold.
0

6Bcos ML A 0
1) Let U<0,and U<————%— cos—->cos—2,0r U<O0,
w 2 2
AO
6Bcos—% A° 0
U< Y cos7l< 00572. Then the essential spectrum of the system

third five-electron doublet state operator *H, 1‘;2 is the union of four segments:

3r7d ~ ~
o, | "Hyy)=|a, +¢ +e,b+d + f,|U|a, +e +2,,b,+ fi +Z
: ( 1/2) [ | | 1591 | 1] [ 1 | 259 1 2] The discrete
Ule, +e +z.d, + fi+2,|U[e +2,+2,, f, + 2, + 5, |
spectrum of the operator Sﬁl‘;z is empty: Gd,sc(3ﬁ3q/2):®.
AY A}
Here and hereafter q, =2A—12300571, b, =2A+IZBcos71,

0 0

A A
¢, =24-12Bcos—=, d, =24A+12Bcos—=, ¢ =A-6B, f=A+6B, and
2 2

. . ag ~ . .
z, is an eigenvalue of the operator H,, ,and Z, isan eigenvalue of the oper-
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ator ﬁzzAz.
0 0
6B cos A 6B cos Ay A0 0
2) Let U<0, and ——2SU<——2, cos—L>cos—2, or
w w 2 2
AO AO
6Bcos—= 6Bcos—- o A
—TS U<——=, 00571< 00572. Then the essential spectrum

of the system third five-electron doublet state operator 31:1172 is the union of
two segments: O'm<3l§f/{2) =[a,+¢ +e.b+d, + f]U[a, +e + 2,5+ f,+5,] ,
or o, (3ﬁ172)= [a,+c, +e,b+d + /,|U[c, +e +z,.d,+ f, +z,]. The discrete
spectrum of the operator *H, 1‘;2 is empty: O (3 H 172) =J.
0
6Bcos M 0 0
3) Let U <O, ——2SU<0, cos—-<cos—% or
w 2 2

AO
6Bcos—* A 0
-———<U<0, cos71>c0572. Then the essential spectrum of the

system third five-electron doublet state operator 3]:1172 Is consists of single
segment. O, ( 31?1”/’2) = [al +c +e,b+d + f, ] , and discrete spectrum of the
system third five-electron doublet state operator *H f;z is empty:

O-disc(Sﬁll; )= .

Theorem 13. The following statements hold.
0

A
6Bcos—L A 0
1) Let U>0 , and Us———2 | cosBlscos2 | or U>0,
w 2 2
0
6Bcosh AO A°
Us— 2, 00571< COSTZ. Then the essential spectrum of the system

third five-electron doublet state operator *H, 1‘;2 Is the union of four segments:
rrd
Oess (3H1/2) =[a,+c +e.b+d + fi]U[a, +e +2,,b + fi+2,]

Ule,+e +2.d,+ f,+Z |U[e +Z +z,, f; + £, + 2, ]

The discrete

spectrum of the operator ‘H 1‘;2 is empty: O, (3 H 34/2 ) =J.
A} A°
Here and hereafter a, =24-12B COSTI » b=2A4+12B 0057l ,
0 0

A
¢, =24-12Bcos—2 d1=2A+1ZBcosﬁ, e =A-6B, fi=A4+6B, and

~ . . 7l . .
Z, is an eigenvalue of the operator H,, ,and z, isan eigenvalue of the oper-

ator szA2 .
0 0
6B cosﬁ 6B cosﬁ 0 0
2) Let U >0, and 2 U< 2 , cos—-<cos—=, or
w w 2 2
AS A}
6Bcos—2 6Bcos—L A0 0
7 <U< , 0057‘ >cos—2. Then the essential spectrum of

the system third five-electron doublet state operator *H. 1‘;2 is the union of two
segments. O, (3ﬁ172)=[a1 +e +e,b+d + f,]U[c +e +5.d + f+Z] , or
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(3ﬁ1d ) [a,+c +e,b+d + f,]U[a,+¢ +z,,b,+ f, +2,] . The discrete
spectrum of the operator Hl/2 Is empty O'dm( Hl/z) .
6Bcos— A0 0
3) Let U >0, and 0<U§—2, cos—-<cos—% or
w 2 2

0
6B cos—2= A 0
0<U<——=, cos—->cos—%. Then the essential spectrum of the

system third five-electron doublet state operator *H 172 is consists of single seg-
ment. o, (SHI/Z) [al +c +e,b+d + 1 ] and the discrete spectrum of the
system third five-electron doublet state operator “H 1‘/’2 is empty:

3
O disc ( Hl/2) D .

Consequently, the essential spectrum of the system third five-electron doublet
state operator 3]:110/12 is the union of no more than four segments, and discrete
spectrum of the operator H, 1‘;2 is empty.

3. Fourth Doublet State

The fourth doublet state corresponds to the basic functions

4 512
d

m,n,rtleZ”

fourth five-electron doublet state is the set of all vectors of the form

4 d 1/2
l//l/z = Zm,n,r,t,lelvf(m’n’r’t’l) d,,{nrllezv’f 612“’

=a;’¢a;’Ta:,¢a:TaZ¢(00. The subspace 47’{172 , corresponding to the

where [)° is the subspace of antisymmetric functions in the space 1, ((Z ! )5

The restriction 4H172 of H to the subspace 47'(172 , is called the five-electron
fourth doublet state operator.

Theorem 14. The subspace 4711‘/12 is invariant under the operator H, and the
operator 4H172 is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator ‘H 172 acting in the space 1y’ as

( 1/zf)(rrz,n,r,l‘,l)

=5Af(m,n,r,t,l)+BZ[f(m+‘r,n,r,t,l)+f(m,n+r,r,t,l)
v (11)
+f(m,n,r+r,t,l)+f(m,n,r,t+r,l)+f(m,n,r,t,l+r)]

+U[8,,+6,,+08,,+0,,+0,+6,, | f(mn,r.l),

m,n

where &, ; is the Kronecker symbol. The operator 4H172 acts on a vector
4 d _dngd
Vin € Hy,

4Hla/lz 4‘//172 = z ( 1/zf)(m’”s’”,fsl) d"” . (12)

mn,rtleZ”
mn,rtleZ”

Proof. The proof of the theorem can be obtained from the explicit form of the
action of A on vectors ¥ € 47{1‘/12 using the standard anticommutation relations
between electron creation and annihilation operators at lattice sites,

{amy, } 000, 5> {am’y,anﬁ} = {a;’y,anﬂ} 0, and also take into account

that a, @, =0, where @ is the zero element of Hl/z. This yields the state-

DOI: 10.4236/jamp.2020.812214

2902 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.812214

S. M. Tashpulatov

ment of the theorem.
We set ‘H 1‘;2 =F*'H 17'2}' ', In the quasimomentum representation, the oper-

ator “H, 1‘;2 acts in the Hilbert space LY ((T” )5 ) as
i, i,
= {SA + ZBZ[COS A, +cos y;, +cosy; +cosd, +cos, ]}f(/i,,u,;/, 9,77)
i=l1

+UJ.TV [f(s,ﬂ+,u—s,7/,9,77)+f(s,,u,ﬂ,+}/—s,6’,77) (13)

+f(s,,u,y,/i+9—s,77)+f(/1,s,7/,0,,u+77—s)
+f(/l,,u,s,H,;/-i-n—s)+f(l,,u,7,s,0+77—s)}ds,

where L7 (TV )5 is the subspace of antisymmetric functions in L, ((T V) )
Taking into account that the function f (/1, W, 49,77) is antisymmetric, we

can rewrite Formula (13) as
‘Hi, =Hy®I®I+I®H, ®I+I®I®Hj, (14)

where

i=1

+U‘[va(s,/l+y—S)ds+UITVf(s,/1+9—s)ds,

(ﬁ;f)(/i,,u) = {ZA + 2BZV:[cos A, +cos ,ul.]}f(ﬂ,,u)

(ﬁ;f)(;/,e) = {2A+2Bzv:[cosyi +cos€i]}f(7/,c9)

~U[ [ (s, A+y=s)ds=U[ f(s,7+1-s)ds,
(ﬁ;’f)(@,n)={A+ZBZV:cosni}f(é’,?])+U_[va(s,,u+77—s)ds
+U[ f(5,0+n-5)ds,

and 7is the unit operator.
Taking into account that A, u,7,0,n € T", we can express the action of oper-

ators Hi,H,H? inthe form
(I:I;f)(i,y) = {ZA + ZBZV:[COS A, +cos,ul.]}f(ﬂ,,,u)
i=1

+2U [, f (s, 4+ pu—s)ds,

(I:IZSf)(;/,H) = {2A+ZBZV:[cosyi +cos€i]}f(7/,9)

i=1

—2U [, f (5,7 +6—s5)ds,

(ﬁff)(@,r]):{A+2B:cosni}f(9,n)+EULVf(s,€+77—s)ds.

We must therefore investigate the spectrum and bound states (antibound
states) of the operators H;, H. and HS. Let the total quasimomentum of

the two-electron systems by fixed: A, =A+u, A,=y+60, A, =0+n.Welet
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L, (FAI) (correspondingly, L, (F Az) and L, (F A3))denote the space of func-
tions that are square integrable on the manifold Iy ={(/1, /J):/1+ y:Al}
(correspondingly, T, ={(7,0):7+0:A2} and T, ={(0,77):0+77:A3} ).
That the operator H;, H, and H! and the space H, =L, (TV )2 can be
decomposed into a direct integral H =(—BJ.TVI-~I§AIdA1 (correspondingly,
B =@[ . H,,dA, and A =@, HMsz ), Hy=@[ F,dA, (corres-
pondingly, H, = @L.Hz/\zd/\ and H, = @ijHzA}dA ). Each operator
H;Al (correspondingly, HZSA2 and HZA ) acts in 7?2,\ (correspondingly,
7'~£2A2 and 7:%3)33

i

(FIE‘A, £ )(2)= {ZA + 4Bi cos%cos(% 4 j}f“ (2)+2U[ 1y, (5)ds,
i=1
correspondingly,

(I:IzsAZfA2 )(7/) = {2A+4BZV:COSA?;cos[A?;—7/,]}]‘,\2 ZUI S, (5

(A5, 5, )(0)= {A + ZBgcos(A; ) )}an (0)+2U[ £y, (s)ds

where f, (4)=/(4A,=4) (correspondingly, f, (7)=/f(7.A,-7) and
fA3 (‘9) = f(@,A3 _9) )-
The continuous spectrum of operator H, A, (correspondingly, H. 3 A, and

IiS A, ) does not depend on the parameter U and consists of the intervals
i

v A, v A
Gy, = {2A -4B) 00571 ,24+4B) . cos 7‘} (correspondingly,

v Ai v Ai
Gy, = {ZA -4BY c0572,2A +4B)" cos 72} and

Gy, =[A4-2Bv,4+2Bv]).
dSldSZ "'dSv

24+4B)’ cos /;1 cos [[;1 -, J ~z

The analogue of the Lemma 2 holds for the in this case. We consider the
one-dimensional case.
Theorem 15. 1) At v=1 and U <0 and for all values of the parameter of

the Hamiltonian, the operator H, A, has a unique ejgenvalue

A -
2z, =24-2,[U* +4B’ cos’ 71 that is below the continuous spectrum of H,, ,

. 1
ie, z;<my .

Weset Dy (z)=1+ ZULV

2) At v=1 and U >0 and for all values of the parameter of the Hamilto-

. 74 . .
nian, the operator H,, has a unique eigenvalue

A ~
7 =24+2, /UZ +4B* cos’ 71 that is above the continuous spectrum of Hy, .

. = 1
ie, 7, >M, .

DOI: 10.4236/jamp.2020.812214

2904 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.812214

S. M. Tashpulatov

Proof. If U <0, then in the one-dimensional case, the function Dy (z) isa
monotone decreasing function on (—oo,m,l\l) and (M,l\l,oo), Le., outside the
continuous spectrum domain of the operator H; A - For z< mlAl the function

v 4 4
Dy, (Z) decreases from 1 to —oo, Dy (z)>1 as z—> -, Dy, (z) > —o0

as z—> m,l\I —0. Therefore, below the value mlAI , the function Dy (z) hasa

A
single zero at the point z =z =24-2,|U* +4B cos27‘. For z>M) , and

U<0, the function D} (z) decreases from +wo to 1, Dy (z)—>+w as
z—=> Mll\l +0, Dy (z) —1 as z— +oo. Therefore, above the value M,l\1 , the
function Dy (z) cannot vanish. If U >0, then the function Dy, (z) is a
monotone increasing function on (—oo,m,l\l) and (M,l\l,oo), Le., outside the
continuous spectrum domain of the operator H) A - FOr z< m}\l the function
Dy, (z) increases from 1 to +oo, Dy, (z)>1 as z—>—o0, Dy, (z) > +o0
as z—> m,l\1 —0. Therefore, below the value mj\l , the function Dy (Z) cannot
vanish. For z>M/1\1, and U >0, the function D,V\l (z) increases from —oo
to 1, Dy (z)> -0 as z —>M,1\1 +0, Dy (z) >1 as z-—>+oo. Therefore,

above the value M ,1\1 , Dy, (Z) has a single zero at the point

/ A
Z=24+2 U2+4B20052?'.

In the two-dimensional case, we have analogous results.
We consider three-dimensional case. Denote

ds, ds,ds,

"5 cosM[1rcos| M _s ||
_cos—-| I+cos| ——s,
2 2

For U<0,and U< 2B , below of the continuous spectrum of the operator
m

m =

19;/\] the function Di] (z) hasa single zero at the point z, < mi] .For U<0,
and —==<U <0, below of the continuous spectrum of the operator H, A

m
the function D, (z) cannot vanish.
dsldszds3

Il i i )
. A Al
> cos - 1-cos 5

2B
For U>0 and U >H, above the continuous spectrum of the operator

Denote M =

ﬁ;Al the function Df\l (Z) has a single zero at the point Z >M13\1. For

2B ~
0<U< v above the continuous spectrum of the operator H, A, the function

Dil (Z) cannot vanish.

We now investigate the spectrum of the operator H > A

(ﬁzsAzfAz)(7)
v Ai Ai
= {2A+4BZCOSTZCOS(72—7/1]}]‘A2 (;/)—2U_(va,\2 (s)ds.

i=1
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ds,ds, -+ds,
24+4B)" cos%cos ([;2 — sl} ~z

Weset Dy (z)= 1_2U.[rv

The analogue of the Lemma 2 holds for the in this case. We consider the
one-dimensional case.

Theorem 16. 1) At v=1 and U <0 and for all values of the parameter of
the Hamiltonian, the operator H 3 A, has aunique eigenvalue

- A . . 5
Z, =24+ 2\/U2 +4B* cos’ 72 that is above the continuous spectrum of HQSA2 ,

. ~ 1
ie, Z,>M, .

2) At v=1 and U >0 and for all values of the parameter of the Hamilto-

~ A
nian, the operator H3, has a unique eigenvalue z, =24 - 2\/ U? +4B° cos’ 72

. . 7 . 1
that is below the continuous spectrum of H, Ao L€ 2y <imy .

Proof. If U <0, then in the one-dimensional case, the function Dj, (z)
increases monotonically outside the continuous spectrum domain of the opera-
tor H, A, - For z< m,l\2 the function D) (Z) increases from 1 to 4o,
D, (z)>1 as z—>-o, Dy (z)—>+% as z—>m, —0. Therefore, below

2 2 1
the value m/l\2 , the function Dy (Z) cannot vanish.

For z> M,l\2 ,and U <0, the function D,, (z) increases from —oo to 1,
Dy (z)—>—» as z—>M, +0, Dy (z)—>1 as z—>+wn. Therefore, above

2 2 2

the value M _, the function D) (z) has a single zero at the point
2 2

A v
z=£2=2A+2\/U2 +4B2c05272. If U>0, then the function D, (z)

decreases monotonically outside the continuous spectrum domain of the opera-
tor H S\ . For z<m) the function D} (z) decreases from 1 to -0,
2 2 2
D, (z)>1 as z—> -, Dy (z)—>-© as z—>m, —0. Therefore, below
2 2 2

the value m,l\2 , the function D,V\2 (Z) has a single zero at the point

z=22=2A—2\/U2+4Bzcos2%. For Z>M11\2 , and U >0, the function

D) (z) decreases from +o to 1, D) (z)—>+o as z—>M, +0 ,
2 2 2

Dy (z)—>1 as z-—>+w . Therefore, above the value M} , the function
Dy, (z) cannot vanish.

In the two-dimensional case, we have analogous results.
We consider three-dimensional case. Denote

ds, ds,ds,

73 i i :
A A
?_ cos—=| 1+cos| —2—s,
=T 2

For U>0,and U >£, below of the continuous spectrum of the operator
m

m =

19251\2 the function D/3\2 (Z) has a single zero at the point z, <m,3\2. For

U>0, and 0<U Sz—B, below of the continuous spectrum of the operator
m
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H; A, the function D/3\2 (z)=0 cannot vanish.
ds,ds, ds,

Al Al '
Zil cos—2| 1—cos| —2—s5,
= 2 2

2B
For U<0 and U< YA above the continuous spectrum of the operator

Denote M =,
T

I;VZSAZ the function Df\z (z) has a single zero at the point Z, >M,3\2. For

2B ~
v <U <0, above the continuous spectrum of the operator H, A, the func-

tion D/3\2 (Z) cannot vanish.
We now investigate the spectrum of the operator

(A% 12 )(A)= {A+2Bﬁcos(/\; W) )}fM (2)-2U[ £y, (s)ds.

i=1

It is known that the continuous spectrum of HS A, is independent of U and
(A3, )=[4-2Bv,4+2Bv].

ds,ds, ---ds,
r A+ZBZLICOS(Aé —s,)—z .

coincides with the segment o

cont

Weset D (z)=1-2U

The analogue of the Lemma 2 holds for the in this case. We consider the
one-dimensional case.

It is clear that the at U <0 (U >0) exists only one solution of the equation
D,V\3 (Z)=0 , the above (the below) the continuous spectrum of the operator
as, .

Theorem 17. 1) At v=1 and U <0 and for all values of the parameter of
the Hamiltonian, the operator H A, hasaunique eigenvalue Z; = A+2U ‘+B°,
that is above the continuous spectrum of operator H g Ao L€ > M /1\3 .

2) At v=1 and U >0 and for all values of the parameter of the Hamilto-
nian, the operator H § A, has a unique eigenvalue z =z, = A-2NU >+ B?, that is
below the continuous spectrum of operator H Ay o L€ 23 < m/l\3 .

In the two-dimensional case to occur the analogous situation. For U <0, the
function Di} (Z) above the continuous spectrum of the operator I:I;’ A, hasa
single zero at the point Z, > M ,2\3 .For U >0, the function Di} (z) below the
continuous spectrum of the operator HS A, has a single zero at the point
z, <my . .
We now consider three-dimensional case. For U >0, and U >~—, the

function Dis (Z) below the continuous spectrum of the operator HS A, hasa

. . 3B .
single zero at the point z, <m, . For 0<U <>—, the function D; (Z) be-
3 W 3
low the continuous spectrum of the operator H A, cannot vanish. For U <0,

and U <—3WB, the function Di} (z) above the continuous spectrum of the

operator 19261\3 has a single zero at the point Z; > Mf\} . For —% <U <0, the
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function D; (Z) above the continuous spectrum of the operator 1:126 . can-
3 3
not vanish.

Now, using the obtained results and representation (14), we describe the
structure of the essential spectrum and the discrete spectrum of the operator
‘H 172 fourth five-electron doublet state:

Theorem 18. At v=1 and U <0 the essential spectrum of the system of
fourth five-electron doublet state operator *H 172 is exactly the union of seven

segments.
am_(415{172):[a+c+e,b+d+f]U[a+e+22,b+f+22]
Ule+e+z,d+ f+z]|U[c+z +2,d +z +Z]
Ula+c+2,b+d+Z|U[a+Z, +Z,b+Z, + ;]

Ule+z +2,, f+2,+5].

The discrete spectrum of the operator “*H 52 consists of no more than one
. 477d > 4z 4ryd
point. oy, ( Hl/z) ={z+%,+%}, 0or oy, ( Hl/Z) =J.

A
Here and hereafter a =24—-4B cos% , b=2A4+4B 00571 ,

A
c:2A—4Bc0572, d:2A+4Bcos%, e=A-2B, f=A4+2B,

/ A A
z,=24-2 U2+4Bzcos271, z, =2A+2\/U2 +4B° cos272,

Z,=A+2NU*+B* .

Theorem 19. At v=1 and U >0 the essential spectrum of the system of
fourth five-electron doublet state operator *H 172 is exactly the union of seven

segments:
am(4FI,72)=[a+c+e,b+d+f]U[a+e+zz,b+f+zz]
Ulc+e+z,d+ f+5]|U[e+Z +z,, f+7 +2,]
Ula+c+z,b+d+z|U[a+z, +z;,b+2, + 2]
Ule+Z +zy,d + 2 +2,).

The discrete spectrum of the operator ‘H 172 consists of no more than one
. 477d . 47
point. O, ( H,y), ) ={Z +z,+z},0r o4 ( Hl/z) =0.

A A
Here 2 =24+2 U2+4Bzc05271, z2=2A—2\/U2+432005272,

z,=A-2NU*+B*.
In the two-dimensional case to occur the analogous results.
We now consider the three-dimensional case. Let v =3.
Theorem 20. The following statements hold.

1) Let U <0, and U<—2—B, m<zW, or U<O0, U<—3—B, m>gW or
m 3 /4 3
U<0, U<——, M <£W. Then the essential spectrum of the system fourth

five-electron doublet state operator *H 10/12 is the union of seven segments:
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ae”(“ﬁjz)=[a+c+e,b+d+f]U[a+c+£3,b+d+§3]
Ula+e+Zz,,b+ f+Z,|U[a+Z,+Z,b+ 2, + %]
Ule+e+z,d+ f+z])U[c+z +Z,d +z +Z]
Ule+z +2,, f+2,+5)].
The discrete spectrum of the operator *H 1‘/12 consists of no more than one
point. O-dixc(4ﬁl7’2)={zl+22+23}’ or O'disc(4ﬁ172)=®-

At Ai
Here, a=24-4BY cosT1 , b=24+ 4BZ?:1cos71,

A} A
c=2A—4Bz;c0572, d=2A+4Bz;cos?2, e=A-6B, f=A+6B,

. . T4 ~ . .
and z, is an eigenvalue of the operator H,, ,and Z, is an eigenvalue of the

75 ~ . . 6
operator H,, ,and Z; isan eigenvalue of the operator H_ .

2) Let U <0, —ESU<—£,and M<EW,0r U<0,
m M 3
—2—BSU<—3—B,a11d m>%W,or U<o0, —3—B£U<—2—B,and M >m, or
m w 3 w m
U<0, —ﬁ£U<—£, and M <m, or U<O0, —££U<—§, and
w M M m
2 3B 2 .
m<=W,or U<0, —=—<U<-"—, and m>=W , Then the essential spec-

3 w 3 ~
trum of the system fourzg\ﬂ'/[ five-electron doublet state operator *H 1‘/12 is the un-

fon of four segments
o, ('Hjy)=[a+c+eb+d+ flUla+c+z,b+d +2]
Ula+e+Z,,b+ f+Z,|U[a+Z, +Z,b+Z, +Z],
or
am(419{;2)=[a+c+e,b+d+f]U[a+e+22,b+f+22]
Ulc+e+z,d+ f+z|U[e+z+Z,, f+2,+5,],
or
aess(“ﬁl‘jz):[a+c+e,b+d+f]U[a+c+Z3,b+d+23]
Ule+e+z,d+f+z]U[c+z +Z,d +2z +Z].

The discrete spectrum of the operator ‘H 1‘/’2 isempty: Oy, (41:1 1”/’2 ) =0.

3) Let U<O, —2—B£U<—3—B,and M>m,or U<0, —2—B£U<—2—B,
M w m M
and m>§W, or U<O0, —£§U<—%, and m>M . Then the essential
m

spectrum of the system fourth five-electron doublet state operator *H 172 is the

union of two segments:

om(“ﬁ]]%):[a+c+e,b+d+f]U[a+c+23,b+d+Z3],

or

o-m(41511‘;’2)=[a+c+e,b+d+f]U[a+e+22,b+f+22],
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or

(4H,/2) [a+ct+eb+d+ f]lU[c+e+z,d+ f+z]
The discrete spectrum of the operator *H] 1/2 is empty: o, ( ‘H 1/2) .

2B
4) Let U<O0, —%SU<0 and M<§W, or U<0, and —V£U<0,

and M >m, M>§W, or U<O0, —Z—BSU<O, m>§W, and M <m.
m

Then the essential spectrum of the system fourth five-electron doublet state op-
erator H1/z is consists of single segment. o, (4I:If;2> [a +c+eb+d +f]
and the discrete spectrum of the operator *H! 2 Isempty. O (4 12 ) .

Let v=3.

Theorem 21. The following statements hold.

2 3B
1) Let U >0, and U>%, M<§W, M<m, or U>0, and U>W,

2 2B 2
M>§W or U>0, and U>—, m<§W, M <m . Then the essential
m

spectrum of the system fourth five-electron doublet state operator *H 52 Is the
union of seven segments:
o, (‘Hf)=[a+c+eb+d+flU[a+c+z,b+d+z]
Ula+e+z,,b+ f+z,|U[a+z, +2;,b+ 2z, +z;]
Ule+e+z,d+ f+5]|U[c+Z +2,,d + Z +z;]
Ule+Z +z,, f+Z +2,].
The discrete spectrum of the operator ‘H J» consists of no more than one
point. T, (41:11”/12)— (242,42}, 0r o ( H]‘jz) .
Here, Z, is an eigenvalue of the operator H) A »and z, isan eigenvalue of

the operator H; o, and z; isan e1genvalue of the operator H

2B 2B 3B 2B
2) Let U>0, —<U<L— ,and M <— W or U>0, —<U<—, and
M m 3 /4 M

2 2B 3B
M<—W, M<m, or U>0, —<U<—, and M >— W M <m . Then
3 M /4 3

the essential spectrum of the system fourth five-electron doublet state operator

*Hy), is the union of four segments.
(4Hf/’2) [a+c+eb+d+f]lU[a+e+z,,b+ f+2,]
Ula+c+zy,b+d+z|Ula+z, +z;,b+2, + 7],
or
(4H{jz) [a+c+eb+d+ flU[a+c+z,b+d +2z]
Ule+e+Z,d+ f+Z]U[c+Z +2y,d +Z +2,],
or
(4H,‘jz) [a+c+eb+d+ flU[a+e+z,,b+ f +2,]

Ulc+e+Z,d+f+7]|U[e+Z +2,, f +Z +2,]
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The discrete spectrum of the operator “H 172 isempty: oy, ( ‘H f;z ) =0.

3B 2B 2
3)Let U>0, —<U<L— ,and m<M, M<=W ,or U>0,
w M 3

2B 3B 2 2B 2B
—<UL—,and M<m, M<—=W ,or U>0, —<U<—, and
m w 3 m M
2 2B 2B 2
M<m, M>=W , or U>0, —<U<L—, and M >m, m>—W . Then
3 M m 3

the essential spectrum of the system fourth five-electron doublet state operator

‘H 172 is the union of two segments:

om(“ﬁ]]%):[a+c+e,b+d+f]U[a+c+z3,b+d+z3],

or

o, (‘Hy,)=[a+c+eb+d+flU[c+e+Z.d+f+7],

or

o-m(“ﬁl‘jQ) =la+c+eb+d+ flU[a+e+z,,b+ f+2,].
The discrete spectrum of the operator ‘H 10/12 isempty: Oy, ( ‘g 1‘;2 ) =,

3B 2 2B
4) Let U>0, 0<USW,and M<§W,or U>0, 0<U<—, and
m

2 2
m>§W, or U>0, O<U£%, and M <m, m>§W. Then the essential

spectrum of the system fourth five-electron doublet state operator 41?10/12 is
consists of single segment. o, (4I-1 1‘/12 ) =[a+c+eb+d+[], and the discrete
spectrum of the operator *H, 172 isempty: oy, (4H 172 ) =0.

Let v=3 and A, =(A},A},A}),and A, =(A3,A5,A3).

It is known that the continuous spectrum of H, A, is independent of Uand

0

0
coincides with the segment o (ﬁ;‘,\l ) =|24-12B cos%,ZA +12B cos% .

cont

Theorem 22. At v=3 and U <0 and the total quasimomentum A, of
the system have the form A, = (A},Af,Af)=(A?,A?,A?). Then the operator
0

_ 6Bcosﬁ
H;Al has a unique eigenvalue z, if U<—T2, that is below the

continuous spectrum of operator H N A, - Otherwise, the operator H) A, has no
eigenvalue, that is below the continuous spectrum of operator H ] A
Theorem 23. At v=3 and U >0 and the total quasimomentum A, of
the system have the form A, = (A},Af,Af):(A?,A?,A?). Then the operator
0

_ 6Bcosﬁ
H;Al has a unique eigenvalue Z, if U>Tz, that is above the

continuous spectrum of operator H ; A, - Otherwise, the operator H ; A, has no
eigenvalue, that is above the continuous spectrum of operator H N A

It is known that the continuous spectrum of H 5 A, is independent of Uand
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cont

~ A A
coincides with the segment o, (H3,, )= 2A—123c0572,2/1+123cos72]

Theorem 24. At v=3 and U <0 and the total quasimomentum A, of
the system have the form A, = (A;,A;,AZ) = (Ag,Ag,Ag). Then the operator
0

y 6Bcos 2
stA2 has a unique eigenvalue Zz, if U<—T, that is above the

continuous spectrum of operator H, A, - Otherwise, the operator H; A, hasno
eigenvalue, that is above the continuous spectrum of operator H; Ay
Theorem 25. At v=3 and U >0 and the total quasimomentum A, of
the system have the form A, = (A;,A;,AZ) = (Ag,Ag,Ag ) Then the operator
0

y 6Bcos 2
stA2 has a unique eigenvalue z, if U>T2, that is below the

continuous spectrum of operator H 25 A, - Otherwise, the operator H 25 A, hasno
eigenvalue, that is below the continuous spectrum of operator H 3 A

Now, using the obtained results and representation (14), we describe the
structure of the essential spectrum and the discrete spectrum of the system
fourth five-electron doublet state operator *H, 52 :

Let v=3 and A, =(A},A},A}),and A, =(A3,A5,A3).

Theorem 26. The following statements hold.
0
6Bcos—- A 0 0
1) Let U<O0, U<-—2  cos—L>cos—2, and cos—->— . or
w 2 2 2 2

AO
6Bcos—% 0 0 0
2 Al 2 Az 1
U<0, U<—%, cos—<cos— and cos—=>—, or U<O0 ,
2 2 2 2

0
U< —3WB, and COS% <%. Then the essential spectrum of the system fourth
five-electron doublet state operator *H 172 is consists of the union of seven seg-
ments:
o, (“I:Il‘jz):[al +e +e,b +d + fi|U[a, +e + 5,5 + f,+3,]
Ule +e +z.d + fi+2,|U[e +z,+ 2, f, + 2, + £
Ula +¢ +Z2,b +d, +Z|U[a, + 2, + 2,,b + 2, + 2, ] '
Ule, +z, +2,d +2,+ ]
The discrete spectrum of the operator ‘H 172 consists of no more than one
point. O, ( *Hy), ) ={z,+%,+4},0r O'digc ( 4]?,%) =0. 0
Here and hereafter a, =2A4—-12B cos% , by=24+12B COSTI ,
0 0

A A
¢, =24-12Bcos—=, d,=24+12Bcos—=, e =A-6B, f =A+6B, and
1 2 1 2 1 1

. . 74 ~ . .
z, is an eigenvalue of the operator H,, ,and Z, isan eigenvalue of the oper-

75 ~ . . 76
ator H, ,and Z; isan eigenvalue of the operator H,), .
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0 0
6Bcosﬁ 6Bcosﬁ 0 0
2) Let U <0, ——SU<——2, cos—- > cos—=, and
w w 2
Al A?
o 6Bcos—= 6Bcos—L- A° 0
coS—%:>— or ———— = <U<-—————= cosS—-<cos—=, and
2 2 w w 2
AO
0 6Bcos—% 0
1 A 1
cos—>—,or U<0, ——£U<—3—B, cos—=>—, and
2 2 W W 2 2
0
0 6Bcos£ A°
1 2 1
cos—<—,or U<0, ——<U<——=, cOS—<—, and
2 2 w 2 2

0 0
00571 > COSTZ . Then the essential spectrum of the system fourth five-electron

doublet state operator *H 172 Is consists of the union of four segments.
o-ess(‘*}_jyl‘jz):[a,+cl+e],b,+a11+f]]U[al+el+£2,b,+f1 +3,]
U[a1+cl+23,b1+d1+23]U[al+22+23,b1+§2+Z3]’
or
O'GSS(“[f]l‘;z):[al +o +e,b+d + £ U[e, +e +z,.,d + f, + 7]
U[a1+cl+i3,bl+d1+23]U[cl+zl+Z3,dl+z1+23]’
or
crm(“I:Isz):[alJrcl+e1,b1+a'l+f1]U[cl+e1+zl,all+f1 +2z,]
Ula, +e +%,,b + fi+5,|U[e +2,+2,, f, + 7 +22]'

The discrete spectrum of the operator *H 10/12 isempty: oy, ( H 172 ) =0.

0

6Bcos 0 0
Y 3B A 0
3) Let U<0, ————= <U<—-==, cos—-<cos—=, and cosﬁ>l,
w w 2 2 2
0
6Bcosh A° 0 0
or — <U<-==, cos—->cos—%, and cos—=>—,or U<O0,
0
3B 6300571 0 0 0
- —<U<-——%, cos—<—, and cos—L-<cos—=%,o0r U<O0,
w w 2 2 2 2
A? Al
6B cos—- 6Bcos—2% 0 0 A
Al 2 1 1
———= <U<——*, cos—L>cos—2, and cos—<—. Then the
w /4 2 2 2 2

essential spectrum of the system fourth five-electron doublet state operator

‘q 1‘;2 is consists of the union of two segments.
4177d ~ ~
am( Hl/z):[alJrcl+e,,b1+d1+f1]U[a1+cl+z3,b1+dl+z3],
or
4y7d
Gess( H1/2)=[a1 +e +e,b+d + f|U[c +e +2.d + f,+2,],

or
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Uess(4ﬁ172)=[a1+01+el’b1+d1"‘fl]U[aﬁeﬁfg’bﬁfl +4,],

The discrete spectrum of the operator *H 1‘/’2 isempty: Oy, (41:1 1”/’2 ) =0.
0 0 0
4) Let U <0, 3B <0, costl>cos | and coshE>—, or U<0,
w 2 2 2 2

3B 0 0 A)
-—<U<0, cos£<cos&,and cos—>—, or U<O0,
w 2 2 2 2
0
630057‘ 0 0 0

A
—— <2 <U<0, cos—-<cos—2 and cos—-<—, or
w 2 2 2 2

AO
6B COS*2 Ao 0 Ao 1
<U<0, COSTI > COSTZ and COSTZ < 5 Then the essential

spectrum of the system fourth five-electron doublet state operator ‘H 52 is
consists of single segments. O, (41:11”/’2) =[a,+¢,+e.,b +d, + f;]|, and discrete
spectrum of the operator *H 172 isempty: Oy, (41;’ 1‘/12 ) =0.
Theorem 27. The following statements hold.
3 B 0 0 0
DZet U>0, U>=—, cos—-<cos—=, and cos—=<—, or U >0,
/4 2 2 2 2
0

A

3B A 0 0 6B cos—-

U>=—=, cos—L>cos=2,and cos—<—,or U>0, U>— 2,
w 2 2 2 w

0
0 0 0 6Bcos—=
cos—->cos—=, and coS—>—,or U>0, U>—— %,
2 2 2 2 w

0
COS—- < oS
2

0

0
—*, and 00572 > 3 Then the essential spectrum of the system

fourth five-electron doublet state operator *H 172 is consists of the union of
seven segments:
o, (4191‘;2):[511 +o +e,b +d + fi]U[a, +e +z,,b, + [, +2,]
Ule,+e +Z2.d,+ fi+Z |U[e, + 2 +2,, /; + £, + 2,]
Ula, + ¢, +z5,b, +d, +z;|U[a, + 2, + 23,5, + 2, + 23]
Ule, + 2 +z;.d, + 2 + 2]
The discrete spectrum of the operator *H 1”/’2 consists of no more than one point.
O sise (41:1172) = {Zl +z, +z3} ,or Oy, (41?1‘;2) =0,
Here and hereafter, Z, is an eigenvalue of the operator /. N A and z, isan

eigenvalue of the operator 1:125,\2, and z, is an eigenvalue of the operator
776
Hy .

AO
6Bcos—2 0 0 A°
3B A ) )
2)Let U>0, ———=<U<—, cos—-<cos—=, and coOs—<—, or
2 2 2
0
6B cos—- 0 0 0
3B A 1
U>0, ——~% <U<==, cos—->cos—=, and cos—-<—,or U>0,
w w 2 2 2 2
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0 0
6Bcosﬁ 6Bcosﬁ 0 0 0
2 Al 2 1
W U< W N cosT<cos7,and COST>E,OI‘
0 0
6Bcosﬁ 6Bcosﬁ 0 0 0

A
<U< , cos—L>cos—2, and cos—=>—. Then the
w 2 2 2 2

essential spectrum of the system fourth five-electron doublet state operator

‘H 1‘;2 is consists of the union of four segments:
4ryd
om( Hl/z):[al +c,+e,b +d + f,]U[a, +e +2,.b + f, + 2, ]
Ule, +e +Z.d,+ f,+ 7 |U[e +Z +2,, f; +Z + 2, ]

>

or
am,(“Hf/’z):[al+c1+e1,b1+a’l +£)U[e, +e +5.d, + f, + 2]
Ula, +¢ +z.b +d, + 2, |U[c, + 2, +2;,d, + 2, +z3])
or
aelgs(“lfll‘jz):[a, +c +e,b +d + fi|U[a, + ¢ +2,,b +d, + 23|
Ula, +e +2,,b + f, + 2, ]U[ 4, +22+Z3,b1+zz+z3].

The discrete spectrum of the operator *H 172 isempty. oy, ( ‘H 17 ) =0.

0 0
6B cos Ar 6B cos Ay A° 0
3) Let U >0, 2 U< , cos—- < cos—=, and
w /4 2 2
0 0
o 6Bcosﬁ 6Bcosi A 0
cos—=<—,or U>0, 2 <U< , COS—->cos—=, and
2 2 w 2 2
AO
0 6B cos—- A° 0
cosﬁ<l,0r U>0, 3—B£U< , cos—- <cos—2, and
2 2 w 2 2
AO
oy B 6Bcos—% A° 0
cos—>—,or U>0, —<U< , cOS—->cos—2, and
2 2 /4 2 2
0
0 6Bcosﬁ 0 0

cos—=2>—,or U>0, SU<£, cos—- < cos—=%, and
2 2 w 2 2

AO
A0 6B cos—= 3B 0 0 0
COS—2>—,0or — = <U<=—, c0S—->cos—=, and cos——>—.
2 2 w w 2 2
Then the essential spectrum of the system fourth five-electron doublet state op-

erator *H 1‘;2 is consists of the union of two segments:
2r7d = =
am( Hl/z)z[a1 +o+e,b+d + f|U[c, +e +Z2.d + £, +5],
or
477d
am( Hl/z)z[a1 +o+e,b+d + f,]U[a, +¢ +2,,b,+ f, +2,],

or
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o (*H. )=[a +c +e,b +d + f1U[a, +c, +2.,b +d +2z].
ess( 1/2 1 1 1°*1 1 -fi 1 1 3™ 1 3

The discrete spectrum of the operator *H 1‘/’2 isempty: Oy, (41:1 1”/’2 ) =0.

3B 0 AO 0 0
4) Let U>0, 0<U<=—, cos—-<cos—=, (cos—->cos—=), and
w 2 2 2 2

0

o 6Bcos—- 0 0 0
cos—>—, or U>0, 0<U<——= | cos—L<cos—2 and cos—2<—,
2 2 w 2 2 2
AO
6Bcos—~ A 0 0

or 0<U<——% | cos—L>cos—2, and coS—-<—. Then the essential
W 2 2 2 2

spectrum of the system fourth five-electron doublet state operator 415[1‘;2 is
consists of single segments. O, (41:[ 1‘/{2) = [a1 +c +e,b +d + fl] , and discrete

spectrum of the operator ‘H 1‘/’2 is empty: O (41:1 1”/’2 ) =.

4. Conclusions

In this paper, we consider the energy operator of five electron systems in the
Hubbard model and describe the structure of the essential spectra and discrete
spectrum of the system in the third and fourth doublet states. The obtained re-
sults show that in the one-dimensional and two-dimensional case, the essential
spectrum of the system in the third doublet state is exactly the union of four
segments, and the discrete spectrum is empty. In the three-dimensional case, the
essential spectrum of the system in the third doublet state consists of the union
of four segments, or the union of two segments, or consists of a single segment.
The discrete spectrum of the system in the third doublet state always is empty.
Consequently, the essential spectrum of the system in the third doublet state
consists of the union of no more than four segments, and the discrete spectrum
is empty.

In the case of the fourth doublet state, the essential spectrum of the system in
the one-dimensional and two-dimensional case consists of union of seven seg-
ments, and the discrete spectrum of the system consists of most one point. In the
three-dimensional case, the essential spectrum of the system in the fourth doub-
let state consists of the union of seven segments, or the union of four segments,
or the union of two segments, or consists of a single segment. The discrete spec-
trum of the system in the fourth doublet state consists of no more than one
point. Consequently, the essential spectrum of the system in the fourth doublet
state consists of the union of no more than seven segments, and the discrete

spectrum consists of only one point, or is empty.
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