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Abstract 
This paper presents the compliance modeling of a compliant stage with 
symmetric configuration. Empirical compliance equations for the circular 
flexure hinge are first introduced. Using the matrix method, the output com-
pliance of a compliant stage with symmetric configuration is then obtained. 
Finally, the compliances derived from the proposed theoretical model and fi-
nite element analysis (FEA) are compared. It indicates that the results calcu-
lated by the theoretical model are in good agreement with those derived from 
FEA, which demonstrates the accuracy of the theoretical model. 
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1. Introduction 

Compliant mechanisms, composed of notch flexure hinges, have lots of advan-
tages, such as no friction losses, no need for lubrication, ease of fabrication, 
compactness, and suitability for use in small-scale applications [1] [2]. Due to 
these properties, compliant mechanisms have been used in many fields, includ-
ing medical engineering, aerospace engineering, and bioengineering [3]-[9]. 
Compliance is an important property for compliant mechanisms. It has large in-
fluence on the design, optimization, and control strategy. Due to these reasons, 
the compliance modeling of a typical compliant mechanism is investigated in 
this paper. For compliant mechanisms, most of them have symmetric configura-
tion, and the purpose is to get excellent decoupled property. The compliant me-
chanism with decoupled property can be easier controlled, and thus possess high 
precision. 
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Nowadays, lots of methods have been employed to obtain the compliance 
modeling of compliant mechanisms [10] [11] [12] [13] [14] including the pseu-
do rigid body method, the finite element analysis and the matrix method. Qu 
[15] analyzed the kinematic property of a micro-motion stage composed of flex-
ure hinges. The stage is modeled by using the pseudo rigid body method. The 
circular flexure and wire flexure could be respectively modeled as a one-degree- 
of-freedom (1-DOF) revolute joint and a 3-DOF spherical joint, while the rest 
parts of the stage were regarded as rigid bodies. Finally, a prototype of the stage 
was fabricated, and the theoretical model was verified. Li [16] introduced a novel 
decoupled XY parallel micropositioning platform, coupled with uncomplicated 
structure and decoupled property. Its mechanism design and modeling was 
carried on by the matrix method. In order to verify the theoretical model, FEA 
was then employed, and the comparisons were discussed. Qin [17] proposed a 
novel compliant mechanism with 2-DOF. A computational optimization of the 
design based on FEA was first carried on. The compliance/stiffness of the 
proposed mechanism, the decoupled property of the leaf parallelograms, and 
the stress distribution at the lever mechanism were subsequently discussed and 
analyzed. 

In this paper, the compliance modeling is analyzed in terms of the calculation 
errors of flexure hinges. The remaining sections of this paper are organized as 
follows. In Section 2, compliance equations for circular flexure hinge are dis-
cussed in terms of the influence of the stress concentration. In Section 3, a com-
pliant stage with symmetric configuration is developed to analyze its output 
compliance, and the theoretical compliance model is derived from the matrix 
method. In Section 4, FEA is used to verify the accuracy of the proposed theo-
retical model. And the comparisons between FEA and theoretical model are car-
ried on. Finally, conclusions are drawn in Section 5. 

2. Compliance of a Circular Flexure Hinge 

Compliant mechanisms are composed of several notch flexure hinges. These 
hinges are derived by drilling or milling two closely spaced holes, forming a cer-
tain cross-section cutout [18] [19]. For a circular flexure hinge, its cross-section 
is a circle, coupled with different main parameters. And its structure and the 
corresponding parameters can be illustrated in Figure 1, including the hinge 
thickness t, the hinge radius R, the rigid beam width W, the total height H, and 
the total depth D. 

For a circular flexure hinge, the external load can be shown as Figure 2. Its 
origin of the coordinate system xyz is located at the free end of the rigid beam. 
The x-axis is in the longitudinal direction of the hinge, while the y-axis is in the 
height direction. The flexure hinge has a load with six components: two shearing 
forces, Fy, Fz; two bending moments, My, Mz; a force along the x-axis, Fx; and a 
moment around the x-axis, Mx. 

The deformation caused by the external load can be given as 
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Figure 1. Geometrical parameters of a circular flexure hinge. 

 

 
Figure 2. External load of a circular flexure hinge. 
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For a flexure hinge, the spatial compliance matrix can be given as 
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where Cm-n is the compliance in the direction of m produced by the force/moment 
n. 

The in-plane compliance matrix of a circular flexure hinge can be expressed as 
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The stress concentration has a large influence on the compliance calculation. 
Accordingly, the rigid beams residing next to the hinge should be considered 
when calculating compliance equations. In our earlier papers [20] [21], we have 
discussed the influence of the stress concentration on the compliance calculation 
of the common notch flexure hinges. Empirical compliance equations for the 
circular flexure hinge can be obtained based on the exponential model, and they 
can be expressed as 
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where α is the shear coefficient, and E is Young’s modulus. 

3. Compliance Modeling 

Compliant mechanisms are composed of the parallel mechanism and serial me-
chanism. The parallel mechanism is advantageous over the serial mechanism. In 
addition, to get excellent decoupled property, the parallel mechanism is usually 
designed with symmetric configuration. Thus, the compliance of a compliant 
stage with symmetric configuration, coupled with decoupled property is ana-
lyzed in this paper. Note that the proposed compliant stage is composed of 4 pa-
rallel limbs, the left limb, the right limb, the upper limb and the lower limb. As 
shown in Figure 3, each limb contains two circular flexure hinges. Therefore,  

 

 
Figure 3. The compliant stage with symmetric configuration. 
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the stage is composed of 8 circular flexure hinges, and their geometrical para-
meters are all the same. 

As illustrated in Figure 4, the left limb of the compliant stage is first analyzed. 
Considering the influence of the stress concentration, the rigid beams of flexure 
hinges are considered. It is composed of the flexure hinge 1 and flexure hinge 2, 
and their local coordinate system x1y1z1 and x2y2z2 could be established at point 
o1 and o2, respectively. While the global coordinate system xyz is established at 
point o, and parameters L and L1 are the key distances of the hinges. 

Based on the matrix method, the compliance and the force/displacement 
transform matrix of the flexure hinge 1 at point o located in the center of the 
output platform can be expressed as 

T
1 1 1=C J CJ                           (9) 

( )1 1

1 0 0
0 1 2
0 0 1

iL L w R
− 
 = − + + + 
 − 

J                 (10) 

Similarly, the compliance and the force/displacement transform matrix of the 
flexure hinge 2 at point o located in the center of the output platform can be ex-
pressed as 

T
2 2 2=C J CJ                          (11) 
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For the left limb, the compliances at point o are obtained by summing all the 
contributions to the compliances in the corresponding directions of each indi-
vidual flexure hinge, including flexure hinge 1 and hinge 2, and thus the output 
compliance of the left limb at o can be expressed as 

T T
1 2 1 1 2 2gl = + = +C C C J CJ J CJ                  (13) 

The compliant stage is composed of 4 parallel limbs which are arranged 90˚ 
apart (i.e., π/2 rad). According to the matrix method, the output compliance  

 

 
Figure 4. The left limb of the compliant stage. 
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matrixes at point o of the upper limb, right limb and lower limb, respectively, 
are 

T
gs ds gl ds=C J C J                        (14) 

where 
( ) ( )
( ) ( )

cos 2 sin 2 0
sin 2 cos 2 0

0 0 1
ds

− 
 = 

π π
π

  

π J . 

T
gr dr gl dr=C J C J                        (15) 

where 
( ) ( )
( ) ( )

cos sin 0
sin cos 0

0 0 1
dr

− 
 = 

π π
π



π 


J . 

T
gx dx gl dx=C J C J                        (16) 

where 
( ) ( )
( ) ( )

cos 3 2 sin 3 2 0
sin 3 2 cos 3 2 0

0 0 1
dx

π π
π

− 
 =  π 
  

J . 

Then, the total output compliance of the proposed compliance stage at point o 
can be given as 

( ) ( ) ( ) ( ){ } 11 1 1 1
total gl gr gs gx

−− − − −
= + + +C C C C C .          (17) 

4. Validation and Analysis 

The main compliances (the axial compliance Cx-Fx, shear compliance Cy-Fy, and 
bending compliance Cα-Mz) are first calculated by the proposed theoretical model 
and FEA, respectively. Considering the accuracy of FEA, it is used as a bench-
mark. All flexure hinges have equivalent geometrical parameters and material 
properties. In order to get a compact compliant stage coupled with the natural 
frequency more than 800 Hz, a compliant stage is developed. Its hinge thickness 
is equal or more than 1 mm to process easily. Its geometrical parameters and 
material properties are given as L = 10 mm，L1 = 15 mm，R = 5 mm, t = 1 mm, 
W = 5 mm, and D = 10 mm. As shown in Figure 5, a FEA model was generated 
using ANSYS 14.0. The rigid beams at the end of the limbs are fixed, including 
the surface A, surface B, surface C and surface D. In addition, the forces (Fox, Foy, 
Moz) are applied at point o. For similar mesh quality, the model with high mesh 
density has more elements and smaller simulation time steps, and thus increases 
calculation accuracy and computational costs, respectively. Thus, hexahedral 
meshes and appropriate mesh density are selected. There is a displacement out-
put on point O, when imposing a force on the output platform. 

The value calculated by theoretical model can be obtained based on Equation 
(17). In order to get the FEA value, the unite forces (Fox, Foy, Moz) can be applied, 
and the corresponding deformations can be obtained through the software. Of 
course, the calculation errors can be obtained based on Equation (18). The results 
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derived from the theoretical model and FEA are compared in Table 1, and the 
maximum error is 4.7%, while the minimum error is 3.5%. It indicates that the 
proposed compliance theoretical model is accurate and reasonable. 

( ) 100%TH FEA FEAError C C C= − ⋅ .               (18) 

where CTH is the theoretical value, and CFEA is the FEA value. 
The vibrational modes and corresponding natural frequencies of the com-

pliant stage are also analyzed by FEA. Figure 6 shows the first dominant mode 
shape for the compliant stage, and the first frequency is 975 Hz. 

 

 
Figure 5. FEA model of the compliant stage. 

 
Table 1. Errors between theoretical model and FEA. 

Errors (%) -x FxC  -y FyC  -MzCα  

 3.5 4.4 4.7 

 

 
Figure 6. Mode shape of the compliant stage. 
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5. Conclusions 

In this paper, the output compliances of a compliant stage with symmetric con-
figuration were derived in terms of the compliance calculation errors generated 
by stress concentration. These compliances were calculated by theoretical com-
pliance equations and the matrix method, and subjected to FEA to validate the 
theoretical model. Based upon the results obtained, we can draw the following 
conclusions. 

1) Compliance of a compliant mechanism can be obtained by accumulating 
deformations, forces and moments of flexure hinges. 

2) Comparisons with the results obtained by FEA demonstrate that the pro-
posed compliance theoretical model is valid. 
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