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1. Introduction

The nonlinear integrable systems, which are of great importance in the field of
physics and mathematics [1], have been paid more and more attention and
many exact solutions of the nonlinear integrable systems are obtained by using
different effective methods. In recent, experts and scholars have become more
interested in the research of solutions to nonlinear partial differential equations
(NPDEs). They have extensively expanded the field of NPDEs in many aspects.
The Hirota bilinear form plays an important role in presenting soliton solutions,
although some intelligent guessing is usually required. In recent years, more ex-
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act solutions have been found for solving integrable equations, such as solitary
wave [2] [3] [4] [5] [6], rogue waves [7] [8] [9], periodic solitary wave [10] [11]
[12], optical soliton [13], lump solution and interaction solution [14]-[34], and
cross-kink wave solution [35]. It is natural and interesting to search for new
three-wave solutions and new periodic wave to NPDEs taking advantage of hi-
rota bilinear forms.

The (3 + 1)-dimensional Kadomtsev-Petviashvili-Boussinesq-like (KPB-like)
equation is usually written as [36]:

Prpe e (u) Uy +3(uxuy )x FUy +Ug +Uy —Uy, = 0. (1)

The generalized Kadomtsev-Petviashvili-Boussinesq equation is first proposed
in [37]. Recently, based on bilinear Backlund transformation, some classes of
exponential and rational traveling wave solutions of Equation (1) are presented
[36]. And by using the Hirota bilinear method, the lump solutions of Equation
(1) are obtained [38].

In the present paper, we will give Hirota bilinear from and generalized lilinear
from of the KPB-like equation in Section 2. In Section 3, new three-wave solu-
tions of the KPB-like equation will be obtained based on generalized bilinear
from. In Section 4, new periodic wave solutions of KPB-like equation will be
given, that supplement the existing literature on KPB-like equation. A few con-

clusion and outlook will be given in Section 5.

2. Bilinear Form

Under dependent variable transformation:
u(x, y,z,t)=2[|n f(x, y,z,t)]x. (2)
Equation (1) is transformed into the following generalized bilinear form with
p=3,
GBKPB-Iike ( f )
=(p3,D,, +D,,D, +D,.D,,~D}, +D2)f-f

=61, +2(f, f—f f)+2(f f—1ff)-2(f,f—f)+2(ff-1) ©
=0,
where pis an arbitrarily given natural number, often a prime number [39],
Dgl,xl'“D;’,v:(Ma'b(xl"“'XM)
Yy a )" (4)

where n,---,n,, are arbitrary non-negative integers, and for an integer m, the

mth power of « is computed as follows,
a" =(-1)"™, m=r(m)mod p,0<r(m)< p. (5)

We can know that the following symbols are required: +1 or —1.
If we take p =3, then we have

aé :—1,0z32 :1,0133 :l,ozg1 :—l,a35 =1,0536 :1,0137 :—1,0z38 :1,0139 =1, (6)
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which leads to
D,,D, f-f=2f f-2ff,
D;Yf f=2f f —2fy2,

DI, f =612, 7
D;,D,, f-f=6ff,
Butif p=2,then we can get
D,.D,, f-f=2f f-2ff,
Dy, f-f=2f f-2f7 ®
Dy, f-f=2f -f-8f,f+6f2,
D;.D,, f-f=2f, f-6f f +6f f —2ff .

We have noticed that when p=2, the generalized bilinear form is trans-
formed into Hirota bilinear form. Transform (2) is also a characteristic trans-
formation for establishing Bell polynomial theory of soliton equation [40]. Its
exact relation is as follows:

GByppaike (U
Py e (U) = [%()} (9)
Via the bilinear transformation (2), Equation (3) is transformed into

3 9 9 3,
BKPB_"ke(u):zuxxuv+zuxuuy +§u UV 4+ Uy, + Uy +U, +§u u,

X

3 3, 3, 3
+-uu, +—u v+-—-u-u,+—-u,u, —u 10
8 XTYX 2 4 yX 2 XXy 2z ( )

= O,
where U, =V, . Hence, if fsolves the generalized bilinear the KPB-like Equation
(3), the dimensionally reduced the KPB-like Equation (10) will be solved.

3. New Three-Wave Solutions of the KPB-Like Equation

To search for the new three-wave solution of the KPB-like Equation (1), we

would like to start from an ansatz [41]

f =e ¥ +ke® +k,cos(h)+k;sin(n)+ay, (11)
where g=aXx+a,y+a,z+a,t+a,, h=ax+a,y+az+at+a,,
N=a,X+a,y+a,z+a,t+ay, a(i=12--16) and k(i=123) are real
parameters to be determined later. Substituting (11) into Equation (3), we ob-

tained a series of periodic wave solutions to the KPB-like equation with the help

of Maple.
Case 1:
2.2 2_ 52
31:a3 a“,az_O,a,s_a3,a4_a4,a5_a5,a6_0,a7 (ag 24)""9’
a, 4
a;-a; )y
ag=a3a9,ag=ag,am=am,au=#,am=0,a13=ﬁ, (12)
a4 a4 a‘4

Ay = Q4,85 = 845,96 :ais'kl :kl'kz :k2'k3 :k3'
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with the condition a, # 0. Through the expression (11) and the transformation

(2), we get the three-wave solution of the KPB-like equation

(2 -af) 2 _n2\d 2_ .2
u:g _agz—ai e‘a4t‘ —a32-35+k1(ag—a4)e +k3(a3—a4):114cos(§3) (13)
F a, a, a;
where the functions £ &, & and &, are given as follows:
aZ-aZ )x ag-aj |x
—a4t—( ) —agz-ag a4t+( ) +agz+as
F=e o +ke &
2 _ g2
+k, cos agtJr(ag ;)agy+a3a“’z+am}
a; a,
2-al)a,x
+k, sin a14t+<a3 ai)am +a3:14z+a15]+a16,
4 4 (14)
Z—al)x
§1=a4t+u+asz+a5,
a4
2_ 52
<§2=<':19t+(613 :)agy+a3a92+am,
a, a,
a; —a; )ay,X z
53:a14t+( 2) +a3a14 +ay;.
a; a,
Case 2:
2 -a; a; -2, )
a1=asa “,a5=a5.az=0,a3=a3.a4=aﬂf%,aﬁo.
4 4
ag_af Ay,
a8=a3a",a9=a9,am=am,aﬂ=0,au=< 2) =22 ()
a, a, a,

Ay =y, 85 = a5, =8‘16-k1 =k1'k2 =k2!k3 =k3’

with the condition a, # 0. Through the expression (11) and the transformation

(2), we get the three-wave solution of the KPB-like equation

» 2 (a5 -ad ) K (a2—a2)ed Kk (a?—a2 ;

2| a;-—a, "at - aras 1(33 a4)e 2 (ae a4)a95|n(§2)

Uu=—| - e 4 + —_ 2 y (16)
F a, a, a,

where the functions £, &, &, and & are given as follows:

(a%—af)x (a%—af)

3

—ayt- —agz—ag t+ +agztag
F=e & +ke b
2_a2)ax
+k2COS|:a9t+(a3 :)ag +a3agz+am] (17)
al a,
2_ g2
+k3sin{al4t+(a3 §)a14y L L +a15]+a16,
a, a,
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2 2
r§—at+(a3_a4)x+az+
1 - R 3 s,
4

(& -af)ax aaz

=at+ + +a,,
52 ag af 3.4 a10

2 _ g2
532314'[4_(% g)amy“'agamz"'ais-

a; a,
Case 3
2.2 252
31:a3 a“,az_O,a,s_a3,a4_a4,a5_a5,a6_0,a7 (83 24)%,
a, a,
a-a;)a
8, =% a, = a,,8, = 310’811:01312:( af) e, =S )
4 4 4

Ay = Q4,85 = 845, :ais'kl :kl'kz :k2'k3 :k3'

with the condition a, # 0. Through the expression (11) and the transformation
(2), we get the three-wave solution of the KPB-like equation

(a8 -aF)x

2 a; _af e—a4t— —agz— a5 k (33 a, )eél

=—|- 19
“TF a, a, ’ 19
where the functions £ &, & and &, are given as follows:
—at (az af) —agz— as a4t+(a§;a§)x+a3z+a5
a
+k co{ ag > agy T am}
8y
aZ
+k m{ a3 i 314y 1 &8? +a15]+a16,
’ (20)
2
51:a4t+ +a32+a5
a,
a; —a; )agy z
§2=39t+( 24> +8339 +ay,
a, 4
2 _g2
bt i)a“y+a3a“z+aﬁ-
a; a,
Case 4:
2_ .2 2_ g2
6\1=0,;,12=a3 a“,ag=a3,a4=a4,a5=a5,a6=0,a7=—(a3 24)%,
4 4
a5 -a/)a
aszaaagyag:ag'aiozaio’ailzw’aﬂ:O!ai3zﬁl 1)
a, a, a,

Ay =84y, 85 = A5, g :a16'k1 :k1'k2 :kzvks :k3’
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with the condition a, # 0. Through the expression (11) and the transformation
(2), we get the three-wave solution of the KPB-like equation

U= 2k3(a§ _af)am 005(53)

, (22)
a’F
where the functions £, &, £ and &, are given as follows:
a2-af a-a]
—aﬂ—g—aﬂ—a‘s a4t+( )y+a3z+a5
F=e o +ke
2_a?)ay
+k, co{agw (a3 :)ag 1 &2 +ay,
a; a,
2 —a} )ay,x
+k35in[a14t+(a3 a:)am +a3:14z+a15}a16,
4 4 (23)
2_ 52 y
& :a4t+y+aez+a5,
4
a; —a; )agy z
52:5‘9t+( az) +3389 + 8y,
4 4
a5 —3; )aX z
§3:a14t+( 2) +a3a14 +as-
a; a,
Case 5:
2 _ g2
alz(),azzag 4!as=a3!a'4=a'41a5=a5!
4
(as? —af)ag 2,3,
= 5a :01 :3_1 = [l
8 2 7 2 a, 8 =a, (24)
al-al)a,
ay, =&y, 8, =0,a, :( : 24) 4’ 3:613614,
a, a,

Ay = 84,85 = Q5,8 :aiﬁ'klzki’kz :k2'k3 :ks!

with the condition a, # 0. Through the expression (11) and the transformation
(2), we get the three-wave solution of the KPB-like equation

. —2k,3, (af —a; )sin(&,)

' 25
a’F =
where the functions £ &, &, and &, are given as follows:
2_.2 2_.2
—a4t—(a3 7a4)y—a3z—a5 a4t+(a3 7a4)y+a3z+a5
F=e " +ke
2_ 2
—a X a
+k, cos[a9t+(a3 :)ag + 3agzJram] (26)
a; a,
2_ 2
a’-a y
+k3sin[a14t+( : z)am +a3a1“z+a15]+am,
a, a,
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(al -al)y

& =at+———+a,7+a,
4

(a5 -ab)ax  aa,z

& =at+ +a,,
2 ag af a4 a10
aj —a; )a,y z
53:a14t+< ai) ! +a3:1“ +ay.
4 4
Case 6:

2 2 2 _ g2
aizo!azzas a“,a3:a3,a4:a4,a5:a5,aezm,a7:0,
a, a,

a;-a;)a
a«a=a;a“’,ag=ag,am=am,aﬂ=#,am=0,a13=a3a1“. 27)
, a; a,

Ay =y, 85 =845, :aiﬁ'kl :kl'kz :k2'k3 :k3'

with the condition a, # 0. Through the expression (11) and the transformation
(2), we get the three-wave solution of the KPB-like equation

2 kz(a’a%_ai)agsm(%zz) ks(ag_af)aucos(‘:s)
U=—| - > + > , (28)
F a, a,
where the functions £ &, & and &, are given as follows:
—aﬂ—w—aﬂ—as a4t+(a§_az)y+a3z+a5
F=e & +ke
2 —aj )agX
+K, co{agu (a3 :)ag L +a10]
a; a,
s —aj)a,x
+k3sin[a14t+(as g)au 1 &l +a15]+a16,
a, a,
4 4 (29)
2_a2)y
51:a4t+—(a3 4) +a,Z2+a;,
a,

§2=a9t+ > +ay,,
a, 4
a —a, )a,X z
&= a14t+( ajz:) : 63214 + a5

In order to analyze the dynamics properties briefly, we would like to discuss
the evolution characteristic. By choosing appropriate values of these parameters
in (13), we set

z=Xx8,=1a,=2,8,=2,8y=2,8,=2,a, =2,

30
8 =2,a,=2k =1Lk, =1k, =1. (30)

The three-dimensional dynamic graphs of the wave and corresponding densi-
ty plots and contour plots were successfully depicted in Figure 1 with the help of
Maple. We can see the exponential function wave and the sine-cosine function

wave of KPB-like equation.
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(a) t=-10 (b) t=-5 (c) t=0 (d) t=5 (e) t=10

Figure 1. Evolution plots (top), density plot (middle) and contour plots (bottom) of the Equation (13) by choosing zZ=X,
a3:1, 614=2, as:2’ 39:2’ a10:2’ a14:2’ 31522, 316:2’ k1:1’ k2=l, k3=l.

4. The New Periodic Solitary Wave Solutions of the KPB-Like
Equation

To search for the new periodic solitary wave solutions of the KPB-like Equation
(1), we suppose [11]
f =e®+ke® +k,tan(H)+k, tanh(N)+ay,
G=ax+a,y+a,z+a,t+a,,
H=ax+a,y+az+agt+a,,
N =a,X+a,y+a,Z+a,t+a,
where a (i=12,---,16) and k (i=1,2,3) are real parameters to be deter-
mined later. With the help of Maple, substituting (31) into Equation (3), we ob-
tain a set of algebraic equations in & (i=1,2,---,16) and k; (i =1,2,3). Solving
the set of algebraic equations, we can find the following sets of solutions and

(31)

these set leads to the corresponding periodic solitary wave solutions of the

KPB-like equation.

Case 1:
i a; -4 ),
a1=a3 4,az=0,a3=a3,a4=a4,a5=a5,a6=( 24) 8, =0,
a, a,
a-a;)a
ae=a3a9 a9=a9'a10=a10’311=0’a12=( a:) 41313=a3314a (32)

a, 4 a,

Ay = Ay, 85 = a5, =O,k1=k1,k2 =k2,k3 =k3,
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with the condition a, #0.

Case 2:
el (& -a)a
& = a,=08=2a,8,=a,,8=28,8 =08, =——5—,
4 a’
a; -4 )a,
P e e . 24) a,=0a,=2% (33
a, a, a,

Ay, =8y, 85 = A5, g =01k1=k1*k2 =k21k3 =k3,

with the condition a, #0.

Case 3:
2 -2 (a2 -2)a,
a = ,a2=0,a3=a3,a4=a4,a5=a5,a6=0,a7=—2,
a4 a4
a; —a; )a,
a8=%,ag=a9,am=am,an=0,aﬂ=< 24) La, =20 (3
a, a; a,
a14=al4-ais23151316=01k1=k11k2=k21k3=k31
with the condition a, #0.
Case 4:
2 2 2 _ g2
31:01az:a3 a“,a,sza3,a4:a4,a5:as,aezu@:o,
a4 a4
a-a;)a
afﬁyafag,am:awaf#,aﬁ=0,a13=a3a1“, (35)
a, a, a,
a'14:au'ais:aislaie:Olklzkl’kzzkwks:ks'
with the condition a, #0.
Case 5:
2 .2 2_ g2
31:0aaz:a3 a“,aS:a3,a4:a4,a5:a5,a6:M,%:O,
a, a,
a-a; )
as=a3a“’,ag=ag.am=am,an=0,au=( d ‘a, =20 (3

a, af a,
Ay = Q4,85 = 845, 9 :O'kl :k1’k2 :k2'k3 :k3'

with the condition a, #0.

Case 6:
‘_al a;—a;)a,
a1=0’az=a3 4lae=as’a4=a4"'715=515'ae=0*a7=( 24) J
a, a,
a; -a; )
aszaeagvagzag!am:am’ail:(#vaiz:Ovaiszaaaml (37)
a, a; a,

Ay =y, 85 = a5, =01k1=k11k2 =k21k3 =k3'

with the condition a, #0.
Case 7:
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a,(a; —a, a P-al
&= 4(8.92 ),a2=0,a3= ;gas!azl:amas:asvaﬁ:agagag’

3 a5 )y
a7=0’a8=a81a9=a9’a10=a10v311=01a122(a9%1 (38)
aisz%v%t:awaie:aievki:kl'kz:kzvkszksl

with the condition a4, #0.
Case 8:
a, (8 —a; a P-al
alz%,az:0,a3:%,a4:a4,a5:a5,a6:O,a7:a8aga9
(& - )au 8,2,
a8=a8,a9=a9,a10=a10,a11=—2,a12=0,a13= a, ) (39)
314=a14’a15=a15v315=a16’k1=k1’k2=k2'k3=k31
with the condition ay #0.
Case 9:
a. (a? a2 2 .2
:M,az:0,a3:%,azlza‘“as:as,ae:0,a7:aﬁ %
8y & 8y
3 —ag )a,
a8:a8’a9:a9’a10:a10’a11:0'a12:( ag) 41313:6‘8:4, (40)
a14:a14’a15:a15'a16:a16’k1:k1’k2:k2’k3:k3’
with the condition ay #0.
Case 10:
a,(a; —ag a P -al
a =04, = 4(a§ ):aez ;9a8!3-4=a4’a5=a5’a6=asagagla7=01
(a5 - a5 8,
a8:a8’a9:a9'a102310’a11:T’a12:O'a13: a, ) (41)
3142314’315=a151316=aie’k1=k1’k2=k2'k3=k3l
with the condition a4 #0.
Case 11:
a,(a; —ag a P -al
a =0,a,= 4(a§ ):a's: ;9%!34=a41a5=a5’a6=a8 % a;, =0,
(&-%)a _aa,
aszas!agzagvam:alo’au:ovaiz: 2 1843 = ) (42)

Ay =8, 85 = &5, 84 :a16’k1 :kl’kz :k2'k3 =k3,

with the condition a4 #0.
Case 12:
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a,(a; -2 a P-al
a=0a,= 4(65 ),a3= ;9a81a4:a41a5:a51a6201a7:a8 ag,
(2 -a)au, 8,3,
aszaavag:agvaio:aioaan:—zlalzzo!ais: ) (43)

8
Ay =8y,,85 = 85,85 =a16’k1 =k1’k2 =k2!k3 =k3’

with the condition ay, #0.

To search the periodic solution of the KPB-like equation, for example, let’s try
to substitute the solution (32) into the expression (31). Then through the expres-
sion (31) and the transformation (2), we get the periodic solitary wave solution
of the KPB-like equation,

2_.2
2 2 _(33*34)><_ ~ ( 2 2) &
u:E _as_a4ea4t ” a3za5+k1a3 a, |e

f a, a,
, (44)
K, (a32 -a})a (1+(tan (&) )
+ 5 ,
a'4
where the functions £, &, £ and &, are given as follows:
ag-aZ |x a3-a? |x
—a4t—M—a3z—a5 a4t+( : ad) +a37+ag
f=e o +k,e &
2 —al)agx
+k, tan[agtJr(a13 ;)ag i L +ay,
a, a,
ai—-al)a,y
+k, tanh a14t+( : z)a“ +a3a14z+a15 +ay,
a; a, (45)
al—al)x
& = a4t+u+agz+a5,
a‘4
(asz —af)agx a,a,2
=a,t+ + +ay,,
‘:ZZ a9 af 3.4 aiO
3 -a;)auy aa,z
53:a14t+( z) + 3a'l4 + 5-
a; a,

In order to analyze the dynamics properties briefly, we would like to discuss
the evolution characteristic. By choosing appropriate values of these parameters

in (44), we set

z=Yy,a3=1la,=2a,=2,8,=2,8,=2,8, =2,

46
as =28, =2k =1k, =Lk; =1. (46)

The three-dimensional dynamic graphs of the wave and corresponding densi-
ty plots and contour plots were successfully depicted in Figure 2 with the help of
Maple. In Figure 2, we can see that when = —10 to ¢= 10, the wave is generated
and disappeared, which is the result of the interaction of exponential function

wave, tangent function wave and hyperbolic tangent function wave.
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(a) t=-10

(b) t=-5 (©) t=0 ) t=5 (e) t=10

Figure 2. Evolution plots (top), density plot (middle) and contour plots (bottom) of the Equation (44) by choosing z=y,
a3=1, 614=2, as:2’ 39:2’ a10:2’ a14:2’ 815=2, al6:2’ k1:1’ k2=l, k3=l.

5. Conclusions and Outlook

In this paper, with the help of Maple, we obtained new three-wave solutions and
new periodic solitary wave solutions of the (3 + 1)-dimensional KPB-like equa-
tion, and successfully depicted the three-dimensional evolution map of the wave
and the corresponding density map of the new three-wave solutions and new
periodic solitory wave solution, from which we can see the exponential function
wave. The new three-wave solutions and new periodic solitary wave solutions
obtained in this paper, will have a wide range of applications in the fields of
physics and mechanics.

In fact, we can further calculate other exact solutions of the KPB-like equation
and other NLEEs; when p=5 and p=7 by generalized bilinear derivative,
the new three-wave solutions and new periodic solitary wave solutions of those

two classes of equations will be obtained with different calculation.
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