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Abstract 
Differential equation is very important in science and engineering, because it 
required the description of some measurable quantities (position, tempera-
ture, population, concentration, electrical current, etc.) in mathematical form 
of ordinary differential equations (ODEs). In this research, we determine heat 
transferred by convection in fluid problems by first-order ordinary differen-
tial equations. So in this research work first we discuss the solution of ordi-
nary homogeneous and non-homogeneous differential equation and then ap-
ply the solution of first-order ODEs to heat transferring particularly in heat 
convection in fluid. 
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1. Introduction 

There are a lot of differential equations which become from different application 
of mathematics. Differential equations contain only first-order derivatives 
known as first-order differential equation. These equations have many applica-
tions in daily life such as used in engineering, physics, biology etc. In the year  

1675 Gottfried Wilhelm Von Leibniz studied the integration 21d
2

x x x=∫ . Then 

he knows the ODEs for the first time [1]. 
In more general terms, a deferential equation is simply an equation involving 

unknown function and its derivatives. To be more technical, differential equa-
tion is a “mathematical equation for an unknown function of one or several va-
riables that relate the values of the function itself and its derivatives of various 
orders” to a particular phenomenon. Differential equations generally fall into 
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two categories, ordinary differential equation and partial differentials equations, 
the distinction being that ODEs involve unknown functions of one independent 
variable while PDEs involve unknown functions of more than one independent 
variable. In this paper we will focus on first-order ordinary differential equation 
[2]. 

Karthikeyan and Srinivasan studied the first-order homogeneous and non- 
homogeneous differential equation and discovered that in the area of heat trans-
ferring in the solid. These equations have a lot of application in this area [3]. 

The water found around the word has temperature range between (0˚C for 
freshwater and −1.9˚C for sea water) and (100˚C for fresh water and 102˚C for 
sea water), where the freezing point is 0˚C for fresh water and −1.9˚C for sea 
water and boiling point is (100˚C for fresh water and 102˚C for sea water). The 
water which is in the ocean is known as free water and its temperature is at the 
low end of the above range and at average temperature approximately one 1˚C 
this became frozen. Warm water is found in some location on the point. A little 
amount of earth water, around 0.5% with typical temperature is contained under 
the ground. Similarly to the annual air temperature all lake and river contain 
only (0.01% of the earth free water) and freezing point is 0˚C and boiling point 
is 40˚C respectively. The temperature of shallow lakes and river can reach 40˚C 
in one climate. Thus the maximum temperature of most lake and stream are 
somewhat less than this extreme [4]. 

Hassan A. and Zakari Y. studied the first-order ordinary differential equation 
and discovered that it has many applications in temperature problems which 
lead to use Newton’s cooling law and obtain the solution of some practical prob-
lems that arise from the 1st order ODEs [5]. 

On the conference on mathematical modeling in continuum mechanics and 
inverse problems of finding the solutions of differential equations together with 
one or several coefficients of the equations or the coefficients and an unknown 
external force, the same problem can be used for the elliptic, parabolic and 
hyperbolic equation, the equation with multiple characteristic and solvable kind 
of equation [6]. 

In this research article we divided the first-order differential equation in two 
parts, the equation in which the coefficient is constant known as homogeneous 
differential equation and the equation in which the coefficient is function or po-
lynomial is known as the non-homogeneous differential equation. The aim and 
scope of this paper is to know the type of first-order ordinary differential equa-
tion, which one is homogeneous and which one is non-homogeneous differential 
equation. Also in this paper we will discuss the solution method of first-order 
linear homogeneous and non-homogeneous differential equation and apply it to 
solve the heat transferring problems especially heat convection in fluid problems 
that required the use of Newton’s cooling law. 

2. Differential Equation and Its Solution 

An equation which has one or more derivatives of differentials is known as dif-
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ferential equation. Differential equation that depend only on a single variable 
known as ordinary differential equation but equation which depend on more 
than one variable known as partial differential equation [5]. 

( ) ( ).y h x y g x′ + =                         (1) 

3 .z zxz yz xy
x y
∂ ∂

+ = −
∂ ∂

                       (2) 

Equation (1) is first-order differential equation because they involve only first 
derivative of the function and no higher derivatives. 

Solution of First-Order ODEs 

Here we discuss the solution of linear differential equation which divides in to 
two type one is of the form ( ) 0y h x y′ + =  is known as homogeneous linear  

differential equation and its solution is 
( )
cy

u x
=  where is the constant of inte-

gration to be determined and ( )u x  is known as the integrating factor can be  

obtain from the equation [7]. 

( ) ( )de .h x xu x −∫=                           (3) 

If the first-order differential equation has the form ( ) ( )y h x y g x′ + =  is called 
non homogeneous differential equation. The solution of this equation is similar 
with a little difference of the homogeneous differential equation ( ) 0y h x y′ + =  

( ) ( ) ( )( )1 d .y u x g x x a
u x

= ⋅ +∫                    (4) 

where the function ( )u x  can be obtain from Equation (3) [5]. 
Example 1. 
Obtain the solution of the initial value problem. 

tan siny y x x′ − ⋅ =  where ( )0 1y = . 

Solution. 
First we calculate integrating factor ( )u x . 

( ) ( )d tan de e .h x x x xu x − −∫ ∫= =  

Here 

( ) ( )
( )

( )( )
( )

( )( )
( ) ( )

d cos d cossin
tan d d ln cos .

cos cos cos
x xx

x x x x
x x x

−
= = = − = −∫ ∫ ∫ ∫  

Hence ( )u x  is given by 

( ) ln cose cosxu x x= = . 

We can take the function ( ) cosu x x=  as the integrating factor make sour 
that the L.H.S of the equation is the derivative of the product ( ) ( )y x u x . 

Thus the general solution of the equation is 

( ) ( ) ( )1 1 cos 2sin d cos sin d .
cos cos 4cos

c xy x u x x x c x x x c
u x x x x

   = + = ⋅ + = −   ∫ ∫  

https://doi.org/10.4236/jamp.2020.88111


Z. Rehan 
 

 

DOI: 10.4236/jamp.2020.88111 1459 Journal of Applied Mathematics and Physics 
 

Now we obtain the value of the constant c by putting ( )0 1y =  in the above 
equation, thus we get 

( ) cos 0 1 50 1 .
cos 0 4cos 0 4 4

cy c c= − ⇒ = − ⇒ =  

Hence the solution of the given problem is 

( ) 5 cos 2 5 cos 2
4cos 4cos 4cos

x xy x
x x x

−
= − =  [1]. 

3. Application of the First of Order Differential Equation to  
the Heat Convection in Fluid 

3.1. Heat Transferring 

The transmission of thermal energy in the physical system depend in on the 
temperature and pressure, by dissipating heat is describes by heat transforming, 
heat generally transforming by conduction or diffusion, convection and radia-
tion. Heat is always transmitted by one of the following three modes [3]. 
• Heat transferring by conduction in solid; 
• Transferring of heat by convection in fluid; 
• Transferring of heat by radiation in space. 

In “Figure 1” we see that the solids have contact with fluid at different tem-
perature. 

Thus, heat flows in the solid by conduction which can be determined by 
Fourier law in the solid heat always flow from high to low temperature. But in 
fluid heat flowing by convection which can be calculated by Newton’s cooling 
law. 

3.2. Mathematical Model of Heat Transformation in Fluid 

Since heat flow in the fluid by convection “as shown in Figure 2” so we can de-
termined it the following equation which known as the Newton’s cooling law. 

( ) ( ).a b a bq T T h T Tα − = −                        (5) 

Equation (5) show that heat flows from aT  to bT  with a bT T>  which ex-
press the heat flux between two point A and B and h is heat transfer coefficient. 
Thus 

 

 
Figure 1. Heat transferring solid submerged in fluid. 
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Figure 2. Mathematical model of heat transfer. 

 

( ) ( ) .s f fq h T t T h T t t   = − = −                      (6) 

In the above equation the coefficient h satisfies the heat transformation be-
tween the solid and bulk fluid. Also the 1st law of thermodynamic required that, 
to produce temperature change in a solid ( )T t∆  during the time period t∆  
can be obtain by the principle. 

( ) ( ) .s s fcV T t Q qA t hA T t T tρ  − ∆ = = ∆ = − ∆              (7) 

From Equation (7), we have 

( ) ( ) .s f

T t h A T t T
t cVρ

∆
 = − − ∆

                  (8) 

In the above Equation (8) , ,h cρ  and V on the right-hand-side are constant 
so we equating the ration of these constant with α  

.h
cV

α
ρ

=                            (9) 

Further Equation (8) can be expressed as 

( ) ( ) .s f

T t
A T t T

t
α

∆
 = − − ∆

                    (10) 

Thus the change of the temperature of the submerged solid ( )T t  is conti-
nuous with respect to time t, i.e. 0t∆ →  and if we replace the constant surface 
area as to a generic symbol A, we can express Equation (10) in the form of 
first-order differential equation [8] 

( ) ( )
d

.
d s f

T t
A T t T

t
α  = − −                     (11) 

with initial condition 

( ) ( ) 00
0 .

t
T t T T

=
= =                       (12) 

Example 2. 
The initial temperature of an object is 80˚C we place it in a refrigerator and 

maintained it in 5˚C. If 20.002 m sα = ⋅  and 20.2 mA =  find the time in 
which the object became cool down [8]. 

Solution. 
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Here 0 80 Ct =  , 5 CfT =  , 20.002 m sα = ⋅  and 20.2 mA =  using these 
values in Equation (11) we get 

( ) ( )( ) ( ) ( )
d

0.002 0.2 5 0.0004 5 .
d

T t
T t T t

t
= − − = − −        

with the condition ( )0 80 CT =   then the above equation can be written as  

( )
( )

d
0.0004d .

5
T t

t
T t

= −
−

 

After integrating we get the solution. 

( ) 0.0004 0.00045 e e .t c tT t c− + −− = =  

By using the initial condition we obtain the value of 75c =  consequently the 
solution is  

( ) 0.00045 75e .tT t −= +  

If et  denote the time in which the temperature of the become down from 
80˚C to 8˚C, we get 

( ) 0.00048 5 75e .et
eT t −= = +                      (13) 

Solve Equation (13) for 8047 set =  or 2.24 h. 
Example 3. 
The initial temperature of a turkey is 40˚F; if we put it into oven of a 350˚F for 

an hour the temperature of the turkey become 100˚F. Find the temperature of 
the turkey after two hour and if the temperature of the turkey becomes 170˚F 
haw many time will take it [7]. 

Solution. 
The constant temperature of the oven is 50 F3at =   so from the solution of 

Equation (11) we get 

( ) e .rtT t c=  

The initial temperature is ( )0 0 F4T =  , and this implies 40 350 c= +  and 
hence 310c = − .  

To obtain the value of r, we put ( )1 100T =  in the last relation. So we have 

( )100 1 350 310e .rT= = −  

Solving the above equation for r we get 

0.21511.r = −  

The temperature of turkey after two hour is ( ) 22 350 310e 8. F14 39rT = − ≈   
for the second part we want to find t so that ( ) 170T t = , that is, solve 

( )170 350 310ertT t= = − . From the solution of this equation we obtain the re-

quired time 
18ln
31

rt =  so 2 h 32 mint ≈ . 

4. Result 

Every physical phenomenon can be represented by ordinary differential equa-
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tion. A heat transferring in fluid can be represent by first-order differential equ-
ation, when the coefficient of this equation is constant then it called homogen-
ous differential equation if the coefficient is not constant then the equation is 
non homogeneous differential equation. By the help of the first-order homo-
genous and non-homogeneous differential equation and by Newton law of 
cooling we can determine the problems of heat convection in fluid. 

5. Conclusion 

We have seen that the application of the first-order linear ordinary differential 
equation in heat problem is useful in mathematics and physics for instance in 
analyzing problems involving heat convection in fluid problem. This procedure 
is also used for calculating of heat transferring by conduction in solid and heat 
transferring by radiation in space. Beside the application of the first-order linear 
differential equation we divided these equations into two type homogeneous and 
non-homogeneous ordinary differential equation and solved these equations by 
the method of “separation variable”. Also in this paper we find the optimal solu-
tion of the first-order homogeneous and non-homogeneous linear differential eq-
uation, which is very important in the solution of ordinary differential equation. 
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