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Abstract

We obtain the quantized momentum eigenvalues, P,, and the momentum
eigenstates for the space-like Schrédinger equation, the Feinberg-Horodecki
equation, with the general potential which is constructed by the temporal
counterpart of the spatial form of these potentials. The present work is illu-
strated with two special cases of the general form: time-dependent Wei-Hua
Oscillator and time-dependent Manning-Rosen potential. We also plot the
variations of the general molecular potential with its two special cases and
their momentum states for few quantized states against the screening para-
meter.
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1. Introduction

Any physical phenomenon in nature is usually characterized by solving differen-
tial equations. The time-dependent Schrodinger equation represents an example
that describes quantum-mechanical phenomena, in which it dictates the dynam-
ics of a quantum system. Solving this differential equation by means of any me-
thod results in the eigenvalues and eigenfunctions of that Schrédinger quantum
system. However, solving time-dependent Schrédinger equation analytically is
not easy except when the time-dependent potentials are constant, linear and
quadratic functions of the coordinates [1] [2] [3] [4]. The Feinberg-Horodecki

(FH) equation is a space-like counterpart of the Schrédinger equation which was
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derived by Horodecki [5] from the relativistic Feinberg equation [6]. This equa-
tion has been demonstrated in the possibility of describing biological systems [7]
[8] in terms of the time-like supersymmetric quantum mechanics [9]. The
space-like solutions of the FH equation can be employed to test its relevance in
different areas of science including physics, biology and medicine. Molski con-
structed the space-like coherent states of a time-dependent Morse oscillator [7]
and an-harmonic oscillator [8] on the basis of the FH quantal equation to mi-
nimize the uncertainty in the time-energy relation and showed that the results
are useful for interpreting the formation of the specific growth patterns during
the crystallization process and the growth in biological systems.

Recently, Bera and Sil found the exact solutions of the FH equation for the
time-dependent Wei-Hua oscillator and Manning-Rosen potentials by the Niki-
forov-Uvarov (NU) method [10]. In 1957, Deng and Fan [11] proposed a poten-
tial model for diatomic molecules named as the Deng-Fan oscillator potential.
This potential is also known as general Morse potential [12] [13] whose analyti-
cal expressions for energy levels and wave functions have been derived [11] [12]
[13] [14] and related to the Manning-Rosen potential [15] [16] (also called Eck-
art potential by some authors, [17] [18] [19] is anharmonic potential). It obeys
the correct physical boundary conditions at ¢+ = 0 and 1. The space-like
Deng-Fan potential is qualitatively similar to the Morse potential but has the
correct asymptotic behavior when the inter-nuclear distance goes to zero [11]
and used to describe ro-vibrational energy levels for the diatomic molecules and
electromagnetic transitions [20] [21] [22]. The exact momentum state solutions
of the FH equation with the rotating time-dependent Deng-Fan oscillator poten-
tial are presented within the framework of the generalized parametric NU me-
thod. The energy eigenvalues and corresponding wave functions are obtained in
a closed form [23]. The Deng-Fan potential was also studied with relativistic
Klien-Gordon equation, where the eigenvalues and the normalized wave func-
tions of spinless particles were obtained [24].

Recently, Altug and Sever have studied the FH equation with time-dependent
Poschl-Teller potential and found its space-like coherent states [25]. We also
studied the solutions of FH equation for time-dependent mass (TDM) harmonic
oscillator quantum system. A certain interaction is applied to a time-dependent
mass m(#) to provide a particular spectrum of stationary energy. The spectrum
related to the Harmonic oscillator potential acting on the TDM stationary state
energies is found [26]. The exact solutions of FH equation under time-dependent
Tietz-Wei Diatomic molecular potential have been obtained. In particular, the
quantized momentum eigenvalues and corresponding wave functions are found
in the framework of supersymmetric quantum mechanics [27]. The spectra of
general molecular potential (GMP) are obtained using the asymptotic iteration
method within the framework of non-relativistic quantum mechanics. The vi-
brational partition function is calculated in closed form and used to obtain
thermodynamic functions [28].

In new work, we have obtained the quantized momentum solution of the FH
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equation with combined Kratzer plus screened Coulomb potential using NU
method. We constructed three special cases of this general form; the time-dependent
modified Kratzer potential, the time-dependent screened Coulomb potential and
the time-dependent Coulomb potential [29]. And very recently, we solved FH
equation with the time-dependent screened Kratzer-Hellmann potential model
[30]. In both, we obtained the approximated eigensolutions of momentum states
and wave functions by means of the NU method.

The motivation of this work is to apply the Nikiforov-Uvarov method [31] [32]
for the general potential having a certain time-dependence. The momentum ei-
genvalues, P, of the FH equation and the space-like coherent eigenvectors are
obtained. The rest of this work is organized as follows: the NU method is briefly
introduced in Section 2. The exact solution of the FH equation for the
time-dependent general molecular potential is solved to obtain its quantized
momentum states and eigenfunctions in Section 3. We generate the solutions of
a few special potentials mainly found from our general form solution in Section

4. Finally we present our discussions and conclusions.

2. Exact Solutions of the FH Equation for the
Time-Dependent General Potential

The Nikiforov-Uvarov (NU) method (see Appendix A) will be applied to find
the exact solutions of FH equation for the general molecular potential then the
eigenvalues and eigenfunctions of two special cases are produced from the re-
sults.
The time-dependent of the general potential is given by [33]
4=Be ) 4 g C—pe ) T

= [1—qe-a<r—re>}2 ’ W

where A4,B,C,D and « are adjustable real potential parameters. § and g

are dimensionless parameters. ¢, is the equilibrium time point. The parameters

of the potential must satisfy the condition —Ing+¢, <0 to avoid singularity. If
a

the general potential is substituted in FH equation, one obtains

A—Be ) 4 g [C — pe@lite) ]2

hZ d2

— —+ n ! :Cljn n t). (2)
e di? |:1_qe*a(l*fe)]2 4 ( ) 4 ( )
Now, let s = qe’“(”’”) , where se (0, qe™ ) , we get
Py, (s) 15 dw,(s) 7 —pst7s o 3
2 + + 2 2 W (S)_ ’ ( )
ds s(l-s) ds 5% (1-s)
where
2mc? ~
7 :W(A+qC2—an), (4)
2me? (. D?

72 :_W[qq_z_cpnj’ (5)
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73 :—%(§+2§C§—2cl’n} (6)
After comparing Equation (3) with Equation (37), one obtains
7(s)=1-s, 7)
O'(S):s(l—s) (8)
and
5(s)=—7/12 —}/35+7/2s2. (9)

When these values are substituted in equation

H(s): Glz_fi\/[#j -6 +ko, (10)
(see [31] [32]), one gets
H(s)=—%i\/(%—;/2—k)s2+(k+7/3)s+;/]2. (11)

As mentioned in the NU method, the discriminant under the square root, in
Equation (11), has to be zero, so that the expression of II(s) becomes the

square root of a polynomial of the first degree. This condition can be written as

1
(Z—yz—kjs2+(k+)/3)s+;/12:0. (12)

After solving this equation, we get

_(k+73)i\/(k+73)2 —4yfu—y2—kj

s = 1 (13)
o(37-4)
Then, for our purpose we assume that
2 1
(k+7:) —475(1—72—1{}0- (14)
Arranging this equation and solving it to get an expression for k which is giv-
en by the following,

k. =-y, =2y £2 (1—1j (15)

+ =TV TN TN R 2/

where the expression between the parentheses is given by

2 2
1.1 2’2"62 q[c-gj a8 L (16)
R 2 o q q| 4

where the parameters in this equation must be selected to let R be real and the

results have physical meanings. If we substitute k& into Equation (11) we get a

possible expression for TI(s), which is given by

H(S)=71(1—S)—%» (17)
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this solution satisfies the condition that the derivative of z(s) is negative.
Therefore, the expression of z(s) which satisfies these conditions can be writ-

ten as
1
r(s):l—s+2;/1—2s(;/l+Ej. (18)

Now, substituting the values of 7’ (s), o"(s), I1_(s) and & into Equa-
tions (40) and (41), we obtain

2
A, =2’2”—C2 B ogcP gu-nger |2 L (19)
nra\ q q R R
and
2
A=A, =n n+E +2ny,. (20)

Now, from Equations (19) and (20), we get the eigenvalues of the quantized

momentum as

2
2
o n(n+2j+l—2”jcz [B+2(jCD—2A—2<§C2j
P:l A+c}C2—ah R) R ah \gqg q
"¢ 2mc’ ( 1)
2l n+—
R

(21)

Due to the NU method used in getting the eigenvalues, the polynomial solu-
tions of the hypergeometric function y, (s) depend on the weight function
p(s) which can be determined using NU procedure to get

2
p(s)=s"(1 —S)Efl . (22)
Substituting the result of p(s) into equation y, (see [29]), we get an ex-

pression for the wave functions as
2 n 2
3, ()= 4,52 (1=sY 15 i—{s (1-s } (23)

where A, is the normalization constant. Solving Equation (23) gives the final

form of the wave function in terms of the Jacobi polynomial Pn(”"ﬂ )" as follows,

i
v, (s)=4n'P * 7 (1-2s). (24)
Now, substituting T1_(s) and o(s) into o(s)=TI(s) ¢': (s) then solving
it we obtain %:(s)
1
b (s)=s" (1=5). (25)

Substituting Equations (24) and (25) in Equation (38), one obtains,

1 (271,3—1]
()= B (1-5)i B (1-29) 26)

where B, isthe normalization constant.
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3. Special Cases

Several potentials were proposed to obtain information about diatomic and po-
lyatomic molecules structures. These potentials are represented by Rosen-Morse
or Trigonometric Poschl-Teller potentials which are used for some vibrations of
some polyatomic molecules such as NH; and SO, [28]. The Tietz-Wei diatomic
molecular potential was proposed as an inter-molecular potential and is consi-
dered as one of the best potential models which describes the vibrational energy
of diatomic molecules [34] [35] [36] [37]. In addition, Manning-Rosen and
Wei-Hua potentials have been proposed for diatomic molecule structure [16]

[36] and are discussed here as special cases of the general potential.

3.1. Time-Dependent Wei-Hua Oscillator

A four-parameter potential function was introduced for bond-stretching vibra-
tion of diatomic molecules. It may fit the experimental RKR (Rydberg-Klein-Rees)
curve more closely than the Morse function, especially when the potential do-
main extends to near the dissociation limit. The corresponding Schrédinger eq-
uation was solved exactly for zero total angular momentum and approximately
for nonzero total angular momentum [16]. To get the Wei-Hua potential from
the general form of the diatomic molecules potential, parameters with values
A=B=0,and C=D=1 are chosen and substituted in (1) to reduce the gen-

eral form to the special case [36],
2
[ 1—eele)
V(t)—q(l_qu] . (27)

And by substituting the constants (4 =B =0, and C =D =1), which reduces
the general molecular formula into Wei-Hua formula, in (21) we get the eigen-

values of the time-dependent HF equation with Wei-Hua potential. The result is

as follows
1 2me* (2 ’
1 2 ( +R) R_Zlhcz[q_rj
P =—§-2=; z 1 : (28)
c 2mce ( lj
2l n+—
R
with
5 2
1.1, 2”2’—"12‘1 LA (29)
R 2 ha q 4

where a, ¢ and ¢ must be selected to make R be real. To determine the ei-
genfunctions associated with the Wei-Hua potential, the same parameters were

substituted in (4) which results in

v, (s)=B, (qe—ao—ze))” (1_(616_“(,_,@))); 31[27"%‘1] (1_2( qe—au—zg)))’ (30)
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where

(31)

which agrees with the result obtained in [10].

3.2. Time-Dependent Manning-Rosen Potential

This potential is used as a mathematical model in describing diatomic molecular
vibrations. It is also employed in several branches of physics in studying their
bound states and scattering properties. It is well known that Schrédinger equa-
tion can be solved exactly for this potential for s-wave Ze, [=0. But, for arbi-
trary l-states, Ze., /is not equal to 0, the Schrodinger equation cannot be solved
exactly. Therefore, the Schrodinger equation is solved numerically or approx-
imately using approximation schemes. Some authors used the approximation
scheme proposed by Greene and Aldrich [38] [39] [40] to study analytically the
[ #0 bound states or scattering states of the Schrodinger or even relativistic
wave equations for Manning-Rosen potential. We calculate and find its quan-
tized momentum states and normalized wave functions [16].

By choosing the values of the parameters to be 4=C=0, ¢=1, B=V,a’
and gD’ =a’(B(B—-1)+V,), and by substituting them in Equation (1) the

general potential is reduced to give the Manning-Rosen potential [16],

V()= File T v et (BN 4V, Je , (32)

(1 _ealite) )2

and by substituting the values of 4,C,B,q and §D* in Equation (21) gives

the eigenvalues of the FH time dependent equation. The eigenvalues are given by
the relation,

2

2 1 2mcz<v0a2)
e n(n+j+—

2 2
P =——= R 1 ha : (33)

where

1 1 [2mc? 1

To determine the eigenfunctions associated with the Manning-Rosen poten-

tial, the same parameters were substituted in (4) which results in

0, (5)= 8.0 (1={ge ) B 1-afe ), s

where
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n+—+—-—
R) R Wa®

e
Z(n—i-l )
R

These results agree completely with that obtained in [10].

n( 2) 1 2me’ (v,a’)

(36)

4. Numerical Results and Discussion

To illustrate the physical meaning of our investigation, we plot some figures of
the potentials and the corresponding momentum obtained in each case versus
time or the screening parameter by choosing suitable potential parameters. Fig-
ure 1 shows a plot of the general molecular potential against the oscillating time
for various values of the screening parameter « . For higher values of time, the
potential tends to be constant when o takes larger values. In Figure 2, we
examine the variations in the FH quantized momentum, for various states,
against the screening parameter ¢ . It is noted that as « increases, the mo-
mentum of the system increases from the negative region to the positive region.
Obviously, the momentums for higher states are close to each other in positive
region near « =0.5.In Figure 3, it is seen that the quantized momentum of the
system decreases monotonically as the potential strength parameter B becomes
negative. Therefore, when state n increases, the momentum decreases from posi-
tive region to negative region for higher values of ¢ . This behavior is opposite
to Figure 2, when potential strength parameter B is taken to positive.

Figure 4 shows the variation of the time-dependent Wei-Hua potential for
diatomic molecules, when potential strength parameters 4= B =0, against time
for two values of ¢. It is clear that decay is fast when ¢ >0 whereas, decay is

slow when ¢ <0.

—u=001l"a=01l—a=09—a=2
1 1

0 1 2 3 4
Time (s)

Figure 1. The general potential for diatomic molecules. y=h=c=1, A=B=¢4=0.6,
and C=D=g=1.

/" PP, P, PP P

o 02 04 06 08 1
a(sh)

Figure 2. The FH quantized momentum eigenvalues of the general potential for diatomic
molecules. u=h=c=1, A=B=¢=0.6,and C=D=g=1.
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Figure 5 plots the quantized momentum states versus the screening parame-
ter a for g <0. This indicates that momentum decreases monotonically in
the negative region when state increases and hence momentum states scatter
away with increasing « . A reverse behavior is shown in Figure 6 when the
quantized momentum states are plotted against « for ¢ >0.The momentum
state increases as n increases in positive region (up to « =0.3). Figure 2 and
Figure 6 indicate that the general potential has a limited number of quantized
momentum states for this potential well and hence there is a restriction range for
the parameter alpha. Obviously, from Figure 2 and Figure 6, to increase the
number of the quantized momentum states we need to decrease the range of the
parameter alpha.

Figure 7 shows the time-dependent Manning-Rosen potential for diatomic
molecules against oscillating time for two values of screening parameter ¢« . It
increases with increasing values of o but the potential remains in the negative
region (bound). In Figure 8, we show the behavior of the quantized momentum
states against ¢ for the time-dependent intermolecular Manning-Rosen po-
tential. When the potential strength parameter ¥, >0, an increase in state n

results in a monotonic decrease in momentum, as « increases. Figure 9, a case

--‘.‘P()_Pl‘ ! "PZ—.Pfi --‘-P4 P5 .
0 0.2 0.4 0.6 0.8 1
o (s)

Figure 3. The FH quantized momentum eigenvalues of the general potential for diatomic
molecules. y=h=c=1, A=g=0.6, B=-06 and C=D=g=1.

x 10

1
Time (sec)

Figure 4. The Wei-Hua potential for diatomic molecules. y=h=c=1, 4=B=0,
a=0.01,and C=D=g=1.

P_(eV/c)

Figure 5. The FH quantized momentum eigenvalues of the Wei-Hua potential for
diatomic molecules. y=h=c=1, ¢=-0.6, A=B=0 and C=D=g=1.
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P (eV/c)

Figure 6. The FH quantized momentum eigenvalues of the Wei-Hua potential for
diatomic molecules. y=h=c=1, ¢=0.6, 4=B=0 and C=D=g=1.

X 1012
0
2 (
>
-2 —a=0.001—a=0.01
0 0.005 0.01 0.015
Time (s)

Figure 7. The Manning-Rosen potential for diatomic molecules. p=h=c=1,
A=C=0, V,=25, f=5,and g=g=1.

oF
)
3 2
ol h
-4 ~-P—PP,—P--P,—P;
0 02 04 06 08 1

a(s)

Figure 8. The FH quantized momentum eigenvalues of the Manning-Rosen potential for
diatomic molecules. u=#f=c=1, 4A=C=0, V; =25, f=5,and g=g=1.

0 -
Q2
>
2
ot -4

-6 ‘ . ‘

0 0.2 0.4 0.6 0.8 1
a(sh)

Figure 9. The FH quantized momentum eigenvalues of the Manning-Rosen potential for
diatomic molecules. y=h=c=1, 4=C=0, V,=-2.5, f=5,and g=¢g=1.

in which ¥, <0, shows the same behavior as in Figure 8, but momentum is
strongly more negative than before. Figure 8 and Figure 9 show that there are
so many quantized momentum states for the Manning-Rosen potential well and

hence no restriction is being placed on the value of alpha.

5. Conclusion

We solved the Feinberg-Horodecki (FH) equation for the time-dependent gen-

eral molecular potential via Nikiforov-Uvarov (NU) method. We got the exact
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quantized momentum eigenvalues solution of the FH equation. It is therefore,
worth mentioning that the method is elegant and powerful. Our results can be
applied in biophysics and other branches of physics. In this paper, we have ap-
plied our result for the Wei-Hua and the Manning-Rosen potentials, as special
cases of the general molecular potential, for quantized momentum eigenvalues.
We find that our analytical results are in good agreement with other findings in
literature. The quantized momentum eigenvalues and their corresponding ei-
genfunctions are obtained exactly for the two exactly solvable problems. We
have shown the behaviors of the general molecular potential as well as the two
special cases, namely, Wei-Hua and manning-Rosen potentials against screening
parameters. Further, taking spectroscopic values for the potential parameters, we
plotted the quantized momentum of few states against the screening parameter
for diatomic molecules. Our results are good agreements with the energy bound

states.
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Appendix A: Nikiforov-Uvarov Method

In this section, we are briefly reviewing the Nikiforov-Uvarov (NU) method [29].
Here we introduce the main points leaving the details into [31] [32]. The NU
method is usually employed in reduction of the given second-order differential,
which we are dealing with, into a general form of a hypergeometric type by using
an appropriate coordinate transformation, s=s(r), into the following standard
form:

7(s) S (s)

o)

v (s)+ w,(s)=0, (37)

where o (s) and &(s) are polynomials, of second-degree or less, and 7 (s)

is a first-degree polynomial. The wave function takes the form,

v, (s)=4,(s) 7, (s), (38)
which transforms Equation (37) into a hypergeometric of the form
o(s)yi(s)+z(s)y; (s)+ 4y, (s) =0, (39)
where A in Equation (39) is a parameter defined as,
-1
A=4, :—nr’(s)—n(n2 )U"(s), (40)

and A in Equation (39) is also defined as,
A=2, =k+IT'(s), (41)

These two definitions are exploited to calculate the eigenvalues of the system.
More details are left to the reader in Ref. [29] [30] [31].
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