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Abstract 
In this paper, we study the boundary value problem for an impulsive frac-
tional q-difference equation. Based on Banach’s contraction mapping princi-
ple, the existence and Hyers-Ulam stability of solutions for the equation 
which we considered are obtained. At last, an illustrative example is given for 
the main result. 
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1. Introduction 

The q-calculus or quantum calculus is an old subject that was initially developed 
by Jackson [1]; basic definitions and properties of q-calculus can be found in [2]. 
The fractional q-calculus had its origin in the works by Al-Salam [3] and 
Agarwal [4]. But the definitions mentioned above about q-calculus can’t be ap-
plied to impulse points ,kt k ∈ , such that ( ),kt qt t∈ . In [5], the authors de-
fined the concepts of fractional q-calculus by defining a q-shifting operator 

( ) ( )1 , ,a q m qm q a m aΦ = + − ∈ . Using the q-shifting operator, the fractional 
impulsive q-difference equation was defined. In paper [5] [6] [7], the authors 
discussed the existence of solutions for the fractional impulsive q-difference 
equation with Riemann-Liouville and Caputo fractional derivatives respectively. 
Some other results about q-difference equations can be found in papers [8]-[16] 
and the references cited therein. Dumitru Baleanu et al. discussed the stability of 
non-autonomous systems with the q-Caputo fractional derivatives in reference 
[17]. However, the existence and stability of solutions for the fractional impul-
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sive q-difference have not been yet studied. 
Motivated greatly by the above mentioned excellent works, in this paper we in-

vestigate the following fractional impulsive q-difference equation with q-integral 
boundary conditions:  
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where k
k k

c
t qDα  is the fractional kq -derivative of the Caputo type of order kα  

on kJ , 0 1kα< < , 0 1kq< < , [ ]0 10,J t= , [ ]0 10,J t= , 1,2, ,k m= 
,  

( ),k Cϕ ∈   , ( ),f C J∈ ×  . k
k kt qI β  denotes the Riemann-Liouville kq - 

fractional integral of order 0kβ >  on , 0,1, 2, ,kJ k m=   and 1 2, ,η η µ  are 
three constants. 

2. Preliminaries on q-Calculus and Lemmas 

Here we recall some definitions and fundamental results on fractional q-integral 
and fractional q-derivative, for the full theory for which one is referred to [5] [6] 
[7]. 

For ( )0,1q∈ , we define a q-shifting operator as ( ) ( )= 1a q m qm q aΦ + − . 
The new power of q-shifting operator is defined as ( )( )0 1a qn m− = ,  
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The q-derivative of a function f  on interval [ ],a b  is defined by  

( )( ) ( ) ( )( )
( )( ) ( )( ) ( )( ), , lim .
1

a q
a q a q a qt a

f t f t
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The q-integral of a function f  defined on the interval [ ],a b  is given by  

( )( ) ( ) ( )( ) ( )( ) [ ]
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I f t f s s q t a q f t t a b

∞

=

= = − − Φ ∈∑∫  

Some results about operator a qD  and a qI  can be found in references [5]. 
Let us define fractional q-derivative and q-integral on interval [ ],a b  and out-
line some of their properties [5] [6] [7]. 

Definition 1 [5] The fractional q-derivative of Riemann-Liouville type of or-
der 0ν ≥  on interval [ ],a b  is defined by ( )( ) ( )0

a qD f t f t=  and  

( )( ) ( )( ) , 0,l l
a q a q a qD f t D I f tν ν ν−= >  

where l is the smallest integer greater than or equal to ν . 
Definition 2 [5] Let 0α ≥  and f  be a function defined on [ ],a b . The 
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fractional q-integral of Riemann-Liouville type is given by ( )( ) ( )0
a qI f t f t=  

and 

( )( ) ( ) ( )( ) ( ) [ ]11 d , 0, , .
t

a q a a q a qa q
q

I f t t s f s s t a b
αα α

α
−

= − Φ > ∈
Γ ∫  

Lemma 1 [5] Let ,α β +∈  and f  be a continuous function on 
[ ], , 0a b a ≥ . The Riemann-Liouville fractional q-integral has the following 
semi-group property  

( ) ( ) ( ).a q a q a q a q a qI I f t I I f t I f tβ α α β α β+= =  

Lemma 2 [5] Let f  be a q-integrable function on [ ],a b . Then the following 
equality holds  

( ) ( ) [ ], for 0, , .a q a qD I f t f t t a bα α α= > ∈  

Lemma 3 [5] Let 0α >  and p be a positive integer. Then for [ ],t a b∈  the 
following equality holds  
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Definition 3 [7] The fractional q-derivative of Caputo type of order 0α ≥  
on interval [ ],a b  is defined by ( ) ( )0c

a qD f t f t=  and  

( )( ) ( )( ) , 0,c n n
a q a q a qD f t I D f tα α α−= >  

where n  is the smallest integer greater than or equal to α . 
Lemma 4 [7] Let 0α >  and n be the smallest integer great than or equal to 

α . Then for [ ],t a b∈  the following equality holds  
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3. Main Results 

In this section, we will give the main results of this paper. 
Let ( ) ( ){, : ,PC J x J x t= →   is continuous everywhere except for some 

kt  at which ( )kx t+  and ( )kx t−  exist, and ( ) ( ) }, 1, 2, ,k kx t x t k m− = = 
.  

( ),PC J   is a Banach space with the norm  

( ){ }sup : .x x t t J= ∈  

First, for the sake of convenience, we introduce the following notations:  
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where { } ( ), , , 0,1 , 0,1, 2, ,i i i i i iq i mσ α β α β∈ + ∈ =  . 
To obtain our main results, we need the following lemma. 

Lemma 5 Let 1 2
0

i

m

i
βµ η η

=

Ω ≠ +∑  and ( ) ( ),h t C J∈  . Then for any kt J∈ , 
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the solution of the following problem  
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Proof. Applying the operator 0
0 0t qIα  on both sides of the first equation of (2) 

for 0t J∈  and using Lemma 4, we have  

( ) ( ) ( )0
0 00 .t qx t x t I h tα= +  

Then we get for 1t t=  that  

( ) ( ) ( )0
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For 1t J∈ , again taking the 1
1 1t qIα  to (4) and using the above process, we get  
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Applying the impulsive condition ( ) ( ) ( )( )1 1 1 1x t x t x tϕ+ = + , we get  
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From (5), we find that  
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From the boundary condition of (2), we get  
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Substituting (6) to (5), we obtain the solution (3). This completes the proof. 
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We define an operator ( ) ( ): , ,PC J PC J→    as follows:  
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Then, the existence of solutions of system (1) is equivalent to the problem of 
fixed point of operator   in (7). 

Theorem 1 Let :f J × →   and : , 1, 2, ,k k mϕ → =    be continuous 
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Proof. The conclusion will follow once we have shown that the operator   
defined (7) is a construction with respect to a suitable norm on ( ),PC J  . 

For any functions ( ), ,x y PC J∈  , we have  
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which implies that  

.x y x y− ≤ ∆ −   

Thus the operator   is a contraction in view of the condition (H3). By 
Banach’s contraction mapping principle, the problem (1) has a unique solution 
on J. This completes the proof. 

In the following, we study the Hyers-Ulam stability of impulsive fractional 
q-difference Equation (1). Let 0, 0ε > >  and [ ]: 0,Tδ →   be a continuous 
function. Consider the inequalities:  
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Now, we give out the definition of Hyers-Ulam stability of system (1). 
Definition 4 System (1) is Hyers-Ulam stable with respect to system (8), if 

there exists 0fA >  such that  
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for all t J∈ , where x  is the solution of (8), and x  of the solution for system 
(1). 
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Similarly to the system in Theorem 1, system (9) is equivalent to the following 
integral equation in Lemma 5. 
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( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )

( )

1 2 1
0

1

1 2
1 1 0

1

1
1 0

1 , ,

,

, ,

.

i i i
i ii i

j

j ij

i k
i ki k

m

t i t iq q
i

m i i

j j t j i iq
i j j

k k

i i t i tq q
i i

x t I f s x t I f s x t

x t I f s x t x t

x t I f s x t I f s x t G t

x G t

α β α

α
β

α α

µ η

µ ϕ η ϕ

ϕ

+
+ +

=

−

+
= = =

−

+
= =

= −
Λ 

   + + Ω −  
    

+ + + +

= +

∑

∑ ∑ ∑

∑ ∑





 (11) 

where 

( ) ( ) ( )( )

( )

( ) ( )

1 2 1
0

1

1 2
1 1 0

1

1
1 0

1

.

i i i
i ii i

j

j ij

i k
i ki k

m

t i t iq q
i

m i i

j t j iq
i j j

k k

i t i tq q
i i

G t I g t I g t

g I g t g

g I g t I g t

α β α

α
β

α α

µ η

µ η

+
+ +

=

−

+
= = =

−

+
= =

= −
Λ 

   + + Ω −  
    

+ + +

∑

∑ ∑ ∑

∑ ∑

         (12) 

Note that 

.x y x y− = −      

Then the existence of a solution of (1) implies the existence of a solution to (9), 
it follows from Theorem 1 that   is a contraction. Thus there is a unique fixed 
point x  of  , and respectively x  of  . 

Since [ ]0,t T∈  and ( )sup 1
t J

tδ
∈

≤ , we obtain  

( )

( ) ( )( )

( )

( ) ( )

1 2 1
0

1

1 2
1 1 0

1

1
1 0

max

1max i i i
i ii i

j

j ij

i k
i ki k

t J

m

t i t iq qt J i

m i i

j t j iq
i j j

k k

i t i tq q
i i

G G t

I g t I g t

g I g t g

g I g t I g t

α β α

α
β

α α

µ η

µ η

∈

+
+ +∈ =

−

+
= = =

−

+
= =

=

= −
Λ 

   + + Ω −  
    

+ + +

∑

∑ ∑ ∑

∑ ∑

 
      

( ) ( )( )

( )

1 2 1
0

1

1 2
1 1 0

1max i i i
i ii i

j

j ij

m

t i t iq qt J i

m i i

j t j iq
i j j

I g t I g t

g I g t g

α β α

α
β

µ η

µ η

+
+ +∈ =

−

+
= = =

≤ −
Λ 

   + + Ω −  
    

∑

∑ ∑ ∑
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( ) ( )

( )0 0 0

1

1
1 0

1

2
1 0

2 2

1

1 1 1 .

i m
i mi m

i i i i j i i

m m

i t i tq q
i i

m i

i j

g I g t I g t

i

m

α α

α β α β α β α

α β α

µ η µ µ

µ η η ε

−

+
= =

−

+
= =

+

+ + +

  ≤ Ω + Ω + Ω + Ω Ω +Ω  Λ  
 + Ω + Ω + +  Λ Λ 

∑ ∑

∑ ∑



 (13) 

Then, we get 

( )

( )0 0 0

1

2
0 0

2 2

1

1 1 1 .

i i i i j i i

m i

i j

x x x x x x G t x x G

x x i

m

α β α β α β α

α β α

µ η µ µ

µ η η ε

−

+
= =

+

− = − = − + ≤ − +

  ≤ ∆ − + Ω + Ω + Ω + Ω Ω +Ω  Λ  
 + Ω + Ω + +  Λ Λ 

∑ ∑



   



     





 (14) 

By condition (H3), we have 

( )
11

2
0 0

2

11

1 1 .

i i i i j i i

m i

i j
x x i

m

α β α β α β αµ η µ µ

η ε

−
−

+
= =

  − ≤ − ∆ Ω + Ω + Ω + Ω Ω +Ω  Λ  
 + +  Λ 

∑ ∑ 



 (15) 

Let 
( )

11
2

0 0

2

11

1 1

i i i i j i i

m i

f
i j

A i

m

α β α β α β αµ η µ µ

η

−
−

+
= =

  = − ∆ Ω + Ω + Ω + Ω Ω +Ω  Λ  
 + +  Λ 

∑ ∑



, then 

.fx x A ε− ≤  

This completes the proof. 
Remark 1 Note that (1) has a very general form, as special instances results 

from (1), when, 1 2 1, 0η η µ= = = , (1) reduces to the antiperiodic boundary val-
ue problem of the impulsive fractional q-difference equation:  

( ) ( )( ) [ ]
( ) ( ) ( ) ( )( )

( ) ( )

, , 0, , ,

, 1, 2, , ,
0 0.

k
k k

c
t k kq

k k k k k

D x t f t x t t J J T t t

x t x t x t x t k m
x x T

α

ϕ+

 = ∈ ⊆ = ≠
∆ = − = =
 + =


 

4. Example 

Consider the following boundary value problem:  

( )
( )
( )

{ }

( )
( ) ( )

( )

( ) ( )2

1 2
3 2

1 23 1 2
4 3

2

12
2

13 1
0 4 3

2sin 3 3, 0, \ , ,
4 250 1

21 , , 1, 2,
200 5 21

8 1 3 10 .
3 6 2 2

k

k

k
c k
t k

k

k k
k k

k
k

k
t kk

k k

x tt tD x t t t t
t x t

x t x t k kx t t k
k x t

x x I x t

+
+
+
+

+

+
++

= +

  = + ∈  + +  
 +∆ = + = =

+


  + =   
∑

       (16) 
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Corresponding to boundary value problem (1), one see that 1
3 2k
k
k

α +
=

+
, 

2

1
2k

k
k

β +
=

+
, 3 1

4 3k
kq
k
+

=
+

, 
2k
kt = , ( )

( )
( )

2

2

2sin 3,
450 1

x ttf t x
t x t

= +
+ +

,  

( )( ) ( ) ( )
( )

2 21
200 1

k k
k k

k

x t x t
x t

k x t
ϕ

+
=

+
. Through a simple calculation, we get  

( ) ( ) ( )
2 2

2 2

sin sin 1, , , ,
2525 25

t tf t x f t y x y M t M
t t

− ≤ − = ≤ =
+ +

 

( ) ( ) 1 1 1, ,
200 200 200k kx y x y x y L

k
ϕ ϕ− ≤ − ≤ − =  

1.7875 0, 0.4873 1.Λ > ∆ < 
 

From Theorem 1, the problem (16) has a unique solution x on 
30,
2

 
  

. Fur-

thermore, the solution x is Hyers-Ulam stable with respect to the following sys-
tem  

( )
( )
( )

( ) { }

( )
( ) ( )

( )

( ) ( )2

1 2
3 2

1 23 1 2
4 3

2

12
2

13 1
0 4 3

2sin 3 3, 0, \ , ,
4 250 1

21 , , 1, 2,
200 5 21

8 1 3 10 ,
3 6 2 2

k

k

k
c k
t k

k

k k
k k

k

k
k

t kk
k k

x tt tD x t t t t t
t x t

x t x t k kx t t k
k x t

x x I x t

δ ε

ε

+
+
+
+

+

+
++

= +

   − − ≤ ∈  + +  


+ ∆ − − ≤ = =
+


  + =   

∑

    (17) 

where 0, 0ε> > , ( )
30,
2

sup 1
t

tδ
 ∈  

< . 

5. Conclusion 

In this paper, we study the existence and Hyers-Ulam stability of solutions for 
impulsive fractional q-difference equation. We obtain some results as following: 
1) Using the q-shifting operator, the results of existence of solutions for impul-
sive fractional q-difference equation with q-integral boundary conditions are 
obtained. 2) The Hyers-Ulam stability of the nonlinear impulsive fractional 
q-difference equations was obtained. 
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