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Abstract

The following fractional Klein-Gordon-Maxwell system is studied
~A)’ u+V (x)u-(20+¢)gu=K(x)f(u), inR?
(-4)"w+V (x)u- (20 4)du =K () (1) e pe(da).

(A p=(w+g)u’, in R?,

(-A)" stands for the fractional Laplacian, ® >0 isa constant, Vis vanishing

potential and Kis a smooth function. Under some suitable conditions on Kand
£, we obtain a Palais-Smale sequence by using a weaker Ambrosetti-Rabinowitz
condition and prove the ground state solution for this system by employing
variational methods. In particular, this kind of problem is a vast range of ap-
plications and challenges.
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1. Introduction

In this paper, the following fractional Klein-Gordon-Maxwell system is consid-

ered
(-A)’u+V (x)u—(20+¢)gu=K(x)f(u), inR®

X , o (1.1)
(A) p=(w+p)u’, in R,

where pe(3/4,1), (-A)" denotes the fractional Laplacian operator, V'is zero
mass potential and Kis a smooth function. When (2w+ ¢)¢u =0, system (1.1)
reduces to a fractional Schrodinger equation. The fractional Schrédinger equa-

tion was first proposed by Laskin [1] [2] as a result of expanding the Feynman
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path integral from the Brownian-like to the Lévy-like quantum mechanical paths.
This kind of problem can apply to various fields. For example, Li et al [3] stud-
ied a class of fractional Schrédinger equation with potential vanishing at infinity
by using variational methods and obtained a positive solution for this equation.
For more results about fractional Schrodinger equation, please see [4] [5] [6]
and the references therein.

If p=1,V (X) =m?-w? and K(x)f(u)= |u|q*2 u, system (1.1) reduces to
a Klein-Gordon-Maxwell equation, which was first studied by Benci and
Fortunato [7] as a model describing a nonlinear Klein-Gordon equation interact-
ing with an electromagnetic field with 4 < g < 6. For more details on the physical

aspects of this problem, we refer the readers to see [8] and references therein.

When 2<0g<4 and O<w< }%—lm , D’Aprile and Mugnai [9] investigated
the following system

~Au +[m2 —(a)+¢)2J¢u = |u|q*2 u, xeR?
(1.2)
A¢:((o+¢)u2, x e R3,
they obtained some results which complete the results obtained in [7].

In recent years, under various hypotheses on the potential V (X) and the
nonlinearity f (u) , the existence of positive, multiple, ground state solutions
for Klein-Gordon-Maxwell systems or similar systems, has been widely studied
in the literature. For example, Azzollini and Pomponio [10] first proved the
existence of a ground state solution for system (1.2) when the nonlinearity is
more general. He [11] first considered a Klein-Gordon-Maxwell system with
non-constant potential. Li and Tang [12] improved the result of [11]. A non-
linear Klein-Gordon-Maxwell system with sign-changing potential was first
considered by Ding and Li in [13]. They obtained infinitely many solutions by
symmetric mountain pass theorem. Otherwise, there are many works about the
nonhomogeneous Klein-Gordon-Maxwell system. Wang [14] proved that a non-
homogeneous Klein-Gordon-Maxwell system had two solutions. In [15], Gan et al
obtained two solutions for a type of nonhomogeneous Klein-Gordon-Maxwell
system with sign-changing potential. Another example is [16], Miyagaki et a/ in-
vestigated system (1.1) with fractional Laplacian and f'satisfied the following type
of Ambrosetti-Rabinowitz condition:

(H4’) For all u>0, There exists u>4 such that 0< uF (U)S f(u)u R
where F(u)= J: f(t)dt.

Inspired mainly by the aforementioned results, we find a ground state solution
for (1.1) with potential vanishing at infinity. To show our result, we make the
following assumptions first:

(H1) V eC(R®(0,+x)), KeL”(R*)NC(R®(0,+x)) and

KN el”(R%), (1.3)

orforany pe(0,1), there exists s e (2, 2, ) , where Z*p = 6/(3—2 P), such that
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K 2ps— -2
m K)o, _2ps=8(52) ) (1.4)
\x\aoov(x)}/ 4p
(H2) feC(RR") and f[, =0.1If(1.3) holds, then
f(t
Iimsupﬁzo.
t—0* t
If(1.4) holds, then
f(t
limsup 3{1)<+w.
t—>0*

(H3) If(1.3) holds, then

limsup f,(t) =0.
o 207

If condition (1.4) holds, we assume that

F(t
Iimsup# < +o0,

-

(H4) There exists 1> 2, such that f (u)u > uF (u) >0 forall u>0.

To the best of our knowledge, Ambrosetti-Rabinowitz condition (AR condi-
tion for short) plays an important role in proving the boundedness of
Palais-Smale sequence (PS sequence for short). In recent years, there are many
papers devoted to replacing (AR) condition with weaker condition. It is easy to
see that (H4) is weaker than (H4’). In this paper, we obtain a (PS) sequence by
using the weaker (AR) condition. Besides, it seems that there is only one work
about the Klein-Gordon-Maxwell system involving fractional Laplacian.

Theorem 1.1. Assume that pe(3/4,1) and (H1)-(H4) hold. Then problem
(1.1) admits a positive solution in E, where E is defined in Section 2.

In this paper, the main difficulty is lack of compactness of Sobolev embedding
in whole space because of the nonlocal term ¢ and the fractional operator. To
overcome this problem, we use the reduction method introduced by Caffarelli
and Silvestre [17] and recover the compactness by the interaction of the behav-
iour of the potential and nonlinearity.

This paper is organized as follows. In Section 2, some preliminary results are

presented. In Section 3, we give the proof of main result.

2. Preliminaries

In this section, by the local reduction derived from Caffarelli and Silvestre [17],
we first reformulate the nonlocal fractional system (1.1) into a local system, that is

~div(y"**vw, ) =0, in R,
W, =u, on R®x {0},
o OW,
kpyl2"6—1=K(x)f(u)+(2w+¢)¢u—V(x)u, on R®x {0},
- 172 - 4 (2'1)
—div(y***vw, ) =0, in R,
W, = @, on R®x {0},
kpyl‘z"%w—;:(awgﬁ)uz, on R®x {0},
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where div(yl‘2 ple) denotes the divergence of y"*’Vw, and
k, = 21’2"1"(1— p)/F( p) such that

kim0 P gy,

where #(X)=W,(x,0):=W,, u(x)=w,(x,0):=W,_, and

1-2p an —_ I|m 1-2p 8\Nl
n y—0*"

y

is the outward normal derivative of w,. Similar definition is given for w,.
For pe(3/4,1) and ¢: R® 5 R, the fractional Laplacian (-A)" of ¢ is
defined by

F((-a) o)(2) =" F(0)(2), 2R,
where F denotes the Fourier transform, that is

1 .
F(o)(2) " Jis xp (=22 X) o (x) o
T
where j denotes the imaginary unit. When ¢ is smooth enough, the (—A)p of
@ can be obtained by the following singular integral

2(x)-o(y)

3 3+2p
o x-y]

(-A)" p(x)=c,PV. dy, xeR®

where C, isanormalization constantand PV. is the principle value.
Forany pe(3/4,1), X*° (Ri) and H° (R3) are the completion of
C, (Rf) and C; (Rs) , and endowed with the norms

12
ol = ([, by 2 [V o)
Y 12
s = (Tl 7o) o) =( ooy of e

respectively. The Sobolev space D”? (Ri) is defined by
D”’Z(Rf)z{u eL® (RY):[z]"de LZ(Rj)},

which is the completion of C;° (Ri) under the norm
[l eesy = (-2)" v
Let Ebe defined by

E ={u € X“’(Rj):IR3V(x)u(x,0)2dx<oo},

2

= [ y2P |V(u)|2 dxdy, ueDP? (Ri)

2

which is endowed with norm
Y
Jul = (IRA k,y"" |Vu|2 dxdy + IR3V (x)u(x,0)° dx) ’ , (2.2)

then E is a Hilbert space. In the following, for convenience, for any u, let
d:=u(x,0).
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The functional associated to (2.1) is given by

k i 1 o Lo
D(w,) :_PJ‘ 4 yr2p |le|2 dxdy+—jR3V (x)wfdx—EJ']Rs W, dx (23)
I K(X)F (W )dx, w, eE,

which is of C! by (H1)-(H3).
A vector W, is a weak solution of system (2.1) if <(1)’(W1),U>: 0 for any
UeE,ie

<QD’(wl),U>:kiji y' 2P (Vw, VU )dxdy + [V (x) @Udx

(2.4)
_J.R3[2w+W2]W2W1UdX_.’.R3 K(x ( 1 )Ud

Lemma 2.1. [16] For every u(x,y)e X?P (Ri) , there exists a unique
p=¢,(xy)e DP? (Rf) which solves
—diV(yl_ZDVW) =0, in R?,
(2.5)

kpyl’z'”(;ﬂ:(awgé)uz, on R®x{0}.
n

Furthermore, in the set {(X,O):G::u(x,o)séo}, we have —~w<g¢, <0 for
w>0.

Let the weighted Banach space be
L = {u :R? — R is measurable and jw K (x)[a] dx < oo}, se(l,+x)

under the norm

Jully = ([, & (olaf o)

The following Proposition 2.2 comes from the arguments in [18].
Proposition 2.2. [18] Assume that (H1) holds. Then

1) E— LY iscompactforall qe (2, 2’; ) , provided that (1.3) holds,
2) E< Ly is compact provided that (1.4) holds

3) If u, — U InE, then up to a subsequence

Ilmj' F (0, )dx=[  K(x)F(a)dx;
4) If u, — U InkE, then up toasubsequence
Ilmj f(a,)dx= [, K(x)af (a)dx;

5) If u, — U inE, then up to a subsequence, forany 7€ E,
Ilmf f(a,)2dx= [ K () f (@) Zdx.

Lemma 2.3. [16] If U, (x,y)~ u(x,y) in E, as k — o, then passing to a
subsequence if necessary, @, (X,y)—d¢,(Xy) weakly in D*? (Rf) , as
k—oo.

Lemma 2.4. Assume that (H2) and (H3) hold. Then the functional ® satis-
fies

1) There exists S, p >0 such that CD(U) >p if ||u|| =p;
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2) There exists U, € E \{0} with ||u|| > p such that ®(u,)<0.
The proof of Lemma 2.4 is standard, so we omit the details here.
From Lemma 2.4, there existsa (PS )C sequence {uk} c E such that

@ (u,)— c and ||cI)’(uk )||(1+||uk ) >0, ask -+, (2.6)
where
¢ =inf max @ ((t))
with

r={yeC([0,1],E);»(0)=0and ®((1))<0}.

3. Proof of Main Result

Lemma 3.1. Assume that (H2)-(H4) hold. Then the (PS )c sequence {uk} cE
given in (2.6) is bounded.

Proof Let {ujcE bea (PS )C sequence of @ . Arguing indirectly, sup-
pose ||uk ||—>00 such that

®(u)—>c, @'(u)—>0, ask oo, (3.1)

after passing to a subsequence. Denote V, =U, / ”Uk" Then ||Vk || =1, v, —V,
in £ and V,(X) >V, (X) for ae. xeR®. If v, =0, by the fact v, >0 in
L2 (]R3) ,(2.2), (2.3), (2.4), (3.1) and Lemma 2.1, there are two cases to consider.
Case (1): ue [4,00). From (2.2), (2.3), (2.4) and (3.1), we derive
o(t)- L) (b))

Jul?
,0)G; 2 (x,0)G2
:(§_1j+(2_ﬁjIR3 a)¢uk (X - )uk dX+J.IR3 ¢uk (X Z)Uk dx
2 2 Juc] [

+IR3 K(x)[ f(G,)a, - xF ()] "

Julf

>

N

-1+0(1),

then 02> %—1, which contradict u#>4.

Case (2): ue (2,4). In this case, by (2.2), (2.3), (2.4), (3.1) and Lemma 2.1,
one gets

HO (U )_<q),(uk )’uk>
Juf

{epeg e
2 2 Jul

2(%—1}—(2—%)0)2 v, [}
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then 0> ﬁ—l, which contradict ¢ >2.
If v,#0, then meas{Q,}>0, where O ::{x eR®:1v,(x,0) ;tO} . For
X € Q,, we have |L]k| — 00 as k — o0, and then, from (H4), we get

F(0) .

2
k

vk — 400, ask — oo, (3.2)

From (3.2) and Fatou’s Lemma, we obtain

i F(4,)

7 VZdx — +o0, as k — oo, (3.3)
k

From (2.2), (2.3), (3.1), (3.3) and Lemma 2.1, we have
i @(u)
" 2
= ful
,O ~2 ~

: 1 l R a)¢UK(X2)UK dX_.[]R3 K(X)FZ(UK)

o2 2 Juc] Ju]
KOF()

Julf

a contradiction. Hence, the boundedness of {un} in E'is obtained.

Proof of Theorem 1.1. Let {Uk} be a (PS )c sequence given in (2.6). It fol-
lows from Lemma 3.1 that {uk} is bounded, passing to a subsequence, one can
assume that thereis ue E such that

u, —u, weaklyinE, ask — oo

It suffices to show that u, —u,as k — co. By Proposition 2.2, one has

I|mJ' f (0, )adx = _[ K (x) f () ddx.

From (2.4), we have
(@' (u,),U) =k, L YRV, VU dxdy + [,V (x) G Udx
— [ s[20+ W, ]W,0,Udx - [, K (x) f (4, )Udx

By <CD’(uk),uk>=0 (1), one gets

lim|u, | = Ilm[f 3(2a)+v”\/2)v”vzl]lfdx—j']R3 K(x) f (Uk)akdx} (3.4)

k—o0 k—o0
By Proposition 2.2, one obtains

Ilmj' o) adx = .[ K (x) f ()ddx.

From the proof of Lemma 2.3 in [16], we know that there existsa z € D" (Ri )
such that

¢, — 7 in L' (R*x{0}) as k —> o, (3.5)
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#, —7 in L, (R°x{0}) ask >, re[2,6/(3-2p)], (3.6)

and ¢, =z. Hence, from Lemma 2.3, we obtain that

lim [ (20+W, ) W,05dx = [ ,(20+2) 20%dx.

n—o0

Then
I|m||uk|| _j .(2o+ Z)Zﬁzdx+IR3 K (x) f () 0dx. (3.7)

Otherwise, since <d)’( ), > 0(1), one has
Julf = [ (20+ 2) 20%dx+ [, K (x) () aclx. (3.8)
Hence, from (3.7) and (3.8), we have

lim [ =Ju"

n—owo

which shows that

u —u inE, ask—-ow.

Hence, we conclude that
®(u)=c and @'(u)=0.

Thus, uis a ground state solution for @ . It follows from u, >0 that u>0.
Since there is a (PS )C sequence {uk} , we can obtain that u is positive from

Lemma 2.1 by contradiction.

4. Conclusion

In this paper, we first reformulated the system (1.1) into a local system by using
the local reduction. Then, we take advantage of the interaction of the behaviour
of the potential and nonlinearity to recover the compactness. Meanwhile, we
obtained a Palais-Smale sequence by using a weaker Ambrosetti-Rabinowitz
condition. Finally, the existence of positive solution is proved by the mountain
pass theorem. Obviously, the weaker Ambrosetti-Rabinowitz condition has been
successfully applied to find the solution of the fractional Klein-Gordon-Maxwell
system with potential vanishing at infinity. We hope that this result can be

widely used in other systems.
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