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Abstract 
This research work considers the following inequalities:  

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 ,A a b C a b C a b A a b C a bλ λ µ µ+ − ≤ ≤ + −  and  

( ) ( ) ( ) ( ) ( )1 , 1 , 1 , 1C a b b a C a b C a b b aλ λ λ λ µ µ µ µ+ − + − ≤ ≤ + − + −        

with ( ),
2

a bA a b +
= ; ( )

2 2

, a bC a b
a b
+

=
+

, ( )
( )

( )

2 22
,

3

a ab b
C a b

a b

+ +
=

+
. The 

researchers attempt to find an answer as to what are the best possible para-
meters ,λ µ  that (1.1) and (1.2) can be hold? The main tool is the optimiza-
tion of some suitable functions that we seek to find out. By searching the best 
possible parameters such that (1.1) and (1.2) can be held. Firstly, we insert 
( ) ( ) ( ) ( ) ( ), 1 , ,f t A a b C a b C a bλ λ= + − −  without the loss of generality. We 

assume that a b>  and let 1at
b

= >  to determine the condition for λ  and 

µ  to become ( ) 0f t ≤ . Secondly, we insert  

( ) ( ) ( ) ( ) ( ), 1 , ,g t A a b C a b C a bµ µ= + − −  without the loss of generality. We 

assume that a b>  and let 1at
b

= >  to determine the condition for λ  and 

µ  to become ( ) 0g t ≥ . 
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1. Introduction 

For , 0a b >  with a b≠ , the Centroidal mean ( ),C a b , Harmonic mean 
( ),A a b  and Contraharmonic mean ( ),C a b  are defined by: 

( )
( )

( ) ( ) ( )
2 2 2 22

, , , ; ,
3 2

a ab b a b a bC a b A a b C a b
a b a b

+ + + +
= = =

+ +
 

respectively. 
The main objective of this research work is to present optimization of the fol-

lowing inequalities: 

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 ,A a b C a b C a b A a b C a bλ λ µ µ+ − ≤ ≤ + −     (1.1) 

and 

( ) ( ) ( ) ( ) ( )1 , 1 , 1 , 1C a b b a C a b C a b b aλ λ λ λ µ µ µ µ+ − + − ≤ ≤ + − + −       (1.2) 

Recently, both mean values have been the subject of intensive research. In 
particular, many remarkable inequalities and properties for these means can be 
found in the literature [1] [2].  

This work finds out such inequality that arises in the search for determination 
of a point of reference about which some function of variants would be mini-
mum or maximum. Since very early times, people have been interested in the 
problem of choosing the best single quantity, which could summarize the whole 
information contained in a number of observations (measurements). Moreover, 
the theory of means has its roots in the work of the Pythagorean who introduced 
the harmonic, geometric, and arithmetic means. Peter et al. [3] introduced seven 
other means and gave the well-known elegant geometric proof of the celebrated 
inequalities among the harmonic, geometric, and arithmetic means. The strong 
relations and introduction of the theory of means with the theories of inequali-
ties, function equations, probability and statistics add greatly to its importance. 
This single element is usually called a means or average. The term “means” or 
“average” (middle value) has for a long time been used in all branches of human 
activity. 

The basic function of mean value is to represent a given set of many values by 
some single value. In [4], the authors were the first time introduced power 
means defined the meaning of the term “representation” as determination of 
appoint of reference about which some function of variants would be minimum. 
More recently the means were the subject of research and study whereas essen-
tial areas in several applications such as: physics, economics, electrostatics, heat 
conduction, medicine and even in meteorology. It can be observed that the 
power mean ( ),pM a b  of order p can be rewritten as (see as [5])  

( )

1

; 0, 2

; 0

p pp

p

a b pM a b

ab p


 +
  ≠=   
 =
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If we denote by 

( ) ( ) ( ) ( )1 2, , , and , ,
2

abA a b a b G a b ab H a b
a b

= + = =
+

 

the arithmetic, geometric and harmonic means of two positive numbers a and b, 
respectively. In addition, the logarithmic and identric means of two positive real 
numbers a and b defined by [6]  

( ) log log, =
b a a b
b aL a b

a a b

− ≠ −
 =

 

( )

( )1
1

,

b ab

a

b a bI a b e a
a a b

−  
 ≠ =   


=

 

Several authors investigated and developed relationship of optimal inequali-
ties between the various means.  

The well-known inequality that:  

{ } ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) { }

1 0

1

min , , , , ,

, , , , max ,

a b H a b M a b G a b M a b

L a b I a b A a b M a b a b
−≤ = ≤ =

≤ ≤ ≤ = ≤
 

and all inequalities are strict for a b≠ . 
In [7], researchers studied what are the best possible parameters 1 2 1, ,α α β  

and 2β  by two theorems: 
Theorem (1) the double inequality: - 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 1, 1 , ( , ) , 1 ,A a b H a b L a b A a b H a bα α β β+ − ≤ ≤ + −  

holds for all , 0a b >  if and only if 1 0α ≤  and 1
2
3

β ≥  when proved that the 

parameters 1 0α ≤  and 1
2
3

β ≥  cannot be improved.  

Theorem (2) the double inequality: - 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2, 1 , , , 1 ,A a b H a b L a b A a b H a bα α β β+ − ≤ ≤ + −  

holds for all , 0a b >  if and only if 2
2
e

α ≤  and 2
5
6

β ≥  when proved that the 

parameters 2
2
e

α ≤  and 2
5
6

β ≥  cannot be improved.  

Interestingly in [5] B. Long et al., proved that the following results: ( )0 ,M a b  
and ( )3 ,tlM a b  are the best possible lower and upper power bounds for the ge-
neralized logarithmic mean ( ),tL a b  for any fixed 0t >  the double inequali-
ties 

( ) ( ) ( )0 3, , ,t tlM a b L a b M a b< <  

holds for all , 0a b >  with a b≠ , and they found ( )2 ,L a b  the optimal lower 
generalized logarithmic means bound for the identric means ( ),I a b  for in-
equalities ( ) ( )2 , ,L a b I a b<  holds for all a, b are positive numbers with a b≠ . 
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Pursuing another line of investigation, in [8] the authors showed the sharp up-
per and lower bounds for the Neuman-sandor ( ),NS a b . [9] in terms of the 
liner convex combination of the logarithmic means ( ),L a b , and second seiffert 
means ( ),T a b  [10] of two positive numbers a and b, respectively for the 
double inequalities 

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 ,L a b T a b NS a b L a b T a bα α β β+ − ≤ ≤ + −  

holds for all , 0a b >  with a b≠  is true if and only if 
1
4

α ≥  and 

( )1 4log 1 2lβ  ≤ − π +  . 

In [11] have improvements and refinements by HZ Xu et al., for they found 
several sharp upper and lower bounds for the Sandor-yang means ( ),QAR a b  
and ( ),AQR a b . [12] [13] in terms of combinations of the arithmetic means 
( ),A a b  and the contra-harmonic mean ( ),C a b . [4] [14]. 
The authors have to proven our main results several lemmas find the best 

possible parameters ( ), / 1, 2,3, 4i i iα β =  such that the double inequalities 

( ) ( ) ( ) ( ) ( )1 1 1 11 1, , , , ,QAc a b A a b R a b c a b A a bα α β β− −< <  

( ) ( ) ( ) ( ) ( )2 2 2 21 1, , , , ,QAc a b A a b R a b c a b A a bα α β β− −< <  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 3 2 3
3 3

1 3 2 3
3 3

1 2, , 1 , ,
3 3

1 2, , , 1 , , ,
3 3QA

C a b A a b C a b A a b

R a b C a b A a b C a b A a b

α α

β β

 + + −  
 < < + + −  

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 6 5 6
4 4

1 6 5 6
4 4

1 5, , 1 , ,
6 6

1 5, , , 1 , ,
6 6AQ

C a b A a b C a b A a b

R a b C a b A a b C a b A a b

α α

β β

 + + −  
 < < + + −  

 

holds for all , 0a b >  with a b≠ . 
In [15], Neuman proved that the double inequalities 

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 , ,C a b A a b M a b C a b A a bλ λ µ µ+ − ≤ ≤ + −  

with ( ),M a b  is the Neuman-S andor mean, hold for all holds for all , 0a b >  

with a b≠  if and only if 
( )

( )
1 log 1 2

log 1 2
λ

− +
≤

+
 and 

1
6

µ ≥ . In [2] Shen, the in-

equalities sharps bounds for Seiffert mean in terms of Contraharmonic mean 

( ) ( ) ( ) ( ) ( )1 , 1 , 1 , 1 ,C a b b a T a b C a b b aλ λ λ λ µ µ µ µ+ − + − ≤ ≤ + − + −        

with ( ),
2arctan

a bT a b
a b
a b

−
=

− 
 + 

, were proved to be valid for 
1 , 1
2

λ µ< <  and 

for all , 0a b <  with a b≠  if and only if 
41λ

 − π
≤ +  π 

 and 3 3
6

µ +
≥ . 
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Wen-Hui Li and Feng Qi [16], proved that the double inequality 

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 , ,Q a b M a b C a b Q a b M a bλ λ µ µ+ − ≤ ≤ + −  

with ( )
2 2

,
2

a bQ a b +
=  is the root-square mean, holds for all , 0a b >  with 

a b≠  if and only if 
1
2

λ ≤  and 
( )
( )

3 4ln 1 2
0.7107

3 1 2 ln 1 2
µ

− +
≥ =

 − + 

 . 

For mor information on this topic, you can refer to the following references: 
[17] [18] [19].  

2. Main Results 

Motivating by results mentioned above, we naturally ask a question: what are the 
best possible parameters ,λ µ  that (1.1) and (1.2) can be hold? 

The aim of this paper is to answer this question. The solution to this question 
may be stated as the following Theorem: 

Theorem 1. Assuming 0, 0a b> >  with 1a
b
>  then, 

1) if 2 ,
3

λ  ∈ +∞ 
 

 and 2,
3

µ  ∈ −∞ 
 

 then, the double inequality (1.1) holds. 

2) if 
3 3 3 3,

6 6
λ

 − +
∈  
 

 and ( ] 3 3 3 3, 6 0, ,
6 6

µ
   − +

∈ −∞ − +∞     
   

   

then the double inequality (1.2) holds.  

Proof. 1): Assuming 0, 0a b> >  with 1a
b
>  

( )
( )

( ) ( )
2 22 2 2 22

1 1
2 3 2

a ab ba b a b a b a b
a b a b a b

λ λ µ µ
+ +   + + + +   + − ≤ ≤ + −      + + +      

 

Set 1at
b

= > . Then, we obtain 

( ) ( )
( )

( )
( )

( ) ( )
( )

2

2 2

11
1

2 1

2 1 11
1

3 1 2 1

b tb t
t

b t t b tb t
t t

λ λ

µ µ

 ++   + −   +   
 + + ++   ≤ ≤ + −   + +   

 

We start by showing that  

( ) ( )
( ) ( )

( )

2 21 2 11
1 0,

2 1 3 1

b t b t tb t
t t

λ λ
 + + ++   + − − ≤   + +   

 

( )
( ) ( )

( )
( )

( )
( )

2 22 6 1 4 13 1
1 0

6 1 6 1 6 1

b t b t tb t
t t t

λ λ
+ + ++

⇔ + − − ≤
+ + +

 

Because 0t >  therefore the study amounts to proving that 
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( ) ( ) ( ) ( )2 2 23 1 1 6 1 4 1 0.b t b t b t tλ λ+ + − + − + + ≤  

Let  

( ) ( ) ( ) ( ) ( )2 2 23 1 6 1 1 4 1f t b t b t b t tλ λ= + + − + − + +  

We have to prove that the function f is negative under certain conditions on 
the parameter λ , a.e: ( ) 0f t ≤ . So  

( ) ( ) ( ) ( ) ( )2 2 23 1 6 1 1 4 1 0f t b t b t b t tλ λ= + + − + − + + ≤  

Because ( ) 01f = , it will suffice to show that f is decreasing for all 1t > , 
which amounts to studying the sign of the derivative f ′  of f. We have: 

( ) ( ) ( ) ( )6 1 12 1 4 2 1b t bt b tf t λ λ= + + − − +′  

Because ( ) 01f ′ = , it will suffice to show that f ′  is decreasing for all 1t > , 
which amounts to studying the sign of the derivative f ′′  of f ′ . We have: 

( ) ( ) 22 2 3 0
3

t bf λ λ= − < ⇔ >′′  

so that f ′  is decreasing for 1t >  and therefore, we obtain that ( ) 0f t <  be-
cause ( ) 01f = . 

Finally in this part for 0, 0a b> >  with 1a
b
> , we obtain that  

( ) ( )
( ) ( )

( )

2 21 2 11 21 , for all .
2 1 3 1 3

b t b t tb t
t t

λ λ λ
 + + ++   + − ≤ >   + +   

 

To show the second inequality in this first case, we proceed by similar calcula-
tions. This is done by considering the function g defined by 

( ) ( ) ( ) ( ) ( ) ( )2 2 23 1 6 1 1 4 1 .g t g t b t b t b t tµ µ= = + + − + − + +  

So, after all the calculations, we get that for 0, 0a b> >  with 1a
b
> , that 

( ) 0g t ≥ , for all 
2
3

µ < . a.e: 

( )
( ) ( )

2 2 2 22
1

3 2

a ab b a b a b
a b a b

µ µ
+ +  + + ≤ + −   + +   

 

2): Assuming 0, 0a b> >  with 1a
b
>  and with similar calculations and by 

the same idea we obtain that for all  

( ]3 3 3 3 3 3 3 3, and , 6 0, ,
6 6 6 6

λ µ
     − + − +

∈ ∈ −∞ − +∞        
     

   

then the double inequality  

( ) ( ) ( ) ( ) ( )1 , 1 , 1 , 1 ,C a b b a C a b C a b b aλ λ λ λ µ µ µ µ+ − + − ≤ ≤ + − + −        

holds.  
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Conclusion 1. In our work, we studied the following double inequalities: re-
spectively (1.1) and (1.2) 

( ) ( ) ( ) ( ) ( ) ( ) ( ), 1 , , , 1 ,A a b C a b C a b A a b C a bλ λ µ µ+ − ≤ ≤ + −  

and 

( ) ( ) ( ) ( ) ( )1 , 1 , 1 , 1C a b b a C a b C a b b aλ λ λ λ µ µ µ µ+ − + − ≤ ≤ + − + −        

by searching the best possible parameters such that (1.1) and (1.2) can be hold. 
Firstly, we have inserted 

( ) ( ) ( ) ( ) ( ), 1 , ,f t A a b C a b C a bλ λ= + − −  

and 

( ) ( ) ( ) ( ) ( ), 1 , ,g t A a b C a b C a bµ µ= + − −  

Without loss of generality, we have assumed that a b>  and let 1at
b

= >  to 

determine the condition for λ  and µ  to become ( ) 0f t ≤  and ( ) 0g t ≥ . 
Secondly, we have inserted Without loss of generality, we assume that a b>  

and let 1at
b

= >  to determine the condition for λ  and µ  to become  

And finally, we got that: 

1) if 2 ,
3

λ  ∈ +∞ 
 

 and 2,
3

µ  ∈ −∞ 
 

 then, the double inequality (1.1) holds. 

2) if 
3 3 3 3,

6 6
λ

 − +
∈  
 

 and ( ] 3 3 3 3, 6 0, ,
6 6

µ
   − +

∈ −∞ − +∞     
   

   

then the double inequality (1.2) holds.  

Acknowledgements 

The authors gratefully acknowledge Qassim University, represented by the 
Deanship of Scientific Research, on the material support for this research 
WORK under the number (1063) during the academic year 1441AH/2020AD.  

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this 
paper. 

References 
[1] Chu, Y.-M., Wang, M.-K., Qiu, S.-L. and Qiu, Y.-F. (2011) Sharp Generalized Seif-

fert Mean Bounds for Toader Mean. Abstract and Applied Analysis, 2011, Article 
ID: 605259. https://doi.org/10.1155/2011/605259 

[2] Chu, Y.-M. and Hou, S.W. (2012) Sharp Bounds for Seiffert Mean in Terms of 
Contraharmonic Mean. Abstract and Applied Analysis, 2012, Article ID: 425175.  
https://doi.org/10.1155/2012/425175 

[3] Bullen, P.S., Mitrinovic, D.S. and Vasic, M. (2013) Means and Their Inequalities, 
Volume 31. Springer Science & Business Media, Berlin. 

https://doi.org/10.4236/jamp.2020.86081
https://doi.org/10.1155/2011/605259
https://doi.org/10.1155/2012/425175


M. El Mokhtar Ould El Mokhtar, H. Alharbi 
 

 

DOI: 10.4236/jamp.2020.86081 1046 Journal of Applied Mathematics and Physics 
 

[4] Ostasiewicz, S. and Ostasiewicz, W. (2000) Means and Their Applications. Annals 
of Operations Research, 97, 337-355. https://doi.org/10.1023/A:1018932425645 

[5] Long, B.Y., Li, Y.M. and Chu, Y.M. (2012) Optimal Inequalities between Genera-
lized Logarithmic, Identric and Power Means. International Journal of Pure and 
Applied Mathematics, 80, 41-51. 

[6] Chu, Y.-M., Hou, S.-W. and Shen, Z.-H. (2012) Sharp Bounds for Seiffert Mean in 
Terms of Root Mean Square. Journal of Inequalities and Applications, 2012, Article 
No.: 11. https://doi.org/10.1186/1029-242X-2012-11  

[7] Xia, W.-F. and Chu, Y.-M. (2010) Optimal Inequalities Related to the Logarith-
mic, Identric, Arithmetic and Harmonic Means. Rev. Anal. Numer. Theor. Ap-
prox., 39, 176-183. 

[8] Chen, J.-J., Lei, J.-J. and Long, B.-Y. (2017) Optimal Bounds for Neuman-Sandor 
Means in Term of the Convex Combination of the Logarithmic and the Second 
Seiffert Means. Journal of Inequalities and Applications, 2017, Article No.: 251.  
https://doi.org/10.1186/s13660-017-1516-7 

[9] Neuman, E. and Sandor, J. (2003) On the Schwab-Borchardt Means. Math. Pannon, 
14, 253-266. 

[10] Seiffert, S., Kaselowesky, J., Jungk, A. and Claassen, N (1995) Observed and Calcu-
lated Potassium Uptake by Maize as Affected by Soil Water Content and Bulk Den-
sity. Agronomy Journal, 87, 1070-1077.  
https://doi.org/10.2134/agronj1995.00021962008700060007x 

[11] Xu, H.-Z., Chu, Y.-M. and Qian, W.-M. (2018) Sharp Bounds for the Sandor-Yang 
Means in Terms of Arithmetic and Contra-Harmonic Means. Journal of Inequali-
ties and Applications, 2018, Article No.: 127.  
https://doi.org/10.1186/s13660-018-1719-6 

[12] Yang, Y.-Y. and Qian, W.M. (2016) Two Optimal Inequalities Related to the San-
dor-Yang Mean and One-Parameter Mean. Communications in Mathematical Re-
search, 32, 352-358. 

[13] Yang, Z.-H., Jiang, Y.-L., Song, Y.-Q. and Chu, Y.-M. (2014) Sharp Inequalities for 
Trigonometric Functions. Abstract and Applied Analysis, 2014, Article ID: 601839.  
https://doi.org/10.1155/2014/601839 

[14] Jiang, W.-D. and Qi, F. (2015) Sharp Bounds for the Neuman-Sándor Mean in 
Term of the Power and Contraharmonic Means. Cogent Mathematics & Statistics, 
2, Article ID: 995951. https://doi.org/10.1080/23311835.2014.995951 

[15] Neuman, E. (2012) A Note on a Certain Bivariate Mean. Journal of Mathematical 
Inequalities, 6, 637-643. https://doi.org/10.7153/jmi-06-62 

[16] Li, W.-H. and Qi, F. (2014) A Unified Proof of Inequalities and Some New Inequali-
ties Involving Neuman-Sándor Mean. http://arxiv.org/abs/1312.3500   

[17] Jiang, W.-D. and Qi, F. (2015) Sharp Bounds in Terms of the Power of the Con-
tra-Harmonic Mean for Neuman-Sándor Mean. http://arxiv.org/abs/1301.3554   

[18] Seiffert, H.J. (1995) Aufgabe β 16. Die Wurzel, 29, 221-222. 

[19] Zhao, T.-H., Chu, Y.-M. and Liu, B.-Y. (2012) Optimal Bounds for Neuman-Sándor 
Mean in Terms of the Convex Cobinations of Harmonic, Geometric, Quadratic, and 
Contraharmonic Means. Abstract and Applied Analysis, 2012, Article ID: 302635. 

https://doi.org/10.4236/jamp.2020.86081
https://doi.org/10.1023/A:1018932425645
https://doi.org/10.1186/1029-242X-2012-11
https://doi.org/10.1186/s13660-017-1516-7
https://doi.org/10.2134/agronj1995.00021962008700060007x
https://doi.org/10.1186/s13660-018-1719-6
https://doi.org/10.1155/2014/601839
https://doi.org/10.1080/23311835.2014.995951
https://doi.org/10.7153/jmi-06-62
http://arxiv.org/abs/1312.3500
http://arxiv.org/abs/1301.3554

	On Two Double Inequalities (Optimal Bounds and Sharps Bounds) for Centroidal Mean in Terms of Contraharmonic and Arithmetic Means
	Abstract
	Keywords
	1. Introduction
	2. Main Results
	Acknowledgements
	Conflicts of Interest
	References

