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Abstract 
The solution of Maxwell’s equations for a piecewise homogeneous medium of 
cylindrical symmetry has been obtained. The parameters of the cylindrical 
waveguide modes have been calculated on its basis. The conclusions are con-
firmed by numerical calculation of the first four modes of a hollow metal wa-
veguide operating as a mode convector. 
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1. Introduction 

Fiber-optic waveguides serve as a transfer medium for optical communication 
and information transmission systems. Over the past few decades, there has been 
a steady improvement in both the theory of waveguides [1] [2] and their manu-
facturing technologies with significant improvements in technical characteris-
tics. The scope of their application is also expanding [1] [2] [3] [4] [5]. 

In addition to transmitting an optical signal over a distance, waveguides per-
form the functions of elements of integrated optoelectronic circuits [1] [2]. The 
physical and mathematical model of such a waveguide is defined by the term “pla-
nar”. In it, the light wave propagates within the plane, that is, in two-dimensional 
space. The mathematical model of the propagation of an electromagnetic wave in 
such a structure is determined by an accurate calculation. A stronger localization 
of directed optical energy occurs in channeling waveguides, where the electro-
magnetic wave propagates in a single isolated direction. Such optical structures 
may have a circular, elliptical, or rectangular cross-section that corresponds to 
the selected direction. The waveguide has a middle part (core) closest to the 
symmetry axis, and a layer of the same shape covering the core (shell). There are 
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hollow waveguides with a metal shell and dielectric waveguides, where the core 
is made of a material that is more optically dense than the shell material. In the 
latter structure, the direction of light in an optical fiber is carried out by the ef-
fect of full internal reflection at its borders. The hollow waveguide transmits the 
optical signal with minimal distortion. The shell can be metal or dielectric mul-
tilayer. Therefore, hollow structures can be used as a mod Converter [3] [4] [5]. 

The cylindrical waveguide supports modes that differ in radial and azimuthal 
mode numbers. An axisymmetric waveguide of any radius can excite an infinite 
number of modes with different azimuthal mode numbers. A larger waveguide 
will support many modes that differ in the number of zeros of the field in the 
cross section. 

However, even in such a channel, it is possible to excite one mode if the con-
ditions are such that the modes of high orders are strongly attenuated. In articles 
[3] [4] [5], the parameters of the modes of a cylindrical hollow waveguide with a 
metal shell are calculated. In the waveguide [4], all modes except the symmetric-
al transverse magnetic wave are suppressed. This waveguide is used as a mode 
Converter for high-power microwave sources. Its parameters are calculated in 
such a way as to highlight a single mode. 

To solve such a problem, the Helmholtz equation is usually solved in a cylin-
drical coordinate system, and then the solutions corresponding to homogeneous 
regions are “stitched”, according to the rule of continuity of the tangential com-
ponents of the electromagnetic field at the media boundaries. 

The Helmholtz equation in a cylindrical coordinate system has the structure 
of the Bessel equation. The order of the equation determines the azimuthal mode 
number. Thus, the solution is in this case special functions, operations on which 
are performed only by numerical methods, which complicates the procedure for 
calculating the dispersion diagram of the waveguide or, in the case of the inverse 
problem, the parameters of the waveguide corresponding to the desired charac-
teristics of the electromagnetic wave. 

In this article, a method for calculating the electromagnetic wave field in a cy-
lindrical waveguide is proposed. The initial equations in it are the Maxwell equa-
tions, from which the wave equation (Helmholtz equation) is derived, taking in-
to account the dependence of the solution on the piecewise constant permittivi-
ty. This results in a solution that is common to all components of a piecewise 
homogeneous medium. 

Derived from Maxwell’s material equations and Maxwell’s differential equa-
tions, it satisfies the condition of continuity of the tangential components of the 
electromagnetic field at the interface of media. In the course of the problem, the 
Bessel equation was solved and its general integral was obtained, where the final 
solution depends on the coordinates and waveguide parameters by implicit defi-
nition via a transcendental equation that includes only elementary functions. 

Using this method, the parameters of all waveguide modes are calculated. 
The essence of the method is a rule that allows you to write the integration 
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constants of Maxwell’s equations on all the interface boundaries medium of a 
layered structure. There is no need to “stitch” solutions of equations, since the 
continuity of tangential components of the field is a property of the General 
solution. The result of calculating the problem with the parameters defined in 
the article [4]. Result corresponds to the theoretical conclusions and data ob-
tained in [4]. 

2. Theoretical Solution of the Problem 

In order to obtain a general solution of Maxwell’s equations, let’s write down a 
wave equation derived from the system of Maxwell’s equations excluding un-
known functions—vectors of dielectric and magnetic induction, as well as the 
electric field strength: 

( ) ( ) 2

2

grad rot
0

c
ε ω ε
ε
×  ∆ + + =

H
H H               (1) 

2
2
02 k

c
ω

=
 

where ω is the frequency of the electromagnetic wave and ε is the permittivity of 
a two-component piecewise homogeneous medium: 

( ) ( ) ( )1 2 1r T rε ε ε ε= + −  

( )
( )
( )

2

1

1,

0,

r
T r

r

ε ε

ε ε

== 
=  

(ε1, ε2 is the permittivity of regions 1 and 2 respectively). 
Since the interface between media with different permittivity has a cylindrical 

symmetry, let’s calculate in a cylindrical coordinate system. Let’s write down the 
equations that define the rotor and the vector product of vectors in cylindrical 
coordinates: 

( )

( ) ( )

rot

j j i i

i j

k
i j

H H
x x

H H

 ∂ ∂
 −
 ∂ ∂ =b

b b

, , , 1, 2,3i j k =  

[ ] ijk i jk× =∈a b a b , 

here ijk∈  is a Levi-Civita symbol, 

1 2 3, , ,x r x x zϕ= = =  

1 2 31, , 1H H r H= = =  

We also use the following equation for cylindrical coordinates: 

( ) 2 2

2 rb bb
r r
ϕ

ϕϕ ϕ
∂

∆ = ∆ − +
∂

b  

First of all, let’s define the vector product of the permittivity gradient on the 
magnetic field strength rotor. 
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( ) ( )
( )

( )grad rot 1 1 1 1rot r
z

rH H
r r r r r

ϕϕ
ε ε ε

ε ε ε ϕ

×   ∂ ∂  ∂ ∂  = − ⋅ = − −
 ∂ ∂ ∂ ∂ 

H
H  

Let’s consider two types of waves propagating in a cylindrical waveguide: 
transverse electric ( 0zE = ) and transverse magnetic ( 0zH = ) waves. 

Thus, in a transverse magnetic wave, only the φ- and r-components of the 
magnetic field strength differ from zero. For the φ-component, Equation (1) has 
the form: 

( ) 2
02 2

1 1 1 1 2r r
rH HH HH H k

r r r r r r r
ϕ ϕ

ϕ ϕ
ε ε

ε ϕ ϕ

 ∂ ∂ ∂∂  ∆ − − − + = −
 ∂ ∂ ∂ ∂   

First of all, let’s find the distribution of fields in a transverse magnetic wave. 
For the purpose of applying the method of separating variables, let’s present the 
magnetic field strength function as a product of functions that depend on only 
one variable: R(r) and Φ(φ). 

Substituting this representation of the magnetic field strength in the wave eq-
uation, we transform it to the form: 

( )

( )

2

2
2 2
02 2 2

dd d 1 1
d d d

d 2
d

r

r
z

rR HR Rr
r r r r r rr

HR R k k
r r

ε
ε ϕ

ε
ϕϕ

  ∂Φ Φ ∂  + − Φ −    ∂ ∂    
∂Φ

+ + = − Φ −
∂

           (2) 

The equation that defines the angular dependence of the field, let’s define it as 
follows: 

2
2

2

d
d

m
ϕ
Φ

=
 

( ) ( )0 exp imϕ ϕΦ = Φ ±                      (3) 

here m is a wonderful mod number, 0Φ  is a constant. 
To apply the method of separating variables to Equation (2), let’s define the 

relationship between the radial and azimuthal components of the magnetic field. 
To this end, let’s write the dependence of the basic orts in the cylindrical coor-
dinate system (er, eφ) and the cyclic orts (e1, e−1), the field expansion of which 
determines the complex form of the electromagnetic field recording. The inter-
mediate result contains the Cartesian unit vectors (ex, ey). 

( ) ( )
( )( ) ( )( )
( ) ( )

1 1 1 1

1 1

cos sin

cos 2 sin 2

exp 2 exp 2

r x y

i

i i

ϕ ϕ

ϕ ϕ

ϕ ϕ
− −

−

= +

= − + +

= − −

e e e

e e e e

e e

 

( ) ( )
( )( ) ( )( )

( ) ( )
1 1 1 1

1 1

sin cos

sin 2 cos 2

exp 2 2 exp 2 2

x y

i

i i i i

ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ
− −

−

= − +

= − − + +

= − π − + − π

e e e

e e e e

e e

 

Thus, a transverse magnetic cylindrical wave can be represented as the sum of 
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two components: 

( ) ( ) ( ) ( )1 1exp exp

2 2
r r

r r

H iH i H iH i
H H ϕ ϕ

ϕ ϕ

ϕ ϕ −− − +
= + = −

e e
H e e  

Since Equation (1) is linear, the General solution is determined by a linear 
combination of two solutions for the component waves. A wave has only the first 
component if the equality is true: 

rH iHϕ= −  
In this case, the polarization vector rotates relative to the Z axis in the direc-

tion of right rotation, which corresponds to the minus sign in the exponent (3). 
Then the last term in the left part of Equation (2) can be defined by the following 
relation: 

2 2 2 2

22 2 2r iHH RiR m
r r r r

ϕ

ϕ ϕ ϕ
− −

∂∂ ∂Φ Φ
= − = − = −

∂ ∂ ∂
            (4) 

For the wave component defined by the e−1 vector, the following equation is true: 

rH iHϕ=  
Here there is a plus sign in the exponent (3), and the last term on the left side 

of Equation (2) is defined by the relation: 

2 2 2 2

22 2 2r iHH RiR m
r r r r

ϕ

ϕ ϕ ϕ
+ +

∂∂ ∂Φ Φ
= = = −

∂ ∂ ∂
             (5) 

If we substitute expressions (4)-(5) in (2) and divide the equation by the azi-
muthal function Φ−(φ) (or Φ+(φ)), we get the same equations for the radial func-
tion. That is, the field of the General transverse magnetic wave is determined by 
the General equation: 

( ) ( ) ( )2 2 2
02

d1 d d 1 1 d1 2
d d d d z

rRR Rr m m mR R k k
r r r r r rr

ε ε
ε

   − + + − + = − −  
   

  (6) 

The dependence on the z coordinate is determined by the multiplier exp(kzz), 
where kz is the wave propagation constant. Assuming 

2 2 2
0r zk k kε= −  

let’s transform Equation (6): 

( ) ( ) ( )

( )

2

2 2

2
1 2

d d d1 2 1 1 1 d
d d dd

2 1 d
d

m m m

m
m

r

Rr Rr Rrm
r r r r rr r

m r
R Rr k

r

ε
ε

ε
ε

− − −

− −
− −

+
+ −

+
− = −

 
For a piecewise homogeneous medium, the last term on the left side of this 

equation is the Dirac Delta function. 
Note that the equality defined by the differentiation formula of the product of 

functions, known from the course of mathematical analysis, is valid: 
2

d 1 d 1 d 1 d 1 d
d d d d d

f f f
r f r f r r f r

ε
ε ε ε

    = −    
      
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Taking this into account, Equation (6) is converted to the following equality: 

( ) ( )

( )

1

2

2 2

d dd 1 2 1
d d d

d1 2 1 d
d d

m m

m m

m

rm

Rr Rrm
r r rr R Rr

Rr m k
r rr R

ε
ε

εε
εε

− −

− − −

−

−

  +  +
 
 

  + + − = −
 
 

             (7) 

Let’s enter a notation: 

( )
( )( )1

1

d
tan

d

m

m

Rr
k a r

rr R
ε

ε

−

− =                   (8) 

using which, Equation (7) can be represented as: 

( )( )( ) ( ) ( )( ) ( )( )( )21 11 1
1

2
2 2 1

1 2

d tan 2 1 tan
tan

d

r

k a r m k a r
k a r

r r

k k

ε ε
ε ε

ε
ε

+
− − +

 
= − ∆ 

 

     (9) 

here 𝑘𝑘1 is the radial component of the wave vector in the first medium (from the 
cylinder axis). Let’s call the function (𝑟𝑟) a phase function. The equation is writ-
ten for a homogeneous region with a permittivity ε different from the permittiv-
ity of the first region ε1, in which the term containing the Delta function  

d
dr
ε 

 
 

 is equal to zero. In order not to lose the contribution of such a term, it is  

necessary to put on the borders of homogeneous regions: ( )( )tan a d = ∞ , 
( ) 2a d = π  (d is the radius of the border of the regions). The obtained condi-

tion coincides with the phase condition for propagation of the cylinder’s own 
modes (the phase function takes into account the optical path of the wave and 
the phase change when the wave is reflected from the media boundary), so it is 
automatically taken into account when calculating the modes. First of all, let’s 
find the solution of Equation (9) for the first area filled with a homogeneous 
medium, where the equality is true: ( ) 1rε ε=  Considering the solution (8) of 
Equation (7), we find the derivative of the function a(r): 

( ) ( )( )
( )( )( )

( ) ( )( )2
1

1 12 2
1 1

2 1 tan 2 1 sin 2d
d 2tan

m k a r m a ra k k
r rr k a r k

+ +
= − = −

 +  

     (10) 

let’s define the desired function by another equality that differs from Equation 
(8) by changing the value of the phase function by a constant value π/2: 

( )
( )( )1

1 1

d
cot

d

m

m

Rr
k a r

rr R
ε

ε

−

− =                  (11) 

Equation (7) in this notation has the form: 

( )( )( ) ( ) ( )( ) ( )( )( )21 1 1 11 1
1 1

2
2 2 1

1 2

d cot 2 1 cot
cot

d

r

k a r m k a r
k a r

r r

k k

ε ε
ε ε

ε
ε

+
+ +

 
= − ∆ 

 

    (12) 
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For such a solution, the derivative of the phase (function a1(r)) is equal to: 

( ) ( )( )
( )( )( )

( ) ( )( )2
1 1 1

1 12 2
1 1 1

2 1 cot 2 1 sin 2d
d 2cot

m k a r m a ra k k
r rr k a r k

+ +
= + = +

 +  

     (13) 

The solution of Equation (7) corresponding to the definition of function 

( )1
d

d

m

m

Rr

rr R
ε

ε

−

−  (8) is determined by integrating the logarithm derivative: 

( )( )( )1exp tan dmRr k a r r− = ∫  
Let’s replace the sign of the variable and function a(r) in Equation (10) and 

integrate it: 

( ) ( )
( ) ( )( )

1
0

2 1 sin 2
2

r m a x
a r k r

x

− + −
− = − − ∫              (14) 

Assume that the function a(r) is odd, and therefore the equality is true: 

( ) ( )a x a x− =  

Then Equation (14) coincides with Equation (9), and their solutions functions 
a1(r) and a(r), provided they are odd, also coincide. 

To calculate the function a, you must output the differentiation and integra-
tion rules for it. To do this, multiply Equations (10) (13) by ( )( )tan a r−  and 

( )( ) ( )( )1cot cota r a r= , respectively: 

( )( ) ( )( ) ( )( )2
cos

tan d tan d d
a r

a r a a r r r
r

− = − +           (15) 

( )( ) ( )( ) ( )( )2
sin

cot d cot d d
a r

a r a a r r r
r

= +             (16) 

Adding up the Equations ((13), (14)), we get the integration rule for the func-
tion ( )( )cot 2a r : 

( )( ) ( )( ) 2 12cot 2 d 2cot 2 d dma r a a r r r
r
+

= +∫ ∫ ∫           (17) 

The integrand function is the solution of Equation (7) with the wave vector 
2k1. indeed, the sum of Equations (9) and (13) for the function a = a1 is equation 
(13) for the function 2cot(2a) and the value of the radial component of the wave 
vector 2k1. 

Using Equation (17), it is easy to calculate the final solution of Equation (6) in 
a homogeneous medium. Solutions of Equation (6) have the property: if two so-
lutions with the wave vector kr satisfy the equation: 

( )
( )

( )
( )1 2 2

1 2

d d1 1
d d

r r
r

r r

H k r H k r
k

H k r r H k r r
ϕ ϕ

ϕ ϕ

= −
 

Then the following relation is true for them and for the solution of Equation 
(6) with the wave vector 2kr 

( ) ( ) ( )1 2 2r r rH k r H k r H k rϕ ϕ ϕ=  
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Then the following relation is true for them and for the solution of Equation 
(6) with the wave vector 2kr: 

( ) ( )( )
2 2 1

sin 22 r
m m

a rH k r
const

r r
ϕ

+=                  (18) 

( )
( )( )sin 2

2 r

a r
H k r const

rϕ =
 

Let’s deduce the equation for the phase. For the purpose of defining the phase, 

let’s first find an expression for the derivative of the function 
( )( )

2 1

sin 2
m

a r
r +

 de-

fined by the equality (18): 

( )( ) ( ) ( )( )1 12 1
0

sin 2d 2 cot 2 exp 2 cot 2 d
d

r

m

a r
k a k a x x

r r +

   
=       

∫        (19) 

The integral in the exponent is already defined above and is equal to: 

( )( ) ( )
( )

( ) ( )1 1
0 0

2 cot 2 d 2 cot 2 d 2 1 ln
a rr

k a x x k a a m r= − +∫ ∫
 

Therefore, the desired derivative is defined by the expression: 

( )( ) ( )( )1
2 1 2 1

sin 2 2 cos 2d
d m m

a r k a r
r r r+ +

 
=  

 
               (20) 

Analyzing the structure of Equations (7) and (10), we note that the statement 

is true: if the function 
( )( )sin 2a r

H
rϕ =  is the solution of equation (7), then 

the function 
( )( )sin 2 2a r

H
rϕ

+ π
=  will also be the solution of this equation,  

since the phase function in (5) is defined exactly up to a constant. For such a 
function, the formula is valid: 

( )( ) ( )( )1
2 1 2 1

cos 2 2 sin 2d
d m m

a r k a r
r r r+ +

 
= −  

 
               (21) 

The analysis of the differentiation rules (18) (19), as well as the differentiation 
rules for the product of functions known from the course of mathematical anal-
ysis, leads to the following formulas: 

( )( ) ( )( )1
1 2 1 2

cos sind
d m m

a r k a r
r r r+ +

 
= −  

 
                 (22) 

( )( ) ( )( )1
1 2 1 2

sin cosd
d m m

a r k a r
r r r+ +

 
=  

 
                 (23) 

Let’s proceed to the calculation of the phase, the direct integral equation for 
which, obtained by integration (6), has the form: 

( )
( ) ( )( )

1
0

2 1 sin 2
2

r m a x
a r k r

x
+

= − ∫
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The integral is calculated by applying the part-by-part integration formula 2m 
+ 1 times using the equalities (20) (21). 

( )
( ) ( ) ( )( )

( ) ( )
( ) ( ) ( )( )

( ) ( )

1 1

1 2 1 2
0 11 1

1 2 1 !cos 2 1 2 1 !sin 2

2 2 2 1 2 ! 2 2 2 2 !

n n
m m

n n
n n

m a r m a r
a r k r

k r m n k r m n

+ +

+
= =

− + − +
= − −

+ − −
∑ ∑  (24) 

As you can see, for m > 0, the phase on the cylinder axis is zero, but for a 
mode with a zero azimuthal mode number, the phase at r = 0 is not zero, and the 
field on the axis is infinite, which does not correspond to the physical meaning of 
the problem. In this case, you can perform integration using formulas (22) (23). 
The final result for a function a(r) equal to zero on the cylinder axis has the form: 

( )
( )( )2

1
1

sin
2
a r

a r k r
k r

= −                     (25) 

Having obtained the solution of the problem for a homogeneous medium, 
let’s turn to the metal-dielectric structure. For a two-component piecewise ho-
mogeneous medium with cylindrical boundaries of the media-component inter-
face, let’s define the equality: 

( )1

1r

k r
k
ε

α
ε

=
 

The magnetic field of the wave in this case is defined as: 

( ) ( )( )1 0 1
1 0

2 exp 2 cot 2 d
r

mr H k r H k a x xϕ
ε
ε

−  
= − 

 
∫

 
In the notations corresponding to the multilayer structure, the transformation 

of the phase function is similar to the Equation (10): 

( )
( ) ( ) ( )( )
( ) ( )( )( ) ( )

2

2 2

2 1 tand
d tan

m k r a ra k r
r r k r a r k r

+
= −

 +  







             (26) 

here 

( )
( ) ( ) ( )( )
( ) ( )( )( ) ( )

2

2 2

2 1 tand
d tan

m k r a ra k r
r r k r a r k r

+
= −

 +  







            (27) 

(k(r)-radial components of wave vectors in two media-components: k1 or k2). 
Integrating (24), we obtain the already familiar equation common to all media 
components, and determine the solution: 

( )
( )( )sin 2

2 r

a r
H k r

rϕ =


 
Now you can write an expression for the longitudinal and transverse compo-

nents of the electric field in the wave. According to Maxwell’s equations they are 
related to the magnetic field strength by the equations: 

( )0
1 1 r

z
Hi k E rH

r r rϕε
ϕ

∂∂
= −

∂ ∂  
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0 r

H
i k E

z
ϕε

∂
=

∂  
The solution of Equation (7) is continuous at the interface of media. Substi-

tuting into these equations the expression for the magnetic field strength Hφ, we 
make sure that this solution of Equation (7) automatically determines the con-
tinuity of the tangential component of the electric and magnetic fields at the in-
terface of the media. The component of the electric field normal to the cylindric-
al interface of the media is transformed when changing the medium 1 to me-
dium 2 according to the law 1 1 2 2r rE Eε ε= . The electric field strength is finite 
and different from zero on the cylinder axis. 

In order to obtain a general solution of Maxwell’s equations for a transverse 
electric wave, let’s write a wave equation derived from the system of Maxwell’s 
equations excluding unknown functions-vectors of dielectric and magnetic in-
duction, as well as the magnetic field strength. 

2

2 0
c
ω ε∆ + =E E  

In the case of a transverse electric wave, the radial component of the electric 
field (Er) satisfies the equation: 

2 2
2
02 2 2 2 2

dd d d1 d 2 1
d d d d d

r r r r
r

EE E E Er E k
r r r r r r z

ϕ ε
ϕ ϕ

  − − + + = − 
   

Here we used the formula: 

( ) 2 2

2r
rr

bbb
r r

ϕ

ϕ
∂

∆ = ∆ − −
∂

b  

This equation is solved by the method applied to Equation (2) above. The so-
lution looks like: 

( )
( )( )sin 2

2r r

a r
E k r const

r
=

 

where the phase function a(r), as before, satisfies Equation (17), and at the inter-
face of media, the phase function is transformed by the law: 

( ) ( ) ( )( )1arctan tanka r a r
k r

 
=   

 


 
The functions of both components of the magnetic field of the transverse 

electric wave are continuous in all areas of the structure and at their borders. As 
in the case of a transverse magnetic wave normal component of the electric field 
is transformed when changing the medium 1 to medium 2 according to the law 

1 1 2 2r rE Eε ε= . 

3. Numerical Calculation of Modes Parameters  
of a Cylindrical Waveguide Structure 

Equations (24) (25) can be used to calculate the parameters of the modes of a cy-
lindrical waveguide of any material composition. If the waveguide is a pure 
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channel in the region of a large volume (filled with metal) compared to the size 
of the channel, then the parameters of its own modes can be determined by 
studying a physical and mathematical model: a cylindrical cavity in an infinite 
metal space. High-power microwave mode Converter described in the article [4] 
is defined in this model. The elements of the waveguide scattering matrix of the 
first four modes of two different linear polarizations are calculated there. Wave-
guide of finite length (250 mm) with parameters: 45 mm waveguide radius, op-
erating frequency 3 GHz. The data is taken from the article [4]. There is no at-
tenuation of the TM01 mode, and other modes are significantly attenuated. 

To calculate such a graph, you can also use a method based on the conclusions 
and formulas obtained in this article. Let’s define the characteristic equation of 
an infinite two-component structure with the interface of media components of 
cylindrical symmetry. The wave energy is transmitted over a distance without 
loss if the field in the cross section of the waveguide does not penetrate the ex-
ternal environment. This condition is valid if the phase of the wave increases to a 
value having an infinitely large imaginary part during the transition to the ex-
ternal environment. Within the framework of the theoretical conclusions given 
above, taking into account (23), the mathematical equation of the considered 
condition has the form: 

( )( )1 2

1 2

tank ka d i
ε ε

= −                      (28) 

where d is the radius of the waveguide, indices 1 and 2 refer, respectively, to the 
internal (cylinder) and external media. Here we have used the equality: 

( )lim tan
x

ix i
→∞

=
 

Using Equation (28), the equalities (24) (25) can be reduced to the form 
1) For a zero azimuthal mode number: 

( )

2
1 2

1 2
1 2

1 2
1

1 2

2 1

k
k

a d k d
kk d

k

ε
ε

ε
ε

 
 
 = −
   −     

                (29) 

2) For an azimuthal mode number equal to one: 

( )
( )

( )

2
1 2 1 2

1 2 1 2
1 2 2

21 2 1 2
1 1

1 2 1 2

2
1 2

1 2

2
3 1 2

1
1 2

3 1 3

4 1 4 1

3 1

16 1

k kik ka d k d
k kk d k d

k k

k
k

kk d
k

ε ε
ε ε

ε ε
ε ε

ε
ε

ε
ε

   +    = + +
      
   − −            

   +    −
   −     

      (30) 
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Figure 1. Cylindrical waveguide scattering parameter [4] for the first four modes. 

 
The equation that determines the radial mode number N: 

( )( )1 2

1 2

Re arctan tan , 1,2,
2

k Na d N
k
ε

ε
   π

= =     


          (31) 

The parameter of the scattering matrix S12 of a hollow metal waveguide cal-
culated by the formulas (28)-(31) and similarly by formulas corresponding 
transverse electrical waves with the parameters specified in [4] is graphically 
presented in Figure 1. Analysis of graphs for the first four modes shows the ad-
vantage of TM01 mode propagation, since its attenuation coefficient is several 
orders of magnitude less than the attenuation coefficients of the other modes. 
This result confirms the fulfillment of the design condition reflected by the ma-
terial and geometric parameters of the waveguide described in [4]. This indicates 
the reliability of the method based on theoretical conclusions and formulas pre-
sented in this article. 

4. Conclusion 

The method of calculating a waveguide with a round cross-section and a multi-
layer shell derived in the article allows us to write the solution of Maxwell’s equ-
ations for such a structure with an arbitrary composition of media that fills the 
areas around the waveguide channel. In this solution, all tangential components 
of the electromagnetic field at the interface of the media are continuous. The 
method is based on the solution of the Bessel equation, which uses elementary 
functions, rather than special ones, as in the traditional solution of this problem. 
The original solution is more convenient for analyzing the dispersion properties 
of multilayer structures of cylindrical symmetry. 
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