/
oo Resmurch
0.00 Publishing

Journal of Applied Mathematics and Physics, 2020, 8, 652-659
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Integral Basis of Affine Vertex Algebra V| (sl,)
and Virasoro Vertex Algebra \,;, (2k,0)

Ashuai Wang

School of Mathematics, South China University of Technology, Guangzhou, China

Email: 738274395@qq.com

How to cite this paper: Wang, A. (2020)
Integral Basis of Affine Vertex Algebra
V, (5[2) and Virasoro Vertex Algebra
V., ( %X,0). Journal of Applied Mathemat-

Ics and Physics, 8, 652-659.
https://doi.org/10.4236/jamp.2020.84050

Received: March 5, 2020
Accepted: March 31, 2020
Published: April 3, 2020

Copyright © 2020 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract
In this paper, we consider an integral basis for affine vertex algebra
V,(sl,) when the level & is integral by a direct calculation, then use the

similar way to analyze an integral basis for Virasoro vertex algebra

Viir (2k,0) . Finally, we take the combination of affine algebras and Virasoro

Lie algebras into consideration. By analogy with the construction of Lie al-
gebras over Z using Chevalley bases, we utilize the Z -basis of L,

whose structure constants are integral to find an integral basis for the uni-
versal enveloping algebra of it.
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1. Introduction

While vertex algebras are usually assumed to be vector spaces over C, the most
important formula Jacobi identity makes sense over any commutative ring, so it
is natural to consider vertex algebras over Z . An integral basis of a vertex alge-
bra could be considered an analogue of the Chevalley basis in a Lie algebra. Sim-
ilar to the construction of Lie algebras over Z using Chevalley bases, we can
create vertex algebras over Z . Integral bases for vertex operator algebras asso-
ciated with lattices have been studied in [1] [2]. In this paper, we are going to
investigate integral basis for affine vertex algebras and Virasoro vertex algebra.
Let g be a simple Lie algebra over C and g be the corresponding affine
Kac-Moody algebra. The vacuum module V, (k,0) at level & has a vertex alge-
bra structure [3] [4] [5], we call it affine vertex algebra. We want to find an

integral basis for it when g=sl, and k isan integer in Section 3.
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Next, we consider the Virasoro vertex algebra. Among the most important
vertex algebras are those associated with the Virasoro Lie algebra. It has been
studied in [6] [7] [8]. They show that it is generated by the conformal vector @
and is minimal in the sense that it does not have any proper vertex operator sub-
algebra. Besides, any minimal vertex operator algebras of the same central
charge are isomorphic. The study of Virasoro vertex algebras is the algebraic
foundation of the study of the “minimal modules” in conformal field theory [9].
We use the similar way to analyze an integral basis for Virasoso vertex algebra
Vyir (2k,0) when the level is 2k where k is an integer.

We know that affine Lie algebra and Virasoro Lie algebra have close relation-
ship in physics, so we consider them simultaneously, i.e, as one algebraic struc-
ture. Then the definition of affine-Virasoro was introduced [10] [11], which is
the semidirect product of the Virasoro algebra and an affine Kac-Moody Lie al-
gebra with a common center. In the last section, we get an integral basis for the
universal enveloping algebra of it.

In this paper, we observe that the C -basis of affine vertex algebra V, (sl,)
and Virasoro vertex algebra V,, (2k,0) may be integral basis for them in cer-
tain conditions. We create the conditions and confirm that they are exactly the
integral bases. Then we utilize the analogue of Chevalley bases for finite dimen-
sional Lie algebras to get an integral basis for the universal enveloping algebra of

affine-Virasoro algebra.

2. Preliminaries

We assume that the readers are familiar with the theory of vertex operator alge-
bras [3] [6] [12] [13].

Given an (untwisted) affine Lie algebra g=g® C[t,t’lJ @ CKk equipped
with the bracket relation,

[a@tm , b®t”] =[a,b]®t™" +m(a,b)s,,, K

for a,beg and m,neZ, together with the condition that k is a nonzero
central element of g. Let keC, ﬁ(f) and g act trivially on C and let k

act as the scalar &, making C a ﬁ(go) -module, which we denote by

Vi (k,0)=U (8)®, | Cv-

By the Poincaré-Birkhoff-Witt theorem, we have that,
Vi (k:0)=U (&)= 8(5.) 2.1)
asa Z -graded vector space. Set
1=1eCcV, (k,O).

Then

V; (k,0)=T1V; (k.0),,.

n=0

V; (k, O)(n) is spanned by the vectors
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a¥ (-m,)---a" (-m, )1

for r>0, a" eg,m 21, with n=m, +---+m,. It can be proved that this is a
vertex algebra, more detail can be found in [5]. The vertex algebra structure is
determined by

Y (a(—l)l, x) =a(x)=> a(n)x "™

neZ
Now we have that,

Y (a® (-m,)---a® (-m, )1,2)

1 1 : () (1 -
(m-1)! (m —1)1:5?1 a¥(2)-07 " ()
1 : r -

where r>0,m >1 for i=1---r.
In the next section, we will consider the integral basis of it when g=sl, and

k isan integer.

3. Integral Basis of V, (sl,)

In this section shall find an integral basis for V, (sl,). We consider the case
when Kk is an integral number. Firstly, we recall the definition of integral basis
of a vertex algebra.

Definition 3.1. Suppose that V is a vertex algebra (over C), an integral
basis of it is its C -basis whose Z -span can form a vertex algebra over Z .

In order to find an integral basis for V, (sl,), we may firstly find an integral
basis for g. That is, we need to find a basis of g whose Z -span g, is closed
under the bracket. When g=sl,, it is easy to see that the standard basis ele-
ments X,Y,h satisty the condition. Now let X,y,h be the standard basis of
sl,, we choose an ordered basis of ;[z(+) , that is

Yo Yo =+ Yo M P oD X X 0%,
q,lr (e Z)S -1p=12--kq=12,---,s;r=12,---,;t . Then by
(2.1), we get that

where n,,m

ynlynz...ym<|']m1|']mz...hmsxll)(|2 .“Xltl (3.1)

isa C-basis of V, (sl,).

For convenience, we denote V| (sl,) by V; denote the Z -spanofa C -basis
of V by V,.

Theorem 3.2. The formula (3.1) is an integral basis of V, (sl,).

Proof. It is known that formula (3.1) isa C -basis of V, (sl,). To check that
V, is a vertex algebra, we need to prove that the coefficients are still in V, of
any

Y (U, x)v (3.2)

for u,veV,. Since V, is spanned by (3.1) over Z, we just need to check
formula (3.2) for (3.1). So
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Y(yn1~--ynkhml---hmsx,1-~~x,11,z)ynl ynh --h,, Xy 1

_ 1
(=0 ~D%(n, =22, )b (m, ~ D~ (, D!
10" (y,2)-0,™ Y (v, 2)9,™ Y (h, z) -0,™7Y (h,z)
O Y (X, 2) 0 Y (X,2) Yy o Vi P oo Py X0, 1

= Y copgecpemtC mS'lc,gl Cg
8,8
by,+-,bg
c G €L
Yo Ya Dy by Xe X Yy yn -y o X %1

Zn1+»~+nk+m1+~~+ms+l1+m+lt—al— -ag —bp—-—bg —¢p —--—¢¢

Since [x,y]=h, [h,x]=2x, [h,y]=-2y, k eZ, the expression
:yal...yakhbl...hbsxq...xc[ :_‘]_,

where a,---,a,,b,:,b,,¢,-~-,C, €Z, is a Z -linear combination of (3.1), we
get that (3.1) is an integral basis of V| (sl,).

4. Integral Basis of Virasoro Vertex Algebra V,;, ( %,0)

In this section we shall find an integral basis for the Virasoro vertex algebra
Viir (2k,0) when the level is 24 where k is an integer.

Firstly we recall the definition of Virasoro vertex algebra [6] [14] [15]. As we
know, any vertex operator algebra V has the vertex subalgebra (co) generat-
ed by the conformal vector @, and this is in fact the smallest vertex operator
subalgebra of V ; it is exactly the submodule of V for the Virasoro algebra
generated by 1:

span{L(nl)---L(nr)1|rzO,nj eZ}. (4.1)

The Virasoro algebra [ is the Lie algebra with basis {L,|meZ}U{c}
equipped with the bracket relations,

[Lns Ly ]=(m=n) m+n+%(m3—m)5m+n,oc, (4.2)

together with the condition that ¢ 1is a central element of £ . The Virasoro al-

gebra L equipped with the Z -grading
L=11,., 50 (4.3)
where

L =ClLy®Cc and £, =CL_, forn=0, (4.4)

is a Z -graded Lie algebra, and this grading is given by ad L, -eigenvalus. For
the Virasoro algebra £, we have the graded subalgebras

E(i) = Hn21£(in) = anl(CLJrn' (4.5)

We also have the graded subalgebras
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Loy =110 40 = £ ©CL®Cc®CL,
£(>2 Hn>2‘c(n) Hn>2(CL C‘C(

Let ¢ be any complex number. Consider C as an [, -module with ¢
acting as the scalar / and with £ ®CL, ®CL, acting trivially. Denote this
L) -module by C,.Then we form the induced module

Vi (£,0)=U (ﬁ)u(q@))cf. (4.7)

(4.6)

From the Poincaré-Birkhoff-Witt theorem, as a vector space,

Vo (£:0) =U (L)) = S ( L)) (48)

Set
1=1eCcV, (£0).
Then
Voir (K’O) Hm vir ( ) (n)’ (4.9)
where V,, (Y, 0)(n) has a basis consisting of the vectors
L(-m,)---L(-m,)1 (4.10)

for r>0, m>m,>--->2m, >2, with m +---+m, =n. It can be proved that
this is a vertex operator algebra, details can be found in [3]. The vertex algebra
structure is determined by

Y(L(-2)12)=L(2)= 2 L(n)z "7,

nez
and we have
. . 1 1 i -
Y(L(=j)L(=]j,)L2)=— — 102 ?L(2)---0 %L (2):
(L) L)1) = gy gy o L)L)
where m>0,j,>j,>--->j 22.
Next, we will consider the integral basis of it when c acts as 2k and &k is

integral. We know that

L(-m,)--L(-m )1
is a basis of V,;, ((,0)(n) . Then

L(-m,)---L(-m,)1
with r>0, m >m,>--->m >2, with m +---+m, =12,---,is a C -basis of

Viir (2k,0). We want to check that it is a Z -basis of V,; (2k,0). When ¢ acts
as 2k, we get that,

1
[L(m),L(n)]1=(m-n) L(m+n)1+6( 2= M) Gy ok
forany mneZ.
Just like the affine case, we have that,
Y(L(=h) - L(=Jn)L2) L (k)L (k)1
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1 1 . -
G2 T & @) L) L) Lk

1 - m -
= > ChZ..Ch? () L(n,):L(—ky)- - L(=k )1zt hetn

N, NpeZ

where m,t>0,j, > j, 22 j, 22k 2k, >---2k =2. Since

kl

m-+n,0

[L(m),L(n)]1=(m-n) L(m+n)1+é( 3—m)5
and
—(m3—m)eZ,

the expression

L(nl)'”l-(nm):L(_kl)"'l-(_kt)l
isa Z -linear combination of L(-m,)---L(-m, )1, where r>0,
m>m,>-.>m >2,with m+---+m =12---,s0 L(-m)---L(-m )1 isan
integral basis of V,;, (2k,0).

5. Integral Basis for the Universal Enveloping Algebra of
Affine-Virasoro Algebra

In this section we take the combination of affine algebras and Virasoro Lie alge-
bras into consideration. By analogy with the construction of Lie algebras over
Z using Chevalley bases, we utilize the Z -basis of it whose structure constants
are integral to find an integral basis for the universal enveloping algebra of af-
fine-Virasoro algebra U (L, ) when L=sl,.

Firstly we recall the definition of the affine-Virasoro algebra [15].

Definition 5.1. Let L be a finite-dimensional Lie algebra with a non-degenerated
invariant normalized symmetric bilinear form (,) , then the affine-Virasoro Lie
algebra is the vector space

L, =LeC[tt" |ecce@Cd,

ieZ
with Lie bracket:

[x@tm,y®t”]=[x,y]®t"‘*”+m(x Y)3.n0C,
[di,djjz(j—i)di+j+$(1 j)3..1.C, (5.1)
[di,x@)tm]:mx@)tm+I [C.L,]=0,

where x,yel,mn,i,jeZ.

Now we consider the case of L =sl,. Then by Definition (5.1), we get that
the corresponding affine-Virasoro algebra L, =C{e, f;,h,d,,C|ieZ}, with
Lie bracket:

e

)=
[hi’ei]_ i |:h|’fj:| 2f.5
di'de:

|: (j_i)di+j+%(j3_j)5i+jyocx

h.; +i6.,;,C,

i+j,0
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Loy =i [hohy [=206C,

where i,jeZ.
Lemma 5.2.If {a |ieZ} isa Z-basisof g,then

{a, a1k <<k, eZ

is an integral basis of U (g).

Proof. Since {a |ieZ} isa Z -basis of g, we can get that all of the struc-
ture constants are integral, then we get the conclusion.

Corollary 5.3. Let L = sl,, the integral basis for the universal enveloping al-
gebra of affine-Virasoro algebra is

{%Ceh g £ B b dy '”dlm}

where i <. <i,j <<k <<k L << €7

Proof. We only need to check that {e- f.,h,d ,%C lie Z} isa Z -basis of

(R L
L,,. By relations (5.1), all coefficients of these brackets are integral except

[di , dj] . Now we use 1C to replace C, we can get,
2

[didj]=(i-i)d; +%(j3— j)éiﬂ-,o%C-

Since
1

s(i=i)ez,

we conclude that {e- f..h,d ,%C lie Z} is a Chevalley basis of L,,, then we

[ L av ?

have proved this corollary.

6. Conclusion

In this paper, we get the integral basis for V| (sl,), V; (2k,0) and U(L,).
The constructions of affine vertex algebra and Virasoro vertex algebra are key to
our proof. Lemma (5.2) is essential in finding integral basis for U (L,,). Ap-
proaches used here can be easily generalized to tensor product of vertex algebras
and universal enveloping algebras. We can also generalize V| (sl,) to general
V;(4,0).
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