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sponse, including local and global stability analysis, existence of limit cycles,
transcritical and Hopf bifurcations. Mathematical theory derivation mainly

focuses on the existence and stability of equilibrium point as well as threshold
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Bifurcation Analysis

1. Introduction

In 1965, C.S. Holling proposed three kinds of functional responses for different
kinds of species to model the phenomena of predation, which made the tradi-
tional non-autonomous Lotka-Volterra predator-prey system more realistic [1]
[2] [3] [4]. These functional responses describe how predators transform the

harvested prey into the growth of itself and were discussed by numbers of re-
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searchers, including the stability of equilibrium points, existence of Hopf bifur-
cation, limit cycles, homoclinic loops, and even catastrophe [5].

For the Rosenzweig-MacArthur Model (R-M model) or the predator-prey
model with Holling type II functional response, [6] studied stability of the R-M
model by using graphical method, [7] studied global stability of the R-M model.
In [8], conditions for an interior equilibrium are given, and the stability of this
equilibrium is analyzed. Certain critical cases, some of which cannot occur in the
usual model are also discussed. (If m =1, g(y) = 0, the above system reduces to
the “usual” system.) [9] investigated a predator-prey system for the global stabil-
ity and existence of limit cycles; they proved that there exist at least two limit
cycles by using qualitative analysis and the idea of Poincare-Bendixson theory.

In recent years, for a more complicated system with Holling type II functional
response, Liu et al [10] investigated a predator-prey model with Holling type II
functional response incorporating a constant prey refuge. The authors studied
the instability and global stability properties of the equilibrium points and the
existence and uniqueness of limit cycle. Lv et al [11] considered a model to de-
scribe the harvesting for the phytoplankton and zooplankton based on plausible
toxic-phytoplankton-zooplankton systems. Shanbing Li et a/. [12] studied a spa-
tially heterogeneous predator-prey model where the interaction is governed by
Holling II functional response. They showed that the degeneracy for the prey
and predator has distinctly different effects on the coexistence states of the two
species when intrinsic growth rate of the prey is above a certain critical value. P.
D. N. Srinivasu et al. [13] considered a prey-predator model with Holling type II
of predation and independent harvesting in either species. Their study showed
that using the harvesting efforts as controls can break the cyclic behavior of the
system and drive it to a required state. By introducing impulsive control strategy,
Yongzhen Pei et al [2] investigated the dynamics behaviors of one-prey mul-
ti-predator model with Holling type II functional response with the help of Flo-
quet theorem and small amplitude perturbation method. They showed that mul-
ti-predator impulsive control strategy is more effective than the classical and
single one.

Motivated by the above works, especially the references [8] and [9], we inves-
tigate a certain predator-prey system with density-dependent predator specific
death rate and predator mutual interference incorporating a square term, which

is described by the following nonlinear ordinary differential equations

. X ) axy
X=rx|l-—|———-mX, 1
1[ Klj a+x (12)
y =229,y - dy? (1b)
a+x

subject to initial conditions x(0),y(0)>0. Here, xand yare the prey and pre-
dator densities at time ¢ respectively. All the above positive constants have bio-
logical considerations. Parameter r, denotes the intrinsic growth rate of the
prey; K, represents the carrying capacity of the environment; a is the
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half-saturation constant; ¢ is the search efficiency of predator for prey; m,
and m, are the mortality rate of the prey and predator species, respectively; eis
the biomass conversion; d is the intra-specific competition coefficient. The term

axy

named Holling type II functional response describes the functional re-
a+x

sponse of the predator. The specific growth term rlx(l—%J governs the increase
1

of the prey in the lack of predator. The square term dy® denotes intrinsic de-

crease of the predator. Such ordinary differential system of predator-prey popu-

lations is familiar to the Lotka-Volterra system in which populations have the

addition of damping terms (or self inhabit) [9].

The main purpose and conclusions of this paper are to analyze equilibrium
stability and bifurcations of the above system by using qualitative analysis and
bifurcation theories. This paper is organized as follows. Preliminaries, such as
non-negativity, boundness, permanence and invariant sets are given in Section 2.
In Section 3, we give existence and sufficient conditions for the stability analysis
of equilibrium points. In critical cases of interior equilibrium, we describe suffi-
cient criteria to illustrate focus-center problem and problem of higher-order
equilibrium. Existence and non-existence conditions of limit cycle(s) are also
presented in this section. In Section 4, analyses of transcritical and Hopf bifurca-
tions are presented. Here we choose d as a Hopf bifurcation parameter to con-
sider limit cycle(s) further and point out that the control parameter dhow to af-
fect the complexity of this system. In Section 5, we carry out numerical simula-

tions and conclusions of our system.

2. Preliminaries

2.1. Invariant Sets

Denotes the first quadrant as R**, and its closure is R? = R For practical bi-
ological consideration, system (1) is defined on the domain R*’ and all the
solutions are positive. It is easy to prove lemma 1. Thus, any trajectory starting
from R,, cannot cross the coordinate axes.

Lemma 1. A/l the solutions of system (1) are non-negative with the
non-negative initial value (X(t,),y(t,)), Le. R® isan invariant set.

We will give some cases about invariant sets for system (1) in supplementary
to lemma 1.

Remark. a) If A>max{x,,0},x, =K, [l—%j and B> max{@ﬁ},

1

domain [0, A]x[0,B] is an invariant set; b) Domain [A,A,]x[0,+] and
[0,+%]x[B,,B,] is notan invariant set, if A,B, >0;¢)If L, <m or ae<m,,
domain [A,A,]x[B,,B,] (A,B,>0)isnotan invariant set.

2.2. Boundness

Theorem 1 All the solutions of system (1) are bounded with non-negative ini-
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tial conditions (X(t,),Y(t,))

Proof. From the equation (1a) we have inequality % < x(r, —rx/K,). With the
help of [14], this implies that X(I)S max{x(to),Kl}. We denote the positive
upper bound as M,. A similar argument, from the Equation (1b) we have in-

y< y(“—ex—dyjs y(&Ml—dyj- @)
a+X a+M

oeM,
a+M,

equality

Similarly, this implies that y(t) < max{y(to), } =M, . This completes

the proof and the system under consideration is dissipative.

Lemma 2. A/l the solutions of system (1) satisty

LK LK
limsup x(t) <=2, limsup y(t) < 2. (3)
tﬁocp () 4 tawpy() 461
Proof Taking an auxiliary function zZ =eX+Y, it is obvious to see that
z<enx(1-x/K,)-mz<erK,/4—mz, (4)

where m=min{m,,m,}. By applying the theory of differential inequality [15],

we obtain
z(t)< _er14K1 (1— g ") ) +2(ty)e "), (5)

which, upon letting t— oo, yields limsupz(t)<erK,/4. This completes the
proof. o

Remark. It is clear to see that all the solutions of system (0) are uniformly
bounded.

Theorem 2. If r, <m,, then the system (1) is Lagrange stable.

Proof. Taking the positive definite Lyapunov function V (x,y)=ex+y with
infinitesimally small upper and large lower bounds, computing its Dini deriva-

tive along the trajectories of Equations (1), we have

2
D'V < -2

—m,y —dy’. (6)

1

Thus D'V is negative definite. This completes the proof.

2.3. Permanence

Theorem 3. If parameters of system (1) satisty

a)l:zﬁ(rl—ml—asz>0, (7a)

a

| ee(l-2)ey ~
wz'{a+e(1—z)wl mz}/:bo, (7b)

where 2 €(0,1), then system (1) is permanent.
Proof. By theorem (2) we have a positive upper bound ¢& such that

max{limsupx(t),limsup y(t)}ggl. (8)
t—owo tow
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From Equation (1a) we have
x=x(n-m —-aM,/a-rx/K,),

here M, is defined in theorem 2. With the help of [14], this implies that

liminf x(t) > @ . For &, = 1@, there must exit 7; such that for any t>T we
t—>oo

have x(t)>(1-4)a,, thus

- Z{ ae(1-2)e

—m, |y —dy?.
at+e(l-A)a z}y Y

Similarly, this implies that liminf y(t) > e, . This completes the proof and we
t—owo
get the permanence of the system.

3. Equilibria

In this section we will discuss equilibria of the system (1) with their sufficient
existence conditions and stability analysis.

It is obvious to see that our system has following trivial equilibria: E; =(0,0),
E,=(0,y,), E,=(x,,0), where y, =-m,/d. For practical or biological con-
siderations, we omit the singular point E,. The point E, is a desired equili-
brium only if r, >m,. When r, =m,, the critical point E, becomes E,.

Then we make a special effort to derive the existence conditions of an interior
equilibrium denoted by E, = (X*, y*), where it can be given from the following
algebraic equations

: X ay
f(x,y)=r|1l-—|-——-m, =0, 9
(x.y) [ Klj M (%)
g(x,y)= aeX —m, —dy =0. (9b)
a+x

From Equation (9a) we know y —a(r,—m)/a as x—>0; x—>X, as y—0;
from Equation (9b) we know y—>-m,/d as x—>0; x—>x, as y—0,
X, =am, /(ae—m,). Thus, if the following conditions m, <r,, 0<X,<X, sa-

tisfy, an interior equilibrium E, exists and meanwhile we have

r
Xy <X, <X,, 0<Yy, <V, where 7:4a1K (a+%)".
1

3.1. Equilibria Type

Here we will use the Routh-Hurwitz criteria and the Perron’s theorems to ana-
lyze local stability and type of these equilibria by the nature of eigenvalues of Ja-
cobian matrices around them, respectively. We observed that the Jacobian ma-
trix of the system (1) is

2rx  aay m ax
17 7 w2 -
K1 (a+ X) a+Xx
J= (10)
oeal aex
Y 2 _m, —2dy
(a+x) a+x
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For zero point E, from its Jacobian matrix J(E,) we have: a) If r,<m,,
E, is anasymptotically stable node; b) If r, >m,, E, is asaddle.

For the critical value r,=m,, E, isa higher order singular point. According
to Frommer’s method, by using its Jacobian matrix and polar-coordinate-
transformation: X =pc0s@,y=psing , we derive R(0)=-m,sin’¢ and
characteristic equation ®(6)=-m,sinfcosd . For the first simple real root
6, =0 of the characteristic equation, from the calculation R(6,)=0,
R'(6,)=0, ©(6,)#0 and k=1, we know that =6, is a characteristic di-
rection. While for the second simple root 6, =1/2, it is clear to see an expan-
sion ©(0)=m,(0-6,)+, ie. p=1 (odd number) and C{"(=m,) has the
opposite sign as R(6,). Thus =6, is also a characteristic direction. By the
sign of R(6,)©®(0)=m;sindcosd, we know that there is only one orbit tend-

ing to the critical point E, along the direction 6, in the normal regions of

second type.
Taking the transformation tz;l—:, we have following normal form (retain
the symbol “ - ” for simplicity)
X=x+0(xYy),y=Y(xy), (11)

where ®(x,y), W(x,y)=0(|x,y|) in the right hand side are analytical func-
tions, with terms starting from second order. From center manifold x=h(y),

r .
L_y? +... with respect to y; and
m2 Kl

the series of function y(y)=¥(h(y),y)=

m=2 (even number), the critical point E; is a saddle node and the parabolic
sector is on the right half (x,y)-plane.
For point E,, from its Jacobian matrix J(E,) and existence condition we

aex . . aex
2.<m,, E, isanasymptotically stable node; b) If :
a+X, a+X,

E, isasaddle.

have: a) If

>m,,

ex,
a+Xx,

For the critical value

=m,, E, is a higher order singular point. By

using its Jacobian matrix and polar-coordinate-transformation, we derive
R(@)=cos8y(¢) and characteristic equation ®(8)=—sinby(6), where

2(6)=(m,—r,)cosé —%sin 0.

The real simple root 6, =0 is in [0,7/2], it is clear to see an expansion
0(0)=—(m -r)0+-- and R(6,)#0 , ie. p=1 (odd number) and
CY(=r-m,) has contrary sign with R(6,). Thus 6=, is indeed a charac-
teristic direction. While R(6,)®(6)=(r,—m,)x(0)siné changes its sign in
the small neighbourhood of &, , thus we know that there is only one orbit tend-
ing to the critical point E, along the direction 6, in the normal regions of
second type. Another real simple root 6, isin (m/2,m), it is clear to see that
R(6,)=0 and
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2
2

0'(6,)=(m, - q)[uwlcosz 6, <0,

Le. k=1,thus 0=46, isalsoa characteristic direction.
ax,
a+ X,

Taking transformations X—X+X,; X=U+ v, ¥y= (m1 - I’l)V and

t=

>, WE have likewise real ]ordan normal form
m, —
1 1

U=u+®(uv),v="(uyv), (12)

in here ®(u,v), ¥(u,v)= 0(Ju,v]) in the right hand side are analytical func-
tions, with terms starting from second order. From the center manifold
u= h(V) , the series of function (V)= ‘P(h(v),v) =a,v’* +--- with respect to v

is derived, where

m, — 1, ) a’aex,

a2=—(m1—r1)2d+( <0, (13)

(a+x,)’
Combining with m=2 (even number), the critical point E. is a saddle
node and the parabolic sector is on the left half (z, v)-plane.
For the interior equilibrium E., from its Jacobian matrix J(E.) and exis-
tence conditions, denoting discriminant A = A’ —4A, with notations

Al::trJ(E*):%—r:?—dy*, (14a)
* 1

2
Az:=detJ(E*)=%—dy*(Al+dy*), (14b)

we have:

(a)If A<0 and

(al) A, >0, then E. is an asymptotically stable node; (a2) A, <0, then
E. isasaddle;

(b)If A=0 and

(b1) A, >0,then E. isa center ora focus; (b2) A, <O, then E. isasad-
dle;

(c)If A >0,then E. isunstableand

(c1) A=0,then E, isanode; (c2) A<O0,then E, isa focus;(c3) A>0
and A, >0,then E, isanode;(c4) A>0 and A, <0,then E. isasaddle.

Remark. If A +dy. <0, E. isasymptotically stable.

3.2. The Special Case: A =0,A,>0

If the interior equilibrium E, exists and A =0,A, >0, ie the Jacobian ma-
trix J(E.) has a pair of purely imaginary eigenvalues 4 ,=%if, in here
y/j :\/E ,or E. is a center of local linear approximation of system (1). We
consider this critical case or the center and focus problem by the H. Poincare’s

formal series method. With the application of linear transforms
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aeay,

X—>X+X,Yy—=>y+Y. and x=dy.u+pv,y= >U (or
(a+x.
eay. _ .
X=—=pu+dy.yv,y= V), the above system (1) transforms into following
(a+x.
normal form
U=pv+P(uv),v=—pu+Q(u,v), (15)

where higher order terms P(u,v) and Q(u,v) in the right hand side of the
above system are all real analytical functions of zand v, with terms starting from
second order.
Suppose that the above system has a first integral in the form of

F(uv)= ut+v2 + F(uv)+F,(uv)+--, where F (U,V) is a homogeneous
polynomial with order & (k = 3,4,---). Computing its derivative along the above
system, we have its total derivative

d—T:(Zu +Fy ) (BVHP + )+ (v + By, 4 ) (-BU+Q, +-4),  (16)
where B (u,v) and Q,(u,v) are homogeneous polynomials in u, v of degree
k(k=2,3,---). In order to get Fourier series for further analysis, we firstly take
the polar-coordinate-transformation u=rcosé,v=rsind and assume
F =r‘o, (6) (k=3,4,--), then following recurrence relations are derived by

comparing coefficients:

905 _5.(6).4,(0) :=%(UP2 Q,),

do

do, 1
40 =4, (9)’¢4 (6) = W(ZU% + B Ry, +2vQ, +Q2F3v)'

From a complicated expression of function ¢, (@) or the integral
.[Ozn@ (6)d9 =0, we know that ¢,(6) is precisely a periodic function of period
27. Thus the focus value ¢\’ of E. reads

@ ea’sias,

Co == aoiios {rfsf +6arn’s] +(aaeK,r’ +15a°r’ —aK,r’s, s
2K'a~ p

+ ZOa(% aeaK, +a’r —4% Klszaj sy

+ (—%aeozszrls2 +10a’eaK, 1’ —8a’aK,r’s, +15a4f13jsl4

+6ar, (E a‘eaKyr, _ia2ea32 K?+a'r? —ZazaKlrls? * Eaz Kiss j d
3 12 6 6

n a(% a’ea’Klrs, +5a’eaK,r? +%0-’3€K13522 -3a’aKyr’s,

5 1
+2a0’K2rs? + asrfjsf +aak, (Ea%a K,1s, +a’er? +Eaea2Kfs§ (17)

1 1
—Ea“rfsz +a’aK,rs; _Eaz Kfsg’js1 +a’a’eKrrs, }
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where a:=a+X., S =X and S,:=Y. for later convenience. When C(()A) #0,
the point E. is a fine focus of order 1. If 084) >0, E. isan unstable fine focus;
If C((,A) <0, E. is a stable fine focus. When C(()A) =0, continuing this procedure

to obtain ¢ .

3.3. The Special Case: A, =0,A #0

In this section, we consider a critical case: A, =0,A #0, ie. E. is a critical
point of higher order and its Jacobian matrix with zero eigenvalue can be re-

written as
aiX. _aX
J(E)=|a+x. a+x | (18)
Ady.. —dy.
aea

where positive parameter A := . By using its Jacobian matrix and the

d(a+x.)

polar-coordinate-transformation, we derive function

o2

cosH+dy*sin9J(ﬂcose—sin 0) (19)

and its characteristic equation

0(0)= (dy* e
a

sin ej(icose—sin 0)=0. (20)
It is clear to see that the real roots &, in (0,m/2)U(n,31/2) respectively

satisfy

dy. (a+x.)

tand, =
ax.

fang, = 4.
Casel: 0=6
In this case, for =6,, R(6,)#0 ifand onlyif tan6, = 1. With some cal-
culation, we derive R(6,)=-c’ and series of function ©(#) at 6, :
©(0)=c"(0-6,)+---, where
[dzy*2 (a+x) + azxf](ady,, — aAx. +dx.y.)sin(8,)’

o _
¢’ = : (21)
' (a+x.) d?y?

ie. p=1 (odd number), R(6,) and ¢ have opposite sign. Thus =6, is

a characteristic direction. While R(6,)©(6) changes its sign in the small

neighbourhood of 6, , thus we know that there is only one orbit tending to the

critical point E, along the direction &, in the normal regions of second type.
If tang, =1 ,then R(6,)=c =0, while

[(dzy*2 + az)xf +2ad?x.y? + azdzyf][(d/ly* +a)x. + Ady.aJsin(6,)°

R'(6)=- <0.
(a+x.)'d?y?
Thus 0 =46, isalso a characteristic direction.
CaseIl: 6=46,
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In this case, for 6=6,, wehave R(6,)=0,

2% +1)[ax. + Ady. (a+x.) Jsin(6,)°

Rl(gl):_( 2% (a+x.)

<0

and expression of function ©(0) at @,: ©(0)=c)(6-6,)+---, where

22 +1)(ady. — adx. +dx.y.)sin(6, )’
(et 0y psin(e -

c
A*(a+x.)

If tang, # A, then Cgl) #0 and 0=40, isnot a special direction; If tanf, =41,
then 6 =46, isa characteristic direction.

From now on, making a change of variables X —> X+ X., Y — Y+ V., and
ax.u
a+ X.

taking transformations X = +Vv, y=dyu+Av and t= i . Substituting

them into the system (1), we have following normal form
U=u+®(uv),v="o(uv), (23)

where (D(U,V), ¥(u,v) :0(|u,v|) in the right hand side are analytical func-
tions, with terms starting from second order. From center manifold U= h(V)
and series of function y (v)=¥(h(v),v)=a,v’+aV’+--- with respect to v

where
dy. (I‘1d§4 —aaK, (ae+dy.)a+2a’ea’ Kl)

: (24)
aK, (d’a’y. —aa’ex.) A

a, =

one can judge the type of critical point E. in this special case. When a, #0, e
rnda’ +2a’ea’K, # aaK, (ae+dy.)a, combining with m=2 (even number),
the critical point E. is a saddle node. Furthermore, if the coefficient a,>0

(or < 0), then the parabolic sector is on the right (or left) half (u,v)-plane. If
a, =0, continuing the above series to obtain

aa _ _
a, = 7| a'e'Kisia’ + dKfas;s,a’ (4a - 3a)e’a’

dKk?A’a® (—slaeaz +d 25253)

—dK,a’s,a’ (—rlezi3 +((ds, + A)K, +ra)ea’ — K, (aeA +2ds})a
+5as3dK, )’ +d’s,K,a®(-2nea’ +((2ds, + A )K, + 7ra)ea’
—((4ds, +3A)K, +5na)aea’ +(a(3ds, + 2A )e + 2ds} ) K,aa
—2a’s}dK, Jaea® —d%s,K,a"a(rea’ + (((—ds2 - A)K, -ra)e+4rs, )52
+(aK1 (ds, + A)e+(-2ds] - As, ) K, —4rlsza)§+ K,s,a(3ds, + A ))ea’
—d%,a’ (—2r12§3 +(2dK,1;s, +2ar? )a* - dK,s, (3ra- AK,)a =
+as,dK; (ds, ~2A ) )ea - sgdsﬁsAinJ.
If a,>0, E. is an unstable node; If a,<0, E. is a saddle. When a,=0,

continuing the above procedure to obtain a, and using the same criteria of a,.
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3.4. The Special Case: A =A,=0

In this section, we consider a critical case: A =A, =0, ie. E, is a critical
point of higher order and its Jacobian matrix with two zero eigenvalues can be

rewritten as

1 1
J(E.)=dy. Al (26)
A -1

From the above section we know that its characteristic equation is
©(0)=Acosf—sind =0, and function

R(6)=dy. (%cosaﬂin Qj(ﬂcosa—sin 9).

Similarly, 6 =6, is a special direction, where tang, =41.
Making a change of variables and taking transformations X=U+V,y=AU;

t=—~

, we have following normal form

U=v+®(u,v),v=">(u,v). (27)
From center manifold v =h(u), we have series of function
y(v)=¥(uh(u)): w(v)= a,u° +a,u’ +--- and series of following function:

[d)u (uv)+¥, (u,v)]v:h(u) =bu+bu®+---.

where coefficients

2aa(e+ﬂ)[(a+sl)/l—gsz}
(a+s,) Ads,
aa(-ea—Aa+2s,)K,—2a’,

—— , 28
" K,ads, 28)

If a, b #0, ie k=2 (even number), n=m=1, or a,#0,b =0, then E.
is a degenerate singular point. If a, =0,b, #0, but
—(e+1)aaK, -6a’r,

2eqad’K,

a, = <0, (29)

ie. k=3 (odd number), n=m=1, and combining a discriminant

u=0"+8a, >0, where

B 1
43°K2d’A°
+36d°a*2° K +728° (~(11/6(e+(1/11) 1)) ac + a°Ad ) 1K, + 36§4r12}

1 |(25(e +(22/25)e2-+(Y/25) 2 )a’a” ~68a%2d (e + (11/17) 2)act

(30)

then E. isa complicated singular point and its neighbourhood U (E.,5) con-
sists of one hyperbolic sector and one elliptic sector, if <0 and b #0, or

just b, =0, then E. isa center or a focus.
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3.5. Global Stability

In this section, we will give following theorems to illustrate the global stability by
constructing proper Lyapunov functions.

Theorem 4. If r, <m,, then the zero point E, is globally asymptotical sta-
ble.

Proof. Taking an unbounded positive definite Lyapunov function in lemma 2,

we know that D'V is negative definite, similarly. This completes the proof.
Remark. Taking an unbounded positive definite Lyapunov function

2
1, 5 .. (m, —ce)
V(X,y)=—(ux"+ , where positive constant U>-~———2- and compu-
( y) 2( y ) P 4aad P
ting its Dini derivative along orbits of Equations (1), we have
K.g(x,y)+urx®(a+x)+uK, (m —r)x®
DV =-— 19(%y)+unx*(a+x)+uky (m, -1, ) , (31)

K,(a+Xx)

where auxiliary function
g(xy)= [ua(m1 —1)x* +dxy® + amzyz] + [uaex2 +(m, —ae)xy + adyz] y.

On account of the discriminant A =(m, —(Jce)2 —4uaad <0 of a quadratic
function, it is obvious that g(X,y)>0 or D'V is negative definite. This also
completes the proof.
aex,

Theorem 5. Assume that the equilibrium E, exists and <m,, then

E, isglobally asymptotical stable.

Proof. Taking an unbounded positive definite Lyapunov function

V(X y)=X=X,—X, In(x/x,)+y/e, (32)
and computing its Dini derivative along orbits of Equations (1), we have
N I 2 Y[ aex d ,
D'V <-—2(x-x) += Z-m, |-— 33
(x4 2o, |2y o

This completes the proof.
Theorem 6. Assume that the equilibrium E, exists and ae<m,,X,>2a,

then E, is globally asymptotical stable.
Proof. Taking an unbounded positive definite Lyapunov function

V(x,y)= %[u (x=%)" + yz] with positive constant

4am,r (X, —2a
us—222 — 12( 2 ) (34)
a“x,K,

and computing its Dini derivative along orbits of Equations (1), we have

pv -9

Kl(a+x)’ 9(Xy)=0,(X)+9,(X y)+0s(xy), where auxiliary func-

tions
0, ()=~ x— (2, ~a)].
9,(X,y)=Ux,h (2a—x,)x* + uax,K,xy — aK,m,y?,

g;(x,y) =—dK;xy* + K, (ae —m, ) xy? — uax;r,x — adK, y* —uaK x*y.
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Conditions in this theorem imply that discriminant of a quadratic function in
9,(x,y) is
A, = (uax,K, ) +4ux, (2a - x,)aK,m, <0,
thus g,(x,y)<0, ie g(X,y)<0. By using the Krasovskii’s theorem, the

proof is completed.
Theorem 7. Assume that the equilibrium E, exists and

ni= S LI WY , then E. Is globally asymptotical stable.
a(a+x.) K

Proof. Taking an unbounded positive definite Lyapunov function

a*X <0, (35

V(xy)=x=x-xIn(x/x)+u(y-y, - y. In(y/y.)),u=

and computing its Dini derivative along orbits of Equations (1), we have

I 3 ‘I VSRV V)
DW_{(a+x)(a+x*) KJ(X %) -ud(y-y.) (36)

<n(x-x) —ud(y-y.)".

From the condition we know that D'V is negative definite. By using the
Krasovskii’s theorem, the proof is completed.

3.6. Closed Orbits and Limit Cycles

As wesee, if I, <m,, ie the point E. does not exist, there are no closed orbits in
R*?. The trace of Jacobian matrix J(E.) is non-positive if r,—m, <m,—ce
whether the existence condition r,—m; <0 holds or not. By using the Bendix-
son criteria, there are no closed orbits in R*. Such closed orbits and limit
cycles surrounding the existed point E. cannot cross the x and y coordinate
axes and are confined in an invariant domain [0, A]x[0,B], where the upper
bounds A, B are all sufficiently large. The point E. is not a saddle point for in-
dex j(E.)=1 on this occasion. In this section, we will construct proper Dulac
functions to further illustrate the existence problem of closed orbits and limit
cycles.

Theorem 8. If x, <a or r,<m,, then for system (1), there are no closed
orbits in R,

Proof. Taking the diffeomorphism ¢:u=x,v=y,dr=dt/(a+x) which
preserving the orientation of time, the system (1) is topologically equivalent to
following system [16] [17]

>'<=P(X,y):=X{(aﬂ)(ﬁ‘ml‘%}“y}’ (37)

y=Q(x,y):=y[aeax—(a+x)(m, +dy)],

For notation simplicity, we still retain the symbols x; y; £ Define a Dulac func-

tion B(x,y)=Xx"y", alongthe above system, we have
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where the numerator

ar, 2rx
g(x):[rl—ml—?ij—ﬁs?ll(xz -a).

By using the Bendixson-Dulac criteria, the proof is completed.

Remark. (a) If X, <a, taking Dulac function B(x,y)= ;,c >0, then

(x+c)y

there are no closed orbits; (b) If 2x, <a, taking Dulac function

B(x,y)= m, then there are also no closed orbits.
Xy

Theorem 9. If K, <4am,,r,—m, <m,, and 2ar, >K,[2(r,-m)+ae—m, ],
then for system (1), there are no closed orbits in R*2.

Proof. We can take another type of Dulac function e"™,u>0 for our discus-
sion. Obviously, along system (37), we have

0(BP) (BQ)_ 1 & _ i
5 + Py _Kliéoaijxy, (38)

where these coefficients a,,,8,,,8,,-- in the summation are
8y = —Un,
a,, :=(—ar, — K;m, + K1, )u—3r,
ayo i=aK; (r—m)u+ (ae -m,)K, —2an +2(r,-m)K,

ay, =—Ka(m,+m,-r),

For a quadratic function a,x®+ K, rux’ —aK,umx of variable x, its discri-
minant implies that it is non-positive. Since other coefficients preserved are all
non-positive, this completes the proof.

Remark. For the system (0) and the above form Dulac function €”,u >0, if
following conditions hold: K, <2a,r, —m, <m,, and
4ar, > K[ (,—m,)+ae—m,], then there are no closed orbits. This procedure
can also derive our theorem while it is uncomplicated but tedious.

Corollary 1. If E. is asymptotically stable, then combining with conditions
in theorem 8 or9, E. Iis globally asymptotical stable.

Remark. See reference [18] for the above corollary.

Theorem 10. If X, >a and the equilibrium point E. is unstable, then sys-
tem (1) has limit cycle(s).

_axy

Proof We see that L =——"22 <0 with y>0. Thus the straight line
a+x,

X=Xp
X=X, is an untangent line of the system (37). Taking the Dulac function
W(X,y):ex+ y—1, where 1>0 is sufficiently large, and computing w=0
along the orbits of Equations (37), we derive
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dw

E:_mZ(I —ex)—d(l —ex)2 +erlx(1—KiJ—emlx<O,

1
where 0< X< X,. For this system, we can construct a Bendixson ring including
unstable singular point E.. By the Poincare-Bendixson theorem, system (37)

has at least one limit cycle in the first quadrant. This completes the proof.

4. Bifurcation Analysis
4.1. Transcritical Bifurcation

Without loss of generality, denoting the system (1) as
X
(y]: f(xy). (39)

Firstly, by fixing values of all the parameters and varying the bifurcation pa-
rameter M, we observed that the two equilibrium points E; and E, collide
with each other as m, cross the critical value m; =r,. Thus, there is a chance of

bifurcation around this point E.

Theorem 11. The system (39) undergoes a transcritical bifircation around
E, when the parameters satisfy m, = ml[TC] =r.

Proof For the Jacobian matrix at E;, we have eigenvectors v and w corres-
1
ponding to matrix J (EO) and its transpose, respectively: V= W:[Oj . Then

the following transversality conditions are hold:

0
i (E,m™) =1 0) |=0,
w ml( oM ) ( )(Oj

w' [Dfml (EO, m/™] )v} =(1 0)(_01j =-1=0, (40)

WT|:D2f(EO,mPC])(V,V)]z(l 0) a =—%¢O.
0

Clearly, one of the eigenvalues of the Jacobian matrix J(E,) is zero and the
other is negative. From the Sotomayor’s theorem( see [19] [20]), the system (39)
undergoes a transcritical bifurcation around E; at m, = ml[Tc]. This completes
the proof.

Here we take a as bifurcation parameter for the consideration of J(E,).

Theorem 12. Assume that the parameters satisty conditions for the existence
of E, and m, <, then the system (39) undergoes a transcritical bifurcation

around E, when the parameters satisty.

(ae—m,)x,
m,

a=a"l = (41)

Proof. For the Jacobian matrix at E,, we have eigenvectors v and w corres-
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ponding to matrix J(E,) and its transpose, respectively: v=|m —r, |,

w= [gj . Then the following transversality conditions are hold:

w'f, (Eo,a[Tc] ) =(0 1)(8) =0,

WT[Dfa(Eo,a[TC])vJ:(o 1)e m =l (1j— M=k Lo (2

(a4, )\ _E(a[T°]+xz)
e e v
2

It is clear to see that one of the eigenvalues of the Jacobian matrix J(E,) is
zero and the other is negative. From the Sotomayor’s theorem, the system (39)
undergoes a transcritical bifurcation around E, at a= al™l This completes
the proof.

4.2. Hopf Bifurcation

We choose parameter d as a bifurcation parameter. Assume that the parameters
satisfy conditions for the existence of E. and

g2 x| afeax (43)
(a+x) Ky \y(a+x)

Define A(d)=u(d)=*iv(d) as a pair of purely imaginary eigenvalues of
matrix J(E.), where u(d)=A/2. It is clear to see that, if following condi-
tions holdat d =d[": A =0, A, >0, and transversality condition

u'(d)

@’ +(Kae+4rx)a? +(56x2 + Ka(ex. — . ))a+2rx |a
=y[ 1(1 1) (1 1( y)) 1:| 0, (44)

2(a+ x*)[—(a+ X )(—Kyay. +a’n + 2anx, +6x¢ )d - Klaaze]

for instance, x?>K,ay.. Then E. changes its stability through Hopf bifur-
cation threshold the critical value d =d!"].

Theorem 13. Assume that the parameters satisty conditions for the existence
of equilibrium E., the condition (43) and the transversality condition (44), then
the system (1) undergoes a Hopf bifurcation around equilibrium E. as para-
meter d passes through the bifurcation value d ]

We will calculate the first Lyapunov number o at the point E,. of the sys-
tem which is used to determine the stability of limit cycles around Hopf bifurca-
tion. Therefore we first translate the point E. to the origin by a non-singular
linear transformation X=X-X., ¥ =Y — V., then the system (39) in power se-

ries around the origin(drop the hats for the sake of convenience as usual) is:
X = 80X+ 8, Y + 85X + 8y, XY +8g, Y7 + 85X 8, X7y + 8, XY +8g,Y° + R (X Y),
Y = by X+ by, y +byoX? 41y, Xy + by, ¥ + by X + by Py + by, Xy + by + F, (X, ),
(45)

DOI: 10.4236/jamp.2020.83042

542 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.83042

S.T.Wangetal.

with coefficients

__fx axy. __ax
K (arx) T arx
r, ay. aX.Ys aa
a, — -1 - 2, =0a,=-—22
277K @) (@ex) E UM @y
ay.a aa
Ay = _—(a +yx 5 ,a,=0,a,=0,a, :—(a ) )3; (46)
aey.a aey.a aea
by :—yZ’bm =—dy., by :_—ys’ ey =—d, by =———,
(a+x.) (a+x.) (a+x.)
aey.a aea
by :—ya’boa =0b, =0,by =——.
(a+x.) (a+x.)
and smooth functions Fl(X,y):ZI+J 4auX y' and

Fz(x,y)zzI+J 4b yj. From [19] [21], we know that the first Lyapunov

number for a planar system is given by

3n

o= —%—Ag/z{[amblo (3121 +ayby, + aozbn) + 8,8y, (b121 +ayb, + ailbOZ)

+ by (83,80, + 2800, ) — 28,00, ( azoaoz) — 28,58y, (ago - bzoboz) (47)
agl (zazobzo + bubzo) (am 01 2310 )(bnboz — 83,8y )J
- (3120 + amblo )[3(b10b03 - a'loaso) +2ay, (an + blz) (b10a12 89y 21)]}

By computing the first Lyapunov number at the point E., we will know that
the Hopf bifurcation is supercritical and limit cycle(s) is(are) stable if o <O0;
the Hopf bifurcation is subcritical and limit cycle(s) is(are) unstable if o>0.
Hence we have to give the following numerical simulations in the next section,

since the above expression is much too complicated.

5. Numerical Simulations and Conclusions

In this section we numerically give simulations of dynamical behavior between
the prey and predator. In order to verify the feasibility and correctness of the
theoretical derivation results, we will give some numerical simulations with a
control parameter d and take =06, K, =20, «=05, a=15, m =02,
m,=0.06 and e=0.6. Thus, when d =0.05, the equilibrium point E, is
(2.898588, 2.753889), then we can verify that the values of these parameters can
meet theorem 7, which means that the equilibrium point E, is globally asymp-
totical stable. The time series diagram and phase diagram of the system (1) can
be seen in Figure 1. It is easy to see from Figure 1 that the population x and y
are permanent and can approach a fixed value respectively. These results dem-
onstrate that the system (1) is permanent and the equilibrium point E. is glo-
bally asymptotical stable.

To investigate in detail how the control parameter affects the dynamical beha-
vior of the system (1), Figure 2 and Figure 3 depict the time series diagram and
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Figure 1. (a) Time series diagram of population x; (b) Time series diagram of population
7 (c) Phase diagram of population xand y.
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Figure 2. (a) Time series diagram of population x; (b) Time series diagram of population
7 (c) Phase diagram of population xand y; (d) Enlarged phase diagram of population x
and y.

phase diagram of the system (1). On the basis of theoretical derivation and nu-
merical calculus, the critical threshold of the control parameter d is approx-
imately 0.04910. When the value of the control parameter d is greater than
0.04910, the other solutions of the system (1) can gradually converge to the
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Figure 3. (a) Time series diagram of population x; (b) Time series diagram of population
7 (c) Phase diagram of population xand y; (d) Enlarged phase diagram of population x
and y.

equilibrium point E., which means that the equilibrium point E. is asymp-
totical stable; this result can be seen in Figure 2 with d =0.04915. When the
value of the control parameter d is less than 0.04910, the other solutions of the
system can gradually converge to a limit cycle, which implies that the Hopf bi-
furcation occurs in the system (1), and this result can be seen in Figure 3 with
d =0.04905 . At the bifurcation parameter d"! ~0.0490796, the first Lyapu-
nov number o <0, thus the Hopf bifurcation is supercritical and a limit cycle
generated by the critical point is stable.

Based on mathematical theory derivation and numerical simulation analysis,
it is successful to show that dynamical behavior of this certain predator-prey
system mainly depends on some critical parameters and relationships. Then, it is
particularly significant to point out how the control parameter d affects the
complexity of the system (1), which can lead this predator-prey system to
emerge Hopf bifurcation. Moreover, these results also show that some control
parameters can directly or indirectly affect the dynamic complexity of our pre-

dator-prey system.
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