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Abstract 
In this paper, the effect of injected energy on low energy single longitudinal 
mode (SLM) pre-lase Q-switched is analyzed and the optimization procedure 
is shown in detail. Here, taking the Pr:YLF laser as an example of low energy 
laser, and the parameters of Pr:YLF laser by using pre-lase have been shown. 
Compared with normal Q-switched laser, the single pulse energy reaches 
60.16% and the pulse width exceeds 39.73% when the same maximum energy 
is injected and SLM is achieved in pre-lase. The analysis results show that 
pre-lase is suitable for low energy laser to obtain SLM and there be an optimal 
performance to achieve the optimal energy output. 
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1. Introduction 

The efficiency and energy of SLM is a primary problem which has limited the 
application of Q-switched laser in many fields for a long time. Especially when a 
low energy laser is tried to modulate to be SLM, the output energy often couldn’t 
be measured and used. In fact, people often gets SLM Q-switched laser by three 
methods: 1) Introducing some devices to increase the loss among different 
modes and keeping central mode have the lowest loss [1] [2] [3] [4] [5], the cen-
tral mode would survive and other modes would disappear after the initial oscil-
lation. The device which controls the loss of different modes can be designed 
and applied simply, and it is usually used in high energy laser to get SLM be-
cause the loss of the device is too high to get the output energy remain a lot. 2) 
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Extending the stage at which the different modes begin to compete [6] [7] [8], 
then central mode would get the maximum gain than the others, because the 
single trip gain of central mode is higher than other modes. The time of extend-
ing stage is limited by the gain identification. It is not fit for some high energy 
laser to get SLM, because the gain identification is effected greatly by injected 
energy. 3) Creating a high quality laser as a seed laser and coupling the seed laser 
into the another laser instead of initial noise [9] [10] [11], then the SLM laser 
also could be obtained. The defect is that two lasers are needed at least and the 
design of coupling device is required strictly which tremendously limits the 
practical application. In fact, people often gets SLM by combining multifarious 
ways when the injected energy is enough high [12], and pre-lase is an effective 
way to get SLM laser if the energy of original laser is limited by the existing 
technology. 

Pre-lase is a combination technique of the method (2) and (3) by which the 
SLM laser can be obtained. After the pump energy is injected, the procedure of 
pre-lase can be described as below: First, the loss of Q-switched is reduced to a 
low value instantly and the seed signal is produced, then the seed signal begin to 
oscillate and different modes begin to compete in the steady-state in which the 
mode competition starts. Finally, the central mode survives and other modes 
disappear after the oscillation. Switch the loss to be zero, and then the SLM pulse 
will come into being. Pr:YLF laser is a new type laser and the abundant wave-
lengths (479 nm, 522 nm, 607 nm, 639 nm, 747 nm can be acquired directly, and 
304 nm, 374 nm can be efficiently obtained after the double-frequency) attract 
many scientists to pay attention [13] [14] [15] [16], but the application of Pr:YLF 
laser is limited by the low energy. So, it is necessary to do the research on how to 
make the Pr:YLF laser turn into SLM. In this paper, the optimized parameters 
and the best output characters are shown when the injected energy is changed 
and the maximum energy is reached. After the calculation and analysis, the re-
sult shows that the output characters of pre-lase Q-switched can be close to the 
normal Q-switched and superior to the other ways of obtaining SLM when the 
energy of laser is limited by the existing technology. 

2. The Model of Gain Identification 

In fact, pre-lase is a technique in which the seed signal (The quality of seed sig-
nal is not as good as the pure seed laser, but it is much better than the noise) can 
be produced by itself and central mode can be amplified to a maximum value 
after the oscillation. In the whole pre-lase process, there are three parts need to 
be considered: the gain identification, the optimization of mode competition and 
the output process. 

Here the model of gain identification is established and analyzed. Firstly, the 
threshold inversion population and threshold value can be obtained from the 
four-level rate equation [17]: 

2σ
∆ =t

Ln
l

                            (1) 
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where 0.04=L  is the optical loss of round trip, 19 21.4 10σ −= × cm  is the 
cross-section of the central mode (607nm) in the Pr:YLF laser, 9=l mm  is the 
medium length, 146.76 10= ×v HZ  is the frequency of central mode,  

300µ=r m  is the radius of oscillating beam cross-section, 0 1η =  is the effi-
ciency of the pump, 346.62617 10−= × ⋅h J s . 

Set the Q-switched loss and steady-state loss =xL XL , =kL KL . The inver-
sion population at and after the Q-switched can be given respectively:  

= ∆x tn X n , = ∆k tn K n . While the loss changes slightly and the seed signal 
produces, the inversion population consumed by seed signal can be described as 

( )0∆ = − ∆ tn X K n . ( 1− <X K , if 1− >X K , the laser would be produced and 
the seed signal would disappear.)  

When the loss is switched to xL , the full width at half maximum (FWHM) of 
the seed signal oscillation can be given: 

0
2 22

22 2

∆
=

∆ ∆∆    +        

t

s DD

n n
v vv

                    (3) 

Settling the Equation (3) and the simplified result is shown in Equation (4): 

1∆ = − ∆s Dv X v                          (4) 

The spacing of two adjacent longitudinal modes ∆v  which is decided by the 
specified length resonant cavity also can be obtained: 

( )02
∆ =

 ⋅ + − 

cv
l n l l

                      (5) 

where 100∆ =Dv GHZ  is the FWHM of Pr:YLF spontaneous radiation, ∆ sv  is 
the FWHM of the seed signal oscillation when the system is at the state of  

Q-switched, the number of longitudinal modes can be described as ∆
=
∆

sv
N

v
 

(N should be positive integer), 1.45=n  is the refractive index of Pr:YLF crys-
tal, 0 20=l mm  is the length of resonant cavity.  

Pr:YLF laser is the solid laser which belongs to the homogeneous broadening, 
introduce the atomic linear function of homogeneous broadening: 

( )
12

20
0( )

2 2π

−
 ∆ = − +  

   
� sg v
g v v v                 (6) 

where ( )�g v  is the gain of different modes, 0g  is the gain of central mode 
which is decided by the characters of the laser. The center mode and the adjacent 
mode almost occupy the gain much more than others at the stage of the compe-
tition, so the gain of the other mode can be ignored. The ratio of the gain differ-
ence between adjacent mode 1v  (there are two symmetrical modes nearby the 
central mode, and take one as an example) and central mode 0v  which is the 
gain identification can be obtained from Equation (6): 
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Substituting Equation (4) into Equation (7), we can get Equation (8) which 
shows the relation between the injected energy and the gain identification: 
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According to Figure 1, it can be known that gain identification becomes 
smaller when the injected energy increases. The root cause is that the increased 
FWHM would arouse more longitudinal modes, and the distribution of energy 
among different modes becomes to be much uniform. It means that the central 
mode would have seriously encroached and the SLM would be failed. It is the 
main reason that the high energy laser is limited to get SLM, the gain difference 
cannot be modulated artificially and SLM requires the gain or loss between dif-
ferent modes high enough. Finally, some scientists found a simple way to get the 
SLM laser that introduces some device to make different modes own different 
losses, and it can be controlled easily. If the energy of the laser is high enough, 
SLM laser can be acquired simply. While the energy of the laser is low and the 
loss device is introduced, the SLM laser would be too weak to be detected [18]. 
So, it would be better to get the SLM without any loss device when the energy of 
the laser is low.  

Pre-lase is a high-efficiency way of obtaining the SLM in low energy laser, but 
it is limited by the ratio of gain between central mode and adjacent mode. If the 
ratio of gain is high enough, the gain of a single trip will be higher and the num-
ber of the round trip will decrease which leads less time cost on the stage of  
 

 
Figure 1. The relation between the ratio of the gain identification and the injected energy 
is shown. 

https://doi.org/10.4236/jamp.2019.712207


W. C. Dai et al. 
 

 

DOI: 10.4236/jamp.2019.712207 2972 Journal of Applied Mathematics and Physics 
 

mode competition. In contrast, the time cost on the stage of mode competition 
will be more. While the time cost is longer than the lifetime of spontaneous 
emission, the spontaneous emission will get the leading and the energy of the 
central mode will decrease rapidly. The ratio of gain between central mode and 
adjacent mode decides the whole process of pre-lase, so to speak. 

3. The Model and Optimization of Competition 

When the seed signal starts to oscillate instead of the noise, there are two 
processes that have happened at the same time. The first process is the compe-
tition of the whole system in which the central mode, other modes and the loss 
of round trip consume the inversion population of the whole system collec-
tively. The second process is the competition among different modes in which 
the central mode gets more energy than other modes and the SLM laser is 
achieved. 

3.1. The Model of the Whole Competition 

In the first process, the seed signal is amplified and the central mode consumes 
the most inversion population. Or more accurately, it is again optimization 
process in which the inversion population of central mode consumed by central 
mode should be equal to the inversion population offered by the whole system, 
finally, the central mode gets the maximum inversion population. 

The inversion population of the whole system is distributed to three aspects, 
most are consumed on gaining the central mode, a part is consumed on the oth-
er modes and another part is used to overcome the loss of round trip. If the time 
cost on the competition of the whole system extends, the central mode will get 
the more inversion population and the stability of SLM will get better, but the 
loss of round trip will be higher. The time cost on the competition should be less 
than the spontaneous emission lifetime because the spontaneous emission in-
fluences the stability of the SLM seriously. Here the time cost on the competition 
is set as a limited value 35.7µ=t s  (which is the spontaneous emission lifetime 
of Pr:YLF.). The model of optimization will be established in order to ensure the 
competition carries on adequately. 

Firstly, at the stage of Q-switched which is also the initial moment of the 
competition, the gain of single-trip can be described as follows [19]: 

( )exp 2σ= n xG n l  

When the competition just finishes, the loss should be equal to the gain in the 
single-trip:  

( )exp 2σ= =k k n kL G n l  

The inversion population consumption of the central mode is generated by 
the oscillation and amplification of the seed signal at the competition stage, and 
it can be obtained: 

https://doi.org/10.4236/jamp.2019.712207


W. C. Dai et al. 
 

 

DOI: 10.4236/jamp.2019.712207 2973 Journal of Applied Mathematics and Physics 
 

1
2

0
1

 
 ∆  = ⋅      

q

k

n Gn
N L

                      (9) 

where ( )

1
2

σ − ∆ 
= 
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 is approximate to gain factor of a single trip, 0∆n
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is the inversion population of central mode in the original seed signal, 
02
⋅
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is the number of circulation. 
The inversion population which can be supplied to the center mode by the 

whole system is given:  
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In Equation (10), kn  is the total gain inversion population provided by the 

system, 0p , 1p  are the power of central mode and adjacent mode, 0

1

10≥
p
p

 is 

the precondition of SLM, suppose 0

1

10=
p
p

 and the SLM is just achieved,  

0

0 1

5
2 6

=
+
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p p
 is the factor of mode discrimination, 

1
2 

 
 

kL
G

 is approximate to 

loss factor of single-trip. There is the relation between 1n  and 2n  in the process 

of oscillation, the efficiency of effective gain 1

2

η =
n
n

 can be obtained as the Eq-

uation (11) shown:  

( ) ( )
0

6
exp 1

5
η σ

 −  
= ∆ − +  ⋅    

n

X K lnct X K
N K l

           (11) 

Here, take X = 2 as an example. After the oscillation, the inversion population 
of central mode and offered inversion population by the whole system can be 
shown in Figure 2. 

The optimization process can be clearly acquired from Figure 2, the inversion 
population consumed by the central mode and the inversion population offered 
by the whole system decline when the loss of competition increases gradually. 
When the loss of competition gets to be a specific value which is shown in Fig-
ure 2, the value of 1n  gets to be equal to 2n  and the specific value is the ex-
treme value. The population inversion consumed by the central mode will be 
more than the population inversion offered by the whole system if the extreme 
value is not reached, and the actual gain is the population inversion consumed 
by the central mode. If the extreme value is exceeded, the inversion population 
consumed by the central mode will be less than the inversion population offered 
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by the whole system and the actual gain is the inversion population offered by 
the whole system. It is easy to see that the best optimization of central mode will 
be realized when the value of effective gain η  gets to be 1.  

After the above process, the relation among the injected energy, actual gain of 
central mode and loss set at the stage of competition can be obtained by the iter-
ative computations which are shown in Figure 3. 

From Figure 3, it can be seen that the actual gain of central mode could be 
changed nearly-linear when the injected energy increases and the loss at the 
stage of competition gets to be adjusted nearly-linear. It can be found the curve 
of the actual gain of central mode and the loss at the stage of the competition are 
not parallel and the slope of the loss at the stage of the competition is higher 
than the actual gain of central mode. 
 

 
Figure 2. The optimization of the central mode is shown. 

 

 
Figure 3. The relationamong the injected energy, actual gain of central mode and loss at 
the stage of the competition is shown. 
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For normal Q-switched laser, the loss at the Q-switched decides the gain of 
the laser and the curves of them are coincident. It is the main difference between 
normal Q-switched and pre-lase Q-switched, and the phenomenon is inevitable. 
The reason is given: The loss at the stage of the competition in pre-lase 
Q-switched have the same effect as the loss at the stage of Q-switch in normal 
Q-switched, but an extremely short time costs in the pre-lase Q-switched to keep 
the mode competition. In extreme time, the part of the inversion population is 
consumed by the loss of round-trip and the other modes, and the curve gets not 
coincident. Another thing to mention is that the number of longitudinal modes 
will increase and the strength of the initial central mode in the seed signal will 
decrease when the injected energy increases. Therefore, the central mode could 
not be amplified at the same rate as the injected energy increases after the oscil-
lation and amplification. That is why the growth rate of the actual gain of central 
mode is inferior to the loss on the competition stage.  

3.2. The Model of the Mode Competition 

Next, the process of competition between the central mode and adjacent mode 
should be discussed and the fundamental theory shows the power ratio of dif-
ferent mode: 

0

1

2
0 0

2
1 1

σ

σ

   
= =    

  

k

k

q qn l

n l

P LeS
P Le

                   (12) 

In the Equation (12), 0L , 1L  are the loss of central mode and adjacent mode 
respectively, and 10≥S . It can be seen that the SLM can be obtained by con-
trolling the loss or extending the time cost during the competition. If the loss 
device is introduced, the output energy should be influenced and fall off. So it is 
better to obtain SLM by modulating the time and avoid adding any loss devices 
in the low energy laser. As we knew, the stimulated emission cross-section 0σ , 

1σ  are proportional to the gain 0g , 1g , then the Equation (13)can be obtained 
by combining Equation (8) and Equation (12): 

2

0

1exp 1
4

σ
  ∆−  = + − ∆    ∆    

D
n

vX lS c K ntlv
         (13) 

Substitute the optimized loss of competition K and the injected energy X (The 
optimized parameters are shown in Figure 3) into the Equation (13), then the 
injected energy and the power ratio of central mode and adjacent mode can be 
shown in Figure 4.  

Figure 4 shows the relation between the power ratio of different modes and 
injected energy. In fact, the power ratio of different mode decides the stability of 
SLM. It can be found that the SLM could be realized when the injected energy 
reaches to 3.25 times of threshold energy. If the injected energy is exceeded, the 
power ratio of central mode and adjacent mode will be less than ten and the 
SLM modulation will fail. 

At last, the output characters can be acquired by J.JOHN’s theory [20]: 
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( )1 ln
2σγ

= − −
AhvLE z z                       (15) 

2 ln
1 11 1 ln
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 =
  − −  − −      

p
l z

cL z zz
z z z z

               (16) 

where the value of Z is multiple of threshold which is equal to n0, 2π=A r  is 
the laser beam cross-section, 300µ=r m  is the radius of cross-section, T is the 
optimum transmittance, E is the single pulse energy, τ p  is the pulse width. 
Then the output characters of normal Q-switched and pre-lase Q-switched can 
be respectively computed and shown in Table 1 when the ultimate energy  

585µ= ⋅ =pump tE X E J  is injected. 
From Table 1, it can be seen that the output characters decline when the 

pre-lase technology is applied. The reason for the phenomenon can be given as 
follows: In the normal Q-switched, all of the population inversion is used to 
produce the pulsed laser. But the whole population inversion is distributed in  
 

 
Figure 4. The relation between the injected energy and power ratio of the different modes 
is shown. 
 
Table 1. The comparison between normal Q-switched and pre-lase Q-switched when the 
ultimate energy is injected.  

Different 
Q-switched 

K (L) 1t  (μs) Z ( ∆ tn ) T (%) E (μJ) τ p  (ns) 

Normal 
Q-switched 

- - 3.25 3.57 141.64 10.87 

Pre-lase 
Q-switched 

3.14 35.7 2.6 2.66 85.209 15.189 
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several ways, and the consumption of population inversion is very considerable 
in the pre-lase. So, it is necessary to optimize the population inversion distribu-
tion and the optimized output characters are more close to the normal 
Q-switched. 

4. Discussion and Conclusion 

In this paper, pre-lase technology is applied to low energy Pr:YLF laser to get ef-
ficient SLM laser. It is proved that the output characters are greatly influenced 
by the injected energy and pre-lase is an efficient method for low energy laser to 
obtain SLM. After our calculation and analysis, the single pulse energy is, opti-
mum transmittance is and pulse width is when the injected energy reaches the 
ultimate value and the SLM is just achieved. Finally, the most noteworthy is that 
the optimization method can be used in the lowest energy solid laser to obtain 
efficient SLM through the simple control of the loss and avoid introducing any 
extra loss devices. 
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