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Abstract
Combinatorial methods are used to give specific mathematics, and the proof of
combinatorial identities is the hot spot research of combinatorial mathematics.
Binomial coefficients play an important role in the fields of physics, mathematics and computer science. In variances of rotation and reflection is the core
characteristic for combinatorial systems. This paper uses different parameters
to form reflection, rotation and specific features by using variant construction
model and method, meanwhile the quantitative distribution characteristics of
binomial coefficient formula are analyzed by three-dimensional maps. Using
variant construction, the combinatorial clustering properties are investigated
to apply binomial formulas and sample distributions, and various combinatorial patterns are illustrated. It is proved that the basic binomial coefficient
formula and its extended model have obvious properties of reflection and rotation invariance.
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1. Introduction
There are one-to-one relationships between binomial coefficients and PASCAL
triangles. Mathematicians from ancient to modern are deeply interested with
them from the angle of in variances [1]. Using visual technology of computer
graphics and image processing, data streams are transformed into graphics or
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images as maps that could be displayed on the screen, and then various theory,
method and technology are developed for interactive processing [2].
The resulting distribution with the family of that binomial formula and its extended model contain obvious invariant properties of reflection and rotation in
the paper. It is expected that this kind of invariant formula can be closely associated with the invariant properties in quantum mechanics, classical physics,
mathematics, computer science and convolutional neural network, which could
be helpful to explore the optimization research of various applied computing
methods [3].

2. Theoretical Basis
2.1. Binomial Coefficient and Combinatorial Number
Binomial coefficient [4]: or combinatorial numbers, is defined as, the m-th coefficient of expanded x (Where n is a natural number and m is an integer).
Combinatorial number [5]: the number of all combinations of m (m ≤ n) elements selected from n different elements. It means the number of combinations
of m elements from n different elements on the symbol expressed [6].

2.2. Variant Construction
The variant construction [7] proposed in 2010 is composed of three parts: variant logic, variant measurement and variant map. Variant logic is a new logic
system based on 0 - 1 vector model.
Based on the traditional vector state, the system extends its phase spaces using
two kinds of vector operations: permutation and complementarity. The n logical
function space is extended from a traditional function space to a functional configuration space by two extended logic operations.
Variant measurements and variant maps have been applied to different problems, including classical cryptographic sequence analysis, quantum cryptographic
sequence detection, chromosome whole gene sequence illustration, electrocardiogram signal detection, bat signal processing and other applications [7].
This paper focuses attention mainly to extend a basic binomial formula in variant measurement [7].

2.3. Reflection and Rotation Invariants
The reflection transformation [8] is one significant part of conversion in the
Euclid plane geometry. The axial reflection on the plane and the mirror reflection are both called the reflection transformation [9].
Rotation invariant [10]: After the center coordinate is determined, the rotation operator rotates 360 degrees to coincide with the original image in the Euclid plane geometry. Meanwhile, the 90-degree rotations are most common in the
discrete geometry applications. The rotation operation in this paper is limited to
the 90 degree rotation and does not involve other rotation operations at any angle.
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3. Process Flow
Derive from Binomial Coefficient Formula
Ordered structure of four measures: {a, b, c, d} in the monograph on variant
constructions [7] pages 39-50. There are 192 different ways of representing
structures under both permutation and combination. Any one of arbitrary
structure corresponds to a set of binomial coefficients.

 m − p  p 
In this paper, the binomial formula f ( m, p, k ) = 
  is selected,
 k  k 
and the value range is 0 ≤ p ≤ m; 0 ≤ k ≤ p; k ≤ m − p.
According to the binomial coefficient formula, multiple steps of transforma-

tions on different values contain various features of reflection and rotation invariances. Different binomial coefficient formulas are shown in four regions with
distinguished characteristics. On a set of four binomial coefficient formula, their
parameters and valued ranges are different. The transforming process for the
four Zones {I, II, III, IV} is shown in Figure 1.
The Zone I can be calculated from the formula. Range of Zone III can be carried out by reflecting binomial coefficients of corresponding positions in Figure
2. To simulate this type of reflection effects on the Zone III, the formula f3 can
be applied.

Figure 1. Process flow on a set of binomial coefficient formula.

Figure 2. Conversion process of reflection and rotation from binomial and extended
formulas.
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Because of reflection and rotation invariance between Zone I, III and Zone II,
IV, rotated from Zone I, III to Zone II, IV. The binomial coefficients of the four
regions are symmetric with the diagrams on m − p = k and p = k.
In Figure 2, the four Zones and their relevant positions are systematically illustrated. Formula for each Zone and corresponding parameters are listed as
follows.

 m − p  p 
1) f ( m, p, k ) = 
  , 0 < p < m; 0 < k < p; k < m − p;
 k  k 
 m − k  k 
2) f3 ( m, p, k ) = 
  , 0 ≤ k ≤ m; 0 ≤ p ≤ k; k ≤ m − p;
 p  p 
 k  m − k 
3) f 2 ( m, p, k ) = 

 , 0 ≤ p ≤ m; 0 ≤ k ≤ p; k > m − p;
 m − p  m − p 
 p  m − p 
4) f 4 ( m, p, k ) = 

 , 0 ≤ k ≤ m; 0 ≤ p ≤ k; k > m − p.
 m − k  m − k 

4. Further Results
In three-dimensional representation:
The distribution of different values is analyzed and discussed visually by using
the measurement diagram in the combinatorial coefficients.
Applying the function f1 m = 11, a total of 42 points are in the region of 12*12
shown in Figure 3(a) and Figure 3(b) and the distribution presents symmetric
features. The color increases from blue to red. It can be clearly observed that
there are two points at the highest level, the tangent values are equal, and there is
no highest point in the top view Figure 3(a). Therefore, top view Figure 3(d)
shows the distribution of the highest points.
When m = 11 and m = 10, the three-dimensional visualization results of function f1 are shown in Figures 3(a)-(d).
For Zone II, m = 11 and m = 10 as examples to compare the coefficient distribution by the rule of odd-even after reflection binomial formula.
Finally, for Zone II and IV, rotation effects are illustrated by the extended binomial coefficient distributions shown in Figures 4(a)-(d) through f2 and f4, as
the rotation of f1 and f3 functions on rotation invariant.
There is no vertex at the top of the triangle on the top view, and the highest
value is represented for two numerical points when m is odd. The top view triangle has the highest vertex when m is even.

5. Conclusion
It is a novel approach to explore rotation and reflection patterns using the four
binomial coefficient formulas to show their coefficient distribution characteristics
as reflection and rotation transformations. It is important to distinguish reflection
and rotation characteristics from the selected coefficient binomial formulas and
sample distributions following the condition of parameter transformations on
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(a)

(b)

(c)

(d)

Figure 3. Three dimensional maps of initial binomial coefficient formula (a) m = 11 in front view; (b) m = 11 in top view; (c) m =
10 in front view; (d) m = 10 in top view.

(a)

(b)

(c)

(d)

Figure 4. Three dimensional maps of the four Zones (a) m = 11 in front view; (b) m = 11 in top view; (c) m = 10 in front view; (d)
m = 10 in top view.

odd and even numbers. A series of sample results are illustrated to explore the
potential expansion ability of variant constructions to form a set of new binomial formula. It lays a theoretical foundation for the basic and applied research on
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big data analysis and simulation targets with complex combinatorial measurements in the future.
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