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Abstract

In this paper, the problem of dynamic event-triggered impulsive control for a
class of nonlinear systems is studied. Based on the input-to-state stability re-
sults of nonlinear systems, a dynamic event-triggered control strategy is de-
signed to stabilize the nonlinear system, and the lower bound of triggering is
set. By using Lyapunov method, a sufficient condition for the stabilization of
nonlinear systems is obtained. The conservation of the original theorem is
maintained while the number of transmissions is greatly reduced. Numerical
simulations show the effectiveness of the theoretical results.
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1. Introduction

As a new control method, the idea of event-triggered control is to design the trig-
ger time and trigger conditions according to the characteristics and purpose of the
system, and establish the event-triggered mechanism. When each trigger is trig-
gered, the controller is activated to perform the task. The difficulty lies in the bal-
ance between the design of the trigger condition and the control task. The event-
triggered mechanism makes it easier to find control time and save energy than
time-triggered control. The event-triggered control mechanism not only opti-
mizes the resource utilization system, but also saves signal transmission resources
and data computing resources. It is an efficient control method. At present, event-
triggered control has been widely concerned and applied to various systems, such
as general nonlinear systems [1] [2], networked control systems [3] [4], multi-

agent systems [5]-[7] and so on. Dynamic event-triggered control can save more
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energy. Therefore, it is of great significance to study the event-triggered control
method.

Impulsive system is a special hybrid system, including a given impulsive crite-
rion [8] and an ordinary differential equation. It has a wide range of applications
in many fields, such as robot design engineering, ecological system engineering,
network communication engineering, aerospace engineering [9]-[19]. Generally
speaking, pulse effect includes pulse control and pulse interference. Impulsive dis-
turbance usually contains unstable pulses, which tests the robustness of the sys-
tem; Impulsive control usually includes stable impulses, and the stabilization of
the system is considered. Pulse control is a discontinuous control, which can not
only improve the confidentiality, save the control cost, but also enhance the ro-
bustness of the system. Impulse control is involved in many fields, such as money
supply control in aviation financial market, celestial orbital adjustment, commu-
nication security and chaos synchronization. In recent years, scholars from many
different fields have devoted themselves to using impulse control when studying
the stability of the system.

The combination of dynamic event triggering control [20] and pulse control is
dynamic event triggering pulse control. rzén proposed the concept of event trig-
gered control [21]. Professor Tabuada proposed the event triggering strategy for
nonlinear control systems. Professor A. Girard proposed a dynamic event trigger
mechanism. Professor Li proposed event triggered pulse control [22]. These doc-
uments ensure the feasibility of this study.

In this paper, the dynamic event triggered control of nonlinear systems is stud-
ied. The control mechanism of dynamic event trigger pulse and dynamic variable
parameters are designed. Considering the problem of frequent trigger, the lower
bound of trigger time is set. The final data simulation shows that the transmission
times of dynamic event triggering mechanism is much lower than that of static
event triggering mechanism.

Notations. Let N be a positive integer set, R be the set of real numbers,
R" be the set of nonnegative real numbers, and R be the n-demensional real

space equipped with the Euclidean norm denoted by

. For a locally Lipschitz
continuous function V:R" —R", D'V denotes the upper right-hand Dini
derivative. A>0 denotes that A is a symmetric and positive definite matrix.
A<0 (A<Z0) denotes that A isa symmetric and negative definite (semi-defi-

nite) matrix. | is the identity matrix with appropriate dimensions.

2. Preliminaries

Consider the following control system with time delay:
{)‘((t): f(t,x)+Bu(t), t=t, "
X(t) =%,
where x(t)eR" is the system state; B € R™™ is the control gain; both

f:R"xR" - R" and the control input u:[t),0) > R" satisfy
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f(t,0)=u(0)=0 so that the system (1) admits the trivial solution. In this study,

we consider the hybrid impulsive control
u(t)=u, (t)+u,(t),
with the state feedback control.

u, = kx(t), 2)

where k:R" — R"™ is the feedback control law, and the impulsive control

uz(t):ig(x(t))é(t—si), 3)

=1

where g:R" — R" is the impulsive control law, &(-) denotes Delta dirac

function, and the sequence of imimpulsive times {s;},__

with s, < S; for i< j,and lim,__ s = .Hence, the closed-loop system (1) re-

-0 Tl

satisfies 0<t,<s,,

placed by (2) and (3) can be rewritten as an impulsive system
x(t)=f(t,x)+Bk(x), t=s,
AX(s;) = Bg(x(si’)), ieN (4)
X(ty) =X,

Definition 1. We refer the reader to [23] for a detailed discussion on transfor-
mation of control system (1) into impulsive system (4).

System is said to be input-to-state stable (ISS) with respect to input U, if there
exist functions feKL and y ek, such that, for each initial condition
X, € R" and input function UePC (['[0 , w),Rm ) , the corresponding solution to
(1) exists globally and satisfies

||x<t>||szf<xo,t-to>+y[ up ||u<s)||j.

Se[to ,t]

forall t>t,.
The relevant theorems can be found in the literature.
Theorem 1. Assume that there exist functions \V €V, and oy,a,, y €K, ,

and constants | >0, such that, for all te R*,xeR" and ¢, R",
(1) o ([x]) <V (tx) <, [¥])
(2) DV (t,x) <V (t,x)+ z(|Ju]).

Then system (1) is ISS.
To design the event-triggered implementation of U, , we consider system with

g =0 and state-feedback control as follows:

x(t)=f(t,x)+Bu,(t),
Ul(t)=k(x(ti)), te[twtiu) (5)
X(ty) = -

Let us define the state measurement error by

e(t) =x(t)—x(t)
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for te[t,t

t,,) with ieN,and then rewrite

uy (t) =kx(t;) =k (e(t)+x(t)), (6)
Substituting (6) into system (5) gives the following closed-loop system:

%(t)= T (t,x )+ Bk (e+x),
{x(to)=%. @

We make the following assumption on the control system (7).

Assumption 1. There exist functions V ev, and o;,a,, ¥y €K, , and con-
stants | >0 such that all the conditions of Theorem 1 hold for system (7) with
input U replaced with e.

It can be seen from Theorem 1 that Assumption 1 guarantees that closed-loop
system (7) is ISS with respect to measurement error ¢, and system (7) is GAS
provided ¢=0. Next, an execution rule is designed to determine the updated
time order {t}
after replacing U with ¢ isstill GAS. To do so, we restrict ¢ to satisfy

7 ([el) < o )

for some ¢ >0.Then the dynamics of V isbounded by

D'V (t,x)<-IV (t,X)+ oy (||x||) <—(1-o)V (t,x).

of the feedback controller u, so that the closed-loop system

This guarantees the control system (7) is GAS provided o <|. The updating

of the control input U, can be triggered by the execution rule (or event)

7 (l) = o ()

The event times are the instants when the event happens, that is,

tuy =inf {t=1 1 (t)+ 0o (X))~ 2 (Je) <0} (8)
{U(t) =—a(n(t)), fort=>t,
U(to) =10,

where ek and 6>0.

According to the control law (8), the control input is updated at each t; (the
error ¢ is set to zero simultaneously) and remains constant until the next event
time t.,, and then the error e is reset to zero again. Therefore, the proposed
event times ensures the GAS of control system (5).

Lemma 1. Let o be a locally Lipschtiz continuous K, and n, € R,,Then,
n20 forall te[0,x).

Definition 2. (Zeno Behavior). If there exists T >0 such that t <T for all
| e N, then system (5) is said to exhibit Zeno behavior.

To proceed, let us define a sequence of event-time candidate
t., =inf {t 2t |1(t)+0( 2 (Je]) - oo (X)) <O, 2t + h}. (9)

We let AX (ti+1) =Bg (Xi}l) when t,, =t, +h, and update the feedback con-

trol at each t

..1- According to the principle of event triggering (9), the system can
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be rewritten as:

() f(t, )+Bu1()
=k(x(t)). teft.t,)

AX(I+1) g( |+l) fti+1:ti+h’

X(t) =@

Theorem 2 will be given below to guarantee the system (10) GAS. To prove

(10)

Theorem 2 and Lemma 2 is given.
Lemma2. a(n)>kny and n,eR,. Then, 120 and
W(t)=V (t)+n(t)=0 forall te[O,oo).

Next, we prove Theorem 2.

3. Main Results

Theorem 2. Suppose that Assumption 1 holds on. For some h >0, the event
times {t,}  are created by event-triggered mechanism with positive constant
o<|.If t, =t +h, weassume there exist constants C satistying the following
conditions

(i) for te [t, ,tHl) D'V (t, x) <cV(t,x),

(i) a(n)Zkﬂ and n(tm)ﬁpn(t;l),
(iv) >exp and k>%.

Then the system (10) is GAS.
Proof. Condition (iv) indicates there exists a constant

0<A< min{l -0,k —%} such that

explr >l
PP

> exp(c+ﬂ)h.

Next, we prove that the inequality
1
W(t)=V (t)+n(t) < p(a2(||x0||)exp (0) 1ty )exp A0 ) (11)

holds at [to,ti) . But we must discuss it in two cases.
Case 1: When ty > 1, +h, the inequality (11) obviously holds at [t,,t, ). Easily
obtained

D'W=D' +75

s-(l—a)V—[k—%jn

<-AW
forall teft,t).
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Thus,
W(t)<(V(t,)+n(ty))exp™ (t=)

1
< p( (%] exp ) 477 (t, ) exp ) )

We prove that the inequality (11) holds at [ty,t,) in Case L.
Case 2: When t, =t +h, the inequality (11) also holds at [t,,t,). Easily ob-
tained
D'W=D"V +5
<cV —kn
<cw
forall teft,t).
Thus,

W(t)<(V (t)+n(t ))expc("“’)

Lo snfajo )

IA

We prove that the inequality (11) holds at [ty,t,) in Case 2.

Through the proof of two cases, we can get that the inequality (11) holds at
[ts.t,) . Now suppose that the inequality (11) holds at any te [tpfl,tp) where
P >1. That is, the inequality (11) holdsat te [to ,tp) where p2>1.

Then, we prove that the inequality (11) also holds at te [tp " +1) where
p =1. But we must discuss it in four cases.

Case I:When t =t ,+h and t , >t +h,we prove that the inequality (11)
holdsat te [tp ,tpﬂ) We can easily get

Wt,) < i(otz (%[ exp ) + 7 (1, ) exp ) ) P
el

= (@ ([xol)exp™ ") 4t )exp ")

and
D'W < -AW.
Thus,
W<W(t, )exp )

< (eabal)er ™ on(tJop ).

We prove that the inequality (11) holds at [tp t, +1) in Case 1.
Case2:When t =t ,+h and t,, =t +h,we prove that the inequality (11)

holdsat te [t t ) We can easily get

p'p+l
W(t,) < (a2 (%) exp™ ) 4 (t, Y exp™ “0))
and

D*W <.
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Thus,

W< W(t, )exp ™)

<W
<SW(, )lexp"("t")
P

e o ) (o).

We prove that the inequality (11) holds at [tp ,tpﬂ) in Case 2.
Case 3: When t >t _,+h and t , >t +h,we prove that the inequality (11)

holdsat te [tp ’tp+1) . Easily obtained

W)= l)ore ) (e oxs )
P

and
D'W <-AW.
Thus,
W< W(t, )exp )

< %(az (%] exp ) 4 7(t, )y exp ) )

We prove that the inequality (11) holds at |:t0’tp+1) .
Case4:When t >t _,+h and t ,
holdsat te [t t ) . Easily obtained

=1, +h, we prove that the inequality (11)

p’ p+l

W) < ey (x4t o)
P

and
D"'W<cW.
Thus,
W<W(t,)exp™ ™)
<W

1 _a(te
(tn);exp A(t=ty)

< %(az (%] exp ) 4 7(t, ) exp ) )

We prove that the inequality (11) holds at [tp ,tpﬂ) in Case 4.

Remark 1. Condition (i) describes the divergence rate of the V function.
Conditions (ii) and (iii) describe the pulse intensity. Condition (iv) gives the
corresponding parameter relationship. In the example, C is known, and the

pulse intensity can be designed after setting h . The dynamic parameter 77 The
pulse intensity of can be less than p, and finally only need to give the numerical

, the three less than the inequality should

k—% less than |-c and 7, <||x,

not be greater than the case, otherwise it may lead to slow convergence rate.

Dynamic event triggering mechanism includes static event triggering mecha-
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nism. When 7, =0, the dynamic event trigger mechanism is the same as the
static event trigger mechanism. The dynamic time trigger mechanism is unlikely
to produce Zeno phenomenon, because the dynamic variable eta is not equal
to zero, so it cannot be less than zero in a short time after the event is triggered,
but can only be strictly greater than zero. The dynamic event trigger control mech-
anism in this paper also includes the static event trigger control mechanism and
the dynamic time trigger control mechanism without pulses.

Corollary 1. If oy > ¢ |x

The proof of this theorem is simple and omitted.

", then the system (10) is exponential stability.

4. Application

Consider the control problem of the nonlinear system
X(t)= Ax(t)+ f(x(t))+u(t), t=p,
Ax(p,)=Cx(p;), ieN (12)
X, =X

where X (t) =[x (t), %, (t), X, (t)]T eR®, feedback control u(t)=Kx(t) with
control gain K =yl and y=-14.35, and initial condition

Xy = [0.13, -0.28, - 0.15]T .Matrix A and function f are given as follows:

—a(1+m) a 0 ~a(m, —mj)sat(x(t))
A= 1 -1 1],f(x)= 0 :
0 —B 0 0

where « =10, =16, m;=-8/7, m =-5/7,and sat(z) is the saturation
function defined as sat(z) = (|Z +]1 —|Z —ZI.I)/Z for zeR. First, we consider the
event-triggered implementation of the feedback control according to (8). Note
that the control system can be written in the form of (7). We next choose the Lya-
punov function V (x)=x"x, where condition of Theorem 1 is clearly satisfied
with. We have

V(x)<x (AT +A+2yl )x+2fo (x(t))+2rxe
X" (AT +A+(2y+2L+1)1 )x+;/2eTe,
which implies that condition holds with
I =2y (AT +A)+2y+2L+1~-2.3444
x(e)=re'e

where 4, (AT+A) represents the largest eigenvalue of A"+ A . Choosing

o =1.5, the event-time candidates are determined as

i+1 =

t,, =inf {t >t |n(t)+¢9(axTx—y2eTe)§OAt. >t, +h}, (13)
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where >0,
A(t)=kn(t), t>0
n(ty)=n, t<0 (14)
n(t.)=pn (ti_+1>’ .y =t+h
and 77, >0 to be determined in the case of pulse.
Next, we consider the conditions that the impulsive system satisfies when
L=+ h,
X(t)= Ax(t)+ f (x(t))+u(t), forte[t,t_,)
)=Cx(t;), if t, =t +h

where C>0 and h>0. Consider the function W(x)=x"x+7(t),
D*WSXT(AT+A+2yI)x+2fo(x(t))+2yxTe+77

< XT<AT +A+(2;/+2L+o-m)l)x+2yeTx—meTe+(%—kjn,

which implies condition (i) of Theorem 2 is satisfied with
AT +A+(2y+2L+om-c)l ol <0
ol -m
C ~ 44.9555,
m=2.

When t_, =t +h, we have
V(%(t.y)) =X (t,)(1+C)" (1+C)x(t5,),

where |+C =0.913=1.
After determining the parameters such as 1,C,0, we set h=0.0032 to deter-

mine the pulse intensity. Using k —% lessthan 1-c and 7, <X, we can de-

termine 6 =100,7, =0.44,k =0.858.

Figure 1 shows the static event trigger control mechanism, and Figure 2 shows
the dynamic event trigger control mechanism. Figure 3 is the image of nonlinear
system. Take h=0.0032, 6=100, 7, =0.44, k =0.858. It can be seen that
the number of pulses triggered by dynamic events The mechanism was signifi-
cantly reduced. The most outstanding point is the dynamic event trigger control
strategy The convergence speed is faster than the static event trigger control

strategy.

5. Conclusion

In this paper, the dynamic event triggering control mechanism of nonlinear im-
pulsive systems is studied, the lower bound of triggering time is set, and the
parameter setting of dynamic variables is given. The practice has proved that the

dynamic event trigger mechanism can save more energy. However, this paper
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Figure 1. Static event-triggered impulsive control strategy.
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Figure 3. Nonlinear System.

does not study the influence of various parameters and the influence of noise, in-

terference and other factors. These effects will be studied in the future.
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