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Abstract 
Maps, essential tools for portraying the Earth’s surface, inherently introduce 
distortions to geographical features. While various quantification methods 
exist for assessing these distortions, they often fall short when evaluating ac-
tual geographic features. In our study, we took a novel approach by analyzing 
map projection distortion from a geometric perspective. We computed the 
fractal dimensions of different stretches of coastline before and after projec-
tion using the divide-and-conquer algorithm and image processing. Our 
findings revealed that map projections, even when preserving basic shapes, 
inevitably stretch and compress coastlines in diverse directions. This analysis 
method provides a more realistic and practical way to measure map-induced 
distortions, with significant implications for cartography, geographic infor-
mation systems (GIS), and geomorphology. By bridging the gap between 
theoretical analysis and real-world features, this method greatly enhances ac-
curacy and practicality when evaluating map projections.  
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1. Introduction 

Maps, essential tools for portraying the Earth’s surface, inherently introduce 
distortions to geographical features due to how latitude and longitude coordi-
nates map to ( ),x y  coordinates on the 2-D plane. Suppose that there exists a 
perfect 2-D representation of the globe. To test this representation, we draw 
three line segments on the globe: the equator (0˚N/S) from 0˚E/W to 90˚E/W, 
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the Prime Meridian from 0˚N/S to 90˚N, and 90˚E from 0˚N/S to 90˚N. These 
three segments form a triangle where all interior angles are right angles. The 
sum of the interior angles of all triangles on the 2-D plane that have straight 
sides is 180˚, but the original triangle on the globe, which also has straight sides, 
has an interior angle sum of 270˚, which is a contradiction because our “perfect” 
2-D representation of the globe doesn’t preserve angle. We would need to 
change another property to get three 90˚ angles at the points where the segments 
intersect, which would mean that the map projection must change other geome-
tric properties. 

Arguably, the most famous attempt to preserve as many geometric properties 
as possible during projection is the Mercator projection method, which is de-
noted by ( ) ( )( ), , ln sec tanf θ φ θ φ φ= + . 

This function inputs the longitude θ  and the latitude φ  of a point on the 
globe and outputs ( ),x y  coordinates on the Cartesian plane. As 90φ −→  ,  

tanθ →∞  and 
1sec

cos
φ

φ
= →∞ , which means that ( )ln sec tanφ φ+ →∞   

as well, indicating heavy stretching near the poles. Other map projections will 
have different behavior near the poles. For example, the Lambert Cylindrical 
Equal-Area projection, which is denoted by ( ) ( ), ,sinf θ φ θ φ= , exhibits the 
opposite effect. 

For values 90φ ≈  , sin 1φ ≈  using small-angle approximation. As 90φ →  , 

sinφ  increases towards 1 very slowly since 
d sin cos

d
φ φ

φ
= , and when 90φ ≈  ,  

cos 0φ ≈ . Since a large change in latitude is required to get a significant change 
in the y-coordinate, this map projection shrinks areas near the poles [1]. 

There are numerous ways to quantify map projection distortion, which are 
listed in a comprehensive review done by Mulcahy and Clarke. It includes a 
summary of the most common methods for quantifying map projection distor-
tions, including familiar figures, Tissot’s Indicatrix, and interactive map projec-
tions. These methods project different imaginary shapes, such as a human face 
or an array of circles, spaced at even latitude and longitude intervals [2]. How-
ever, these methods do not use geographic data such as coastlines in their analy-
sis. Using fractal dimension to analyze these distortion methods, which analyzes 
changes in the coastline after projection, would then provide a more practical 
measurement of projection distortion. The use of fractal dimension calculations 
on other objects or features before and after projection may also give a more 
practical assessment of their properties. Fractals have been used in fields like 
materials science to classify shapes of particles ranging from basalt to concrete to 
bearing balls. Using image analysis and comparisons between apparent areas and 
perimeters, a team of researchers led by Seracettin Arasan found that, like coas-
tlines, a particle’s irregularity increases as its fractal dimension increases. This 
conclusion was supported by the fact that increases in the overall roundness led 
to decreases in fractal dimension, and increasing angularity of particles led to 
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increased fractal dimension [3]. To study geology using fractals, independent 
researcher Qiuming Cheng used a perimeter-area model to study geological data 
to find differences in the distribution of certain metals such as gold, copper, sil-
ver, and arsenic in the Mitchell-Sulphurets district [4]. 

The fundamental connection between fractals and geometry makes fractal 
dimension a superior method to measure the properties of geographic features. 
The first fractals were self-similar figures like the Cantor set and the Koch Snow-
flake [5] [6]. The fractal dimensions of these figures were defined by how the 
fractal’s size (length, area, volume, etc.) changes with each iteration of a defined 
process. After these developments, fractal dimensions were generalized beyond 
basic self-similar shapes. Mathematicians like Benoit Mandelbrot started ex-
amining the fractal features of coastlines by walking different pairs of divider 
gauges, which look like compasses (the mathematical tool), along a stretch of 
coastline to estimate its length [7]. The estimations are then graphed on log-log 
axes, on which the base-ten logarithm of the estimation and the base-ten loga-
rithm of the distance between the dividers are correlated. Mandelbrot found that 
the slope of this log-log graph is 1 D− , where D is the true fractal dimension of 
the coastline. Therefore, given a fractal with a dimension in the range [ )1,2  and 
the distance between the dividers gaugeL , ( ) ( ) ( )measured gaugelog 1 logL D L λ≈ − + , 
where λ is an unknown real number. The value λ cannot be defined precisely 
because ( )gauge 0 gaugelim logL L→  doesn’t have a lower bound, so this method can 
only extrapolate to reasonable values of gaugeL , whose bounds depend on the 
size and complexity of the fractal. The fractal dimension of the coastline could 
also be estimated by counting the number of boxes that cover a stretch of coas-
tline using different box sizes, and those counts can similarly be used on log-log 
axes to create a regression line, which Mandelbrot stated as an alternative me-
thod, which is easier for computers to handle. The linear relationship is identical 
to that for the divider method, but gaugeL  is replaced with the grid size. The li-
near regression model created using this method can also only be extrapolated to 
reasonable box sizes, as there will be an infinite number of boxes of size 0 cover-
ing a stretch of coastline, and there will always be one box covering a stretch of 
coastline for extremely large box sizes [8]. Mandelbrot further examined the in-
numerable applications of fractal geometries in nature, delving into the fractal 
geometries of clouds and mountains [9]. Previous research used these ideas to 
examine changes in the fractal dimensions of clouds before and after projecting 
onto a 2-D surface, which means that there should also be a correlation between 
projections of the globe and the resulting fractal dimensions of specific stretches 
of coastline [10]. Analyzing distortion using the fractal dimension is more ap-
plicable than traditional methods since fractal dimensions can be calculated or 
used for almost any image including landscapes, a cross-section of the brain ob-
tained from an MRI scan, or a city’s expansion patterns [11] [12] [13]. Putting 
these fundamental methods into practice, a team of researchers led by Akhlaq 
Husain applied the box-counting method on the coastline of Australia and 
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found its fractal dimension to be about 1.1430. The paper also stated several 
practical advantages of using the box-counting method to analyze coastlines, in-
cluding scalability, flexibility, and general applicability, ranging from coastlines 
to features of other planets [14].  

The existing applications of fractal dimensions in finding differences in shape 
features could be extended to finding differences in the shapes of continents on 
various types of map projections. Additionally, with the drastic increase in 
computational power and the wider availability of accurate and precise datasets 
like satellite images in the current era, calculating differences in fractal dimen-
sion will be quicker, and methods for doing so will constantly improve [15]. The 
literature above shows that previous researchers on this subject may have for-
gotten to consider the general applicability of their methods but focused more 
on the fundamental objectives of their research. It also shows that fractals have 
an enormous potential for evaluating map projections. Even though previous 
work has greatly improved the completeness of perceptions about map projec-
tions and shapes in general, the connection between these two fields has not 
been widely researched yet. For instance, when measuring the fractal dimension 
of coastlines, researchers often do not adequately discuss other factors that may 
impact their calculations. Map projections are also discussed in a more theoreti-
cal sense and may not take landmass features into account. Therefore, the com-
bination of map projections and their analysis methods will not only broaden 
the applicability of research methods but also facilitate accurate and precise 
analysis of map projection distortions. Using the advantages of fractal dimen-
sions to analyze map projection distortion can then broaden our view of projec-
tion distortion. Not only can this method motivate the development of carto-
graphy and other related fields, but it can also supply geographic information 
systems, sensor technologies, and other regimes with more reliable data. 

To specifically analyze the relationship between the fractal dimension of coas-
tlines and map projection distortion, we will use fractal dimension to analyze 
fixed boxes of size 512 × 512 pixels centered at fixed geographical locations (e.g., 
the area around Anchorage, Iceland, northern Norway, etc.) before and after 
projecting to the Mercator projection from the WGS84 equirectangular projec-
tion. This is a novel method of analyzing map projection distortion because it 
isn’t purely a technical analysis (e.g. analyses of deformations on Tissot’s Indica-
trices) but rather a more qualitative and practical analysis of the distortion in 
geographical features depicted on a map. 

2. Materials and Methods 
2.1. Materials 

Below are two Python programs that project the world’s coastlines (data from 
[16]) displayed in the WGS84 coordinate system using different types of projec-
tions and process an image at a specified range of x and y coordinates (in a 512 × 
512 bounding box) to find its fractal dimension using the box-counting method. 
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This code below projects OpenStreetMap coastline data into the Mercator, 
Central Cylindrical, Equal Earth, and Lambert Cylindrical Projections using 
their respective formulas. We find the minimum and maximum values of the x 
and y coordinates by plugging in extreme values (90˚N or 180˚) for latitude and 
longitude and scaling the map accordingly. 
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Here are the typical images produced after thickening the lines with a separate 
Python program: (Figure 1 and Figure 2). 
 

 

Figure 1. The Mercator projection, a well-known projection, generated by the PIL Py-
thon package up to approximately 80˚ latitude. 
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2.2. Methods 

The next snippet of code uses a divide-and-conquer algorithm to break up the 
specified area into 4 equally sized boxes during every iteration and then count 
the number of boxes covered by coastline at each iteration. These results will be 
used to calculate the fractal dimension of the piece of coastline in question using 
the box-counting method. The results, which come as a list of the number of 
boxes counted for several box sizes (512 × 512, 256 × 256, …, 1 × 1), are then fed 
into Desmos using a table. The logarithm of both columns is then recorded. 
Next, the “box sizes” column is reversed, denoting a 512 × 512 box size as entry 
0, a 256 × 256 box size as entry 1, and so on. The least-squares regression line is 
then calculated, and the slope is recorded as the fractal dimension (Figure 3). 
 

 

Figure 2. The Equal Earth Projection, generated by the PIL Python package. 
 

 

Figure 3. A sample linear regression to find the fractal dimension of the Sierpinski Carpet. Note that the number of boxes on each 
side of the bounding box triples instead of doubles with each iteration. 
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The code below implements this method, and the outputs for different bound- 
ing boxes and different projections are compared. 
 

 
 

To ensure a fair comparison between map projections, I recorded measure-
ments of fractal dimensions for both the Equirectangular and Mercator projec-
tions in medium-high latitude regions. 

3. Results and Discussion 

Below is a table analyzing the fractal dimensions of pieces of coastlines enclosed 
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in fixed 512 by 512-pixel boxes centered at different geographic regions. Note 
that the box-counting method may produce results biased towards higher values. 

Looking at the data for the regions where the Mercator projection has extreme 
distortion (≥70˚ latitude), there is a noticeable difference in the fractal dimen-
sion between the equirectangular projection and the Mercator projection when 
the bounding box for the coastline is fixed and centered at the same geographic 
area. Regions closer to the equator (≤60˚ latitude) tend to result in negligible 
differences, with less variability between projections. Nevertheless, the differ-
ences can still be detected in these regions. 

The differences in fractal dimension between the Mercator and Equirectangu-
lar projections are dependent on the nature of the coastline in the region ex-
amined. Since the fractal dimension is a measure of the length of coastlines, the 
more coastline in a bounding box, the higher the fractal dimension should be 
[8]. This is exemplified by northern Norway’s coastline because the Mercator 
projection stretches vertically near the poles, causing the small promontories on 
the horizontal coastline to be stretched while not becoming larger than the 
bounding box. This would increase the length of the coastline contributed by 
those vertical features, so the fractal dimension goes up by a noticeable amount. 
Northern Norway is known for its complex coastline, as shown in Figure 4. In 
the Mercator Projection, on areas of coastline extending from east-west, small 
coastal features will be stretched north-south, which increases the apparent 
length of the coastline. However, this stretching would not cause the coastal fea-
tures to extend outside of the bounding box, but this would significantly increase 
the length of northern Norway’s coastline. Therefore, the fractal dimension of 
northern Norway would increase from the Equirectangular to the Mercator  

projection, specifically an increase of approximately 1.5361 1.4748 100%
1.4748

−
× ≈

 
4.1565% . This increase signifies that the Mercator Projection increases the de-
gree of complexity of the coastline in this region. 
 

 

Figure 4. A horizontal coastline that is stretched vertically during projection. 
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Northeastern Greenland’s coastline, on the other hand, is mainly vertical with 
horizontal features, so the original coastline contained within the bounding box 
would be stretched beyond the boundaries of the box when using the Mercator 
projection. Since the horizontal features do not get stretched horizontally by a 
significant amount, the overall length of the coastline that is contained within 
the fixed-sized and fixed-location bounding box decreases as its complexity de-
creases. Features at the extreme north and south of the bounding box exit, which 
is exemplified by Table 1 and Figure 5. In other words, in the Mercator projec-
tion, on stretches of coastline running north-south, small coastal features that 
point in the east-west direction get stretched vertically, or in the north-south di-
rection. This stretching causes some coastal features to exit the original bound-
ing box, which doesn’t change in size, according to location in terms of GPS 
coordinates. The loss of these coastal features decreases the length of the coas-
tline in the bounding box. Since the fractal dimension is directly correlated with 
the length of the coastline in an area, the fractal dimension decreases, specifically  

by a factor of 1.6140 1.4847 100% 8.0112%
1.6140

−
× ≈ . 

The southwestern corner of the Antarctic Peninsula, shown in Figure 6, is 
more complicated because it combines horizontal and vertical coastlines. How-
ever, since the peninsula’s coastline has more vertical changes, the fractal di-
mension for the Mercator projection is slightly lower than that of the Equirec-
tangular projection. As shown in the figure below, the Mercator projection sig-
nificantly stretches the vertical features, which are denoted by the rightmost 
purple line segment. The mainly horizontal stretch of coastline in the center of 
the figure, though, doesn’t deviate much from the main line that the coastline 
follows, as denoted by the centermost blue segment. This means that the vertical 
stretches of coastline are affected the most by the Mercator projection, causing 
some of their features to leave the bounding box. This decreases the length of the 
coastline inside the bounding box, which decreases the fractal dimension of the 
coastline enclosed in the bounding box. 
 

 

Figure 5. A vertical coastline that is stretched vertically during projection. 
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Figure 6. A representation of the southwestern end of the Antarctic Peninsula, where it 
meets the mainland. The purple stretches of the coastline are nearly vertical, and the blue 
stretches are nearly horizontal. 
 
Table 1. Fractal dimensions were calculated using the Mercator and Equirectangular 
projections at five different geographical areas. 

Region 
Fractal Dimension 

Mercator Projection Equirectangular Projection 

Northern Norway: High Latitude, 
Horizontal Coastline 

1.5361 1.4748 

Southwestern Greenland: 
Medium-High Latitude, 

Vertical Coastline 
1.5832 1.5917 

Northeastern Greenland: 
High Latitude, Vertical Coastline 

1.4847 1.6140 

Northern Tip of the Antarctic 
Peninsula: Medium-High Latitude, 

Mixed Coastline 
1.5362 1.5240 

Southwestern Antarctic Peninsula: 
High Latitude, Mixed Coastline 

1.3558 1.4055 

 
Similarly comparing stretches of horizontally aligned coastlines and vertically 

aligned coastlines projected with the Equirectangular projection and other pro-
jections, we can determine the main direction that the map stretches or com-
presses different areas, even if that direction is neither perfectly horizontal nor 
vertical. 

4. Conclusions 

In this study, we used fractal dimension changes of coastlines in different re-
gions of the world to quantify the distortion of two common map projection 
methods: the Mercator Projection and the Equirectangular Projection. We fur-
ther analyzed how the two map projections affected the fractal dimension of 
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coastlines. As a geometric property, fractal dimension can not only compare 
changes in regions with extreme distortions but can also compare the degree of 
distortion in regions with only slight distortions, such as the mid-latitude re-
gions. Moreover, this method uses the fractal dimension of coastlines, but it is 
not limited to regions close to the sea. Using changes in the fractal dimensions of 
different shapes, we can easily examine distortions on inland regions using any 
geographic features that are self-similar to some degree such as mountain 
ranges, rivers, and city limits. For example, to examine terrestrial features that 
extend for thousands of miles, such as the Rocky Mountain Range, the Andes, 
and the Mid-Atlantic Ridge, it is essential to know which directions map projec-
tions distort geographic features and the areas where maps distort the most. 
Topographic maps, which are graphed on 3-D space, are defined based on a 2-D 
map (the x and y axes), with elevation or another geographic property plotted on 
the z-axis. This relation between map projections and the graphing of geomor-
phic features makes quantifying map projection distortion, especially finding 
areas (typically lines of latitude or longitude) where distortion is minimal, an 
integral part of geomorphology [17]. 

Using fractal dimension to quantify map projection distortion inherently of-
fers notable advantages by enhancing measurement precision and objectivity. It 
also enables comprehensive deformation analysis across diverse environments, 
including topographic maps. The box-counting method, identified as an efficient 
technique for calculating fractal dimensions, further contributes to the study’s 
robustness with its ease of implementation, rapid processing of large datasets, 
and flexible parameter adjustments. This study underscored the significance of 
considering the effects of map projections on the fractal dimensions of coas-
tlines, which fuels future research to explore the mechanisms underlying differ-
ent projections’ impacts on coastline morphology and the potential applications 
of fractal dimension in cartography, geographic information science, and geo-
morphology. 

Additionally, the usage of fractal dimensions to quantify map projection dis-
tortion focuses on shape distortion in general rather than distortions of single 
elements such as angles or areas. Thus, it is a high-level measurement tool for 
map projection evaluation and provides a universal tool to compare hundreds of 
projection methods created for different purposes. With the development of sa-
tellite imaging and remote sensing technology, more precise and complete data 
of surface morphologies are in development and become more easily accessible. 
This constructs a basis for the wider application of the fractal dimension quanti-
fication method. The method is also versatile and can be used to quantify geo-
metric changes in other contexts, such as the evolution of mountain ranges or 
even galaxies over time. 

Although this is a novel way of finding the degree of distortion of map projec-
tions, it also has its limitations. Compared to other methods of evaluating map 
projection distortion, the box-counting method on different stretches of coas-
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tline takes more computational power than directly finding the distortion of 
geometric properties using known mathematical formulas, since the box-counting 
method involves recursion and regression. Another potential downside to this 
method is that the box-counting method is sensitive to many types of parame-
ters, especially the box sizes that are chosen for comparison. The type of coas-
tline could also affect the result, as a box can get counted even if it has only a ti-
ny stretch of coastline in it [18]. Moreover, the resulting fractal dimension could 
be affected by the quality of the images that are processed. Nevertheless, most of 
the insufficiencies stated above can be fixed by performing many different trials 
in many different regions to ensure a more accurate and broad comparison. 

Further research should be conducted to eliminate the negative effects of poor 
image quality using different types of fractal dimension calculation methods, in-
cluding the walking divider dimension proposed by Lewis F. Richardson. Re-
search should also be done to develop a standard model for all the world’s coas-
tlines, perhaps by shifting latitude lines to ensure that the queried region is near 
a standard parallel or a latitude where the map projection doesn’t incur any dis-
tortion [19]. Future researchers could also collect data on more regions to ex-
amine the effects of angular distortion within a specified bounding box. Fur-
thermore, research should be conducted regarding the applicability of analyzing 
changes in fractal dimension in other types of images such as landscapes and 
MRI scans.  
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