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Abstract 
The higher-order numerical scheme of nonlinear advection-diffusion equ-
ations is studied in this article, where the space fractional derivatives are 
evaluated by using weighted and shifted Grünwald difference operators and 
combining the compact technique, in the time direction is discretized by the 
Crank-Nicolson method. Through the energy method, the stability and con-
vergence of the numerical scheme in the sense of L2-norm are proved, and the 
convergence order is ( )2 3O hτ + . Some examples are given to show that our 

numerical scheme is effective. 
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1. Introduction 

In the last two decades, many fractional differential models have been studied, 
and these models [1]-[8] have been widely applied in many fields of science and 
technology, and a lot of research results have been obtained. Among them, Meer-
schaert and Tadjeran [4] proposed the shifted Grünwald difference operator, 
which combined with the Crank-Nicolson method to derive the numerical scheme 
of the advection-dispersion equation. The scheme is unconditionally stable and 
convergent with order ( )2O hτ + . Later, Meerschaert and Tadjeran [5] utilized 
the shifted Grünwald difference operators to approximate the left and right 
Riemann-Liouville fractional derivatives, in time direction is discretized by the 
explicit Euler method, numerical scheme is unconditionally stable and convergent 

How to cite this paper: Gao, D.C., Qiu, 
Z.S., Wang, L.Z. and Li, J.X. (2024) Crank- 
Nicolson Quasi-Compact Scheme for the 
Nonlinear Two-Sided Spatial Fractional 
Advection-Diffusion Equations. Journal of 
Applied Mathematics and Physics, 12, 1089- 
1100. 
https://doi.org/10.4236/jamp.2024.124068 
 
Received: March 4, 2024 
Accepted: April 16, 2024 
Published: April 19, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2024.124068
https://www.scirp.org/
https://doi.org/10.4236/jamp.2024.124068
http://creativecommons.org/licenses/by/4.0/


D. C. Gao et al. 
 

 

DOI: 10.4236/jamp.2024.124068 1090 Journal of Applied Mathematics and Physics 
 

with order ( )O hτ + . Tadjeran et al. [9] adopted Crank-Nicolson method to dis-
crete time partial derivative, and one-order shifted Grünwald difference operator 
to approximate space fractional derivative, derived numerical scheme with 
convergence order ( )2O hτ +  for solving the one-sided space fractional diffu-
sion equation with variable coefficients. By weighting the shifted Grünwald dif-
ference operator, Tian et al. [10] combined Crank-Nicolson time discretization 
to construct a class of second-order numerical scheme for solving the two-sided 
space fractional diffusion equations. The schemes are proven to achieve con-
vergence accuracy ( )2 2O hτ + . Zhou et al. [11] used the compact technique on 
the basis of weighted and shifted Grünwald difference operator and combined 
Crank-Nicolson time discretization to derive quasi-compact scheme for solv-
ing the two-sided space fractional diffusion equations, which is proved to be un-
conditionally stable and convergence with order ( )2 3O hτ + . Hao et al. [12] 
further derived numerical scheme with convergence accuracy ( )2 4O hτ +  by us-
ing the compact technique. Haghi et al. [7] proposed a high-order compact nu-
merical scheme for solving the two-dimensional nonlinear time-fractional fourth- 
order reaction-diffusion equation, the unique solvability of the numerical me-
thod is proved in detail. In addition, Li and Deng [13] proposed tempered weighted 
and shifted Grünwald difference operators for the Riemann-Liouville tempered 
fractional derivatives, and then a class of second-order numerical schemes is 
proposed for solving two-sided space tempered fractional diffusion equation. 
Numerical schemes show convergence order is ( )2 2O hτ + . More work on tem-
pered fractional models reference [14]-[23]. 

In this paper, the following nonlinear fractional advection-diffusion equations 
are considered: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ]
( ) ( ) [ ]
( ) ( ) ( ) ( ) [ ]

, ,
, , , , , , , 0, ,

,0 , , ,
, , , , 0, ,

a x x b

l r

u x t u x t
l D u x t r D u x t f u x t x t a b T

t x
u x x x a b
u a t t u b t t t T

α ακ

ϕ
ψ ψ

∂ ∂
= − + + + ∈ × ∂ ∂

 = ∈
 = = ∈

 (1) 

where 1 2α< < , κ  is the mean advective velocity, non-negative constants l 
and r denote the diffusion coefficients, which satisfy that 0l r+ ≠ , ( ) 0l tψ ≡  
if 0l ≠ , and ( ) 0r tψ ≡  if 0r ≠ , the nonlinear source term ( ), ,f u x t  satis-
fies Lipschitz condition: 

 ( ) ( ), , , , , , ,f u x t f v x t L u v u v− ≤ − ∀ ∈  (2) 

( ),a xD u x tα  and ( ),x bD u x tα  represent the left and right Riemann-Liouville 
fractional derivatives respectively, which are defined as [24]: 
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The sections of this article are set as follows. The quasi-compact difference 
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approximations of fractional derivatives are introduced in Section 2. The deriva-
tion process of numerical scheme for solving problem (1) is given in Section 3. 
Section 4 gives a detailed proof of the stability and convergence of the numer-
ical scheme. In Section 5, numerical experiments are given to show that the 
numerical scheme constructed is effective. Section 6 gives a brief summary of the 
work. 

2. Quasi-Compact Difference Approximations for the  
Fractional Derivatives 

( ) ( ) ( ) ( ){ }1 ˆ| and 1 | d ,n nS L w w wα αν ν ν+ += ∈ + < ∞∫


   

is a fractional Sobolev space ( )nS α+
 , where ( ) ( )ˆ e diwxw x xν ν −= ∫  is the 

Fourier transform of ( )xν . 

Lemma 2.1. [9] Let ( ) ( )nx S αν +∈  , 1 2α< < , the shift number p is an in-
teger. The shifted Grünwald difference operators are defined as: 

 ( ) ( )( ),
0

1 ,h p k
k

A x g x k p h
h

α α
αν ν

+∞

=

= − −∑  (3) 

 ( ) ( )( ),
0

1ˆ ,h p k
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=

= + −∑  (4) 

then 

 ( ) ( ) ( ) ( )
1

,
,

1
,

n
k k k n

h p x p x
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A x D x a D x h O hα α α αν ν ν
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−∞ −∞
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,
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ˆ ,
n

k k k n
h p x p x

k
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+

+∞ +∞
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= + +∑  (6) 

where ( )1 k
kg

k
α α 
= −  

 
 ( 0k ≥ ) denotes the normalized Grünwald weights, 

,k
paα  are the power series expansion coefficients of the function  

( ) ( ) ( )
2

3211 ee 1
2 2 2 6 8

s
ps

p
p pW s p s s O s

s

α α αα α α− −  −  = = + − + − + + +    
    

. 

Lemma 2.2. [25] Let ( ) ( )3x S αν +∈  , 1 2α< < , if two difference operators 
are defined as: 

 
( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )
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then 

 ( ) ( ) ( )2 2 31 ,
6 x x hI h D D x B x O hα αν ν−∞

−∞

 + = + 
 

 (9) 
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 ( ) ( ) ( )2 2 31 ˆ .
6 x h

x

I h D D x B x O hα αν ν+∞ +∞
 + = + 
 

 (10) 

where ( )1 2 2 1 3 2 1 0k k k kw g g g g gα α α α α αγ γ γ− − − −= + + = = , ( )2
1

1 3 7 4
24

γ α α= − + ,  

( )2
2

1 3 8
12

γ α α= − + + , ( )2
3

1 3 5 4
24

γ α α= + + . 
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[24], specially, 
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I h x x h x x h O h
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C x O h
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+ = + + + − + 
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3. Numerical Scheme 

The time interval [ ]0,T  and the space interval [ ],a b  are divided into equidis-
tant grids, and the time stepsize is denoted as T Nτ =  and the space stepsize 
is denoted as ( )h b a M= −  respectively, nt nτ= , 0 n N≤ ≤ , ix a ih= + ,  
0 i M≤ ≤ . 

Denoting 1 2
1

2
n n

n
t t

t +
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+
= , 2
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+
+ −
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1
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. 

The function ( ),u x ⋅  in problem (1) belongs to ( )3S α+   after zero extension. 

Applying 
2

2
2

1 d
6 d

I h
x

 
+ 

 
 to both sides of the equation in problem (1), and-

then discretizing time partial derivative at point ( )1 2,i nx t +  by Crank-Nicolson 

method, and from Lemma 2.2, we can see: 
1 2 1 21 1 2 1 2 1 2ˆ ,0 1,n n n n n n

h t i h i h i h i h i iC u B u lB u rB u C f R n Nα αδ κ+ + + + += − + + + + ≤ ≤ −  (13) 

 1 2 1 2 1 2
1

1 21 ˆ ,
n n

n n n n ni i
h h i h i h i h i i

u u
C B u lB u rB u C f Rα ακ

τ

+
+ + + +−

= − + + + +  (14) 

where ( )2 3n
iR O hτ= +  is the local truncation error. 

Denoting 1
1

2

2

n n
n i i
i

U U
U

+
+ +

= , the corresponding numerical scheme is ob-

tained by eliminating the local truncation error in (14): 

1 2 1 21 1
1

2 1 2ˆˆ , 1 1.
n n

n n n ni i
h h i h i h i h i

U U
C B U lB U rB U C f i Mα ακ

τ

+
+ + + +−

= − + + + ≤ ≤ −  (15) 

The corresponding matrix form is: 
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 ( ) 1 2 1 21 ˆ ,n n n n nC U U PU Cf Fτ τ+ + +− = + +  (16) 

where ( )T

1 2 1, , ,n n n n
MU U U U −=  , ( )T

1 2
1 2 1 2 1 2 1 2
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4. Theoretical Analysis of the Numerical Scheme 

Before giving a detailed theoretical analysis, let’s first give some lemmas that will 
be used. 

Lemma 4.1. [26] Real matrix A of order n is negative definite if and only if 
T

2
A AD +

=  is negative definite. 

Lemma 4.2. 1 2 1, ,
6 3 6

C tridiag  =  
 

, for all given nonzero real column vectors 

ε , C satisfies that: 

T T T1 .
3

Cε ε ε ε ε ε≤ ≤
 

Proof. By Gerschgorin disk theorem [27], it is easy to check ( )1 1
3

Cλ≤ ≤ , 

then T T T1
3

Cε ε ε ε ε ε≤ ≤ . 

Lemma 4.3. Matrix P is given in (16) is negative definite. 

Proof. Let 
( ) ( )

T
T

2 2
l rP PD B Bα ατ++

= = + , from [17], Bα  is negative de-

finite, by Lemma 4.1, it is known that the matrix P is negative definite. 

Define { }{ |h iU u u u= =  is a grid function defined on { } }1

1

M
i i

x a ih −

=
= + . For 

hu U∈ , the corresponding discrete 2L -norm is defined as 
2

1
2

1 2

1

M

iL
i

u h u
−

=

 =  
 
∑ . 

Theorem 4.1. The numerical scheme (15) is stable. 
Proof. Let n

iU  and n
iV  represent the numerical solutions obtained by scheme 

(15) under different initial conditions respectively. Denoting n n n
i i iU Vε = − ,  
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( )T

1 2 1, , ,n n n n
Mε ε ε ε −=  , then 

 ( ) ( )1 2 1 2 11 2ˆ ,n n n n nC P C f fε ε ε τ+ + + +− = + −  (18) 

where 2
1

1
1 2, ,

2

n n
n i i

i i n
V V

f f x t
+

+
+

 +
=  

 
. 

Let’s multiply both sides of (18) by ( )1 2 Tnh ε + , we get: 

( ) ( ) ( ) ( ) ( )T T1 2 1 2 1 2 1 2 1 2 1 2T1 ˆ ,n n n n n n n nh C h P h C f fε ε ε ε ε τ ε+ + + + + + +− = + −  (19) 

because 

 
( ) ( ) ( ) ( )

( ) ( )( )
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h C C
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 (20) 

arrange the formula to obtain: 

 
( ) ( )( )
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T T
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ε ε τ ε
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−
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The following inequalities are established: 

( ) ( )1 2 1 11 1 ,
2 2

n n n n n
i i i i iε ε ε ε ε+ + += + ≤ +

 

( )1 2 1 2 1 2 1ˆ ,
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−
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Denoting ( )T1 1 1n n nE h Cε ε+ + += , from Lemma 4.3 and (21), then 

 

( )
2 2

2 2

2 2 2

2 21 1

12 20

0 1

2 2 20 0 1

1
2 .

n n n n
L L

n n
k k

L Lk k

n
n k

L L Lk

E E L

E L

E L L L

τ ε ε

τ ε ε

τ ε τ ε τ ε

+ +

+
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+

=
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 ≤ + + 
 

= + + +

∑ ∑

∑

 (22) 

Applying 
2 2

2 21
3

k k k
L L

Eε ε≤ ≤ , then for all given ( )0,1µ ∈ , when  

10
3L
µτ −

< ≤ , we obtain: 
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2 2 2

2 2

2 2 21 0

1

2 20

1

3 3 6
1 3 1 3
4 6 .
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By the discrete Gronwall inequalities, 

 
2 2 2

6 6
2 2 21 0 04 4 .

n L TL
n

L L L
e e
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µ µµ µε ε ε

µ µ
+ − −
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Therefore, 

 
2 2

1 0
1 , 0 1,n

L L
C n Nε ε+ ≤ ≤ ≤ −  (25) 

where 
6

1
4 e

TL

C µµ
µ
−

= . 

Theorem 4.2. The numerical scheme (15) is convergent. 

( )
2

2 3
2 ,1 ,n

L
e C h n Nτ≤ + ≤ ≤

 

where ( )T

1 2 1, , ,n n n n
Me e e e −=  , n n n

i i ie u U= − , 2C  is existed constant. 

Proof. Subtracting (15) from (14), we know that: 
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1
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The corresponding matrix form is: 
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Applying 
2 2

2 21
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k k k
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e E e≤ ≤ , and noticing that 
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By the discrete Gronwall inequalities, 
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1 2 3
2 .n

L
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5. Numerical Experiments 

In this section, we give some numerical experiments to prove the accuracy and 
validity of the numerical scheme. 

2

2

,

, /

Order log ,L h
m

L h m

e

e

 
 =
 
   

is the order of measurement. 
Example 5.1. Consider the following nonlinear fractional advection-diffusion 

equations. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ]
( ) ( ) [ ]
( ) ( ) [ ]44

, ,
, , , , , , 0,1 0,1 ,
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t x

u t u t t

u x x x x

α ακ
∂ ∂

= − + + + ∈ × ∂ ∂
 = = ∈

 = − ∈  

where 1 2α< < , and the nonlinear source term is: 
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r x e x x
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α
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κ α
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+ −

=

+ −

=
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 Γ + 
− −   Γ + − 
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∑

∑
 

The analytical solution is ( ) ( )44, 1tu x t e x xα= − . 
Choose different α , the mean advective velocity κ , diffusion coefficients l 

and r, the proposed method is used to solve Example 5.1. Let 
3
2hτ = , the error  

results and measurement order results obtained by the numerical method are 
displayed in Table 1 and Table 2. From Table 1 and Table 2, we can see that the 
numerical scheme reaches the third-order precision in the spatial direction, and 
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the results are in complete agreement with the conclusion of theoretical analysis. 

In Table 3 and Table 4, we choose different time stepsizes and fixed 1
1000

h = , 

and obtain the errors and the time measurement order results. From Table 3 
and Table 4, we verify the numerical scheme is second-order in time. 

6. Conclusion 

The novelty of this paper is that the higher-order numerical scheme of the  
 

Table 1. Errors and the corresponding space measurement order results at 1t = , 1κ = , 
1l = , 2r = . 

h 
1.1α =  1.5α =  1.9α =  

2L
e

 order 
2L

e
 order 

2L
e

 order 

1/36 2.1326e−08  3.2209e−07  6.2337e−06  

1/49 8.5892e−09 2.9498 1.3111e−07 2.9153 2.5147e−06 2.9445 

1/64 3.9019e−09 2.9545 5.9863e−08 2.9355 1.1400e−06 2.9623 

1/81 1.9449e−09 2.9557 2.9892e−08 2.9480 5.6603e−07 2.9721 

1/100 1.0433e−09 2.9557 1.6033e−08 2.9562 3.0221e−07 2.9779 

 

Table 2. Errors and the corresponding space measurement order results at 1t = , 1
10

κ = , 

2l = , 5r = . 

h 
1.1α =  1.5α =  1.9α =  

2L
e

 order 
2L

e
 order 

2L
e

 order 

1/36 6.2367e−08  1.7600e−06  3.4639e−05  

1/49 2.5157e−08 2.9448 7.0975e−07 2.9456 1.3916e−05 2.9579 

1/64 1.1428e−08 2.9546 3.2178e−07 2.9620 6.2896e−06 2.9736 

1/81 5.6916e−09 2.9591 1.5981e−07 2.9710 3.1157e−06 2.9819 

1/100 3.0492e−09 2.9617 8.5351e−08 2.9765 1.6605e−06 2.9865 

 

Table 3. Errors and the corresponding time measurement order results at 1t = , 1
1000

h = , 

1κ = , 1l = , 2r = . 

τ  
1.1α =  1.5α =  1.9α =  

2L
e

 order 
2L

e
 order 

2L
e

 order 

1/10 1.0164e−05  1.7063e−04  2.9610e−03  

1/20 2.5498e−06 1.9950 4.2836e−05 1.9939 7.7633e−04 1.9313 

1/30 1.1340e−06 1.9983 1.9061e−05 1.9970 3.4568e−04 1.9953 

1/40 6.3809e−07 1.9988 1.0727e−05 1.9983 1.9456e−04 1.9979 

1/50 4.0844e−07 1.9993 6.8673e−06 1.9986 1.2455e−04 1.9988 
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Table 4. Errors and the corresponding time measurement order results at 1t = , 1
1000

h = , 

1
10

κ = , 2l = , 5r = . 

τ  
1.1α =  1.5α =  1.9α =  

2L
e

 order 
2L

e
 order 

2L
e

 order 

1/10 3.0243e−05  8.6123e−04  1.4751e−02  

1/20 7.5659e−06 1.9990 2.2005e−04 1.9685 4.1567e−03 1.8273 

1/30 3.3646e−06 1.9985 9.7893e−05 1.9976 1.8690e−03 1.9713 

1/40 1.8931e−06 1.9990 5.5086e−05 1.9986 1.0523e−03 1.9967 

1/50 1.2117e−06 1.9995 3.5262e−05 1.9991 6.7370e−04 1.9984 

 
nonlinear fractional advection-diffusion equations is studied, and the spatial 
convergence accuracy reaches the third order. Firstly, Crank-Nicolson qua-
si-compact scheme is constructed. Secondly, the numerical scheme is analyzed 
theoretically by the energy method in the sense of L2-norm. Finally, the effective-
ness of the numerical scheme is verified in numerical experiments. 
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