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Abstract 
In this paper, we consider a class of damped vibration systems with super-
quadratic potential. We obtain at least two nonzero periodic solutions through 
the minimization method and Morse theory. Moreover, if the potential is even 
with respect to the spatial variables, by applying a minimax type theorem, we 
can obtain a stronger multiplicity result with the number of solutions linked 
to the Morse index at zero. 
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1. Introduction 

Consider the following system  

 
( )( ) ( ) ( ) ( ) [ ]

( ) ( ) ( ) ( )

1 ,       a.e. 0,
2

0 0 0,

Nz p t I M z p t M L t z G t z t T

z z T z z T

  + + + − = ∇ ∈  
 

 − = − =

 

 

  (1) 

where 0T > , [ ]( )1 0, ;p L T R∈  and satisfies ( )
0

d 0
T

p t t =∫ , NI  denotes the 

N  dimensional identity matrix, ( ) ( )ijL t a t =    is a N N×  symmetric matrix-  

valued function defined on [ ]0,T  with [ ]( )0,ija L T∞∈  for all  
, 1, 2, ,i j N= 

), and ijM b =    is a N N×  antisymmetric constant matrix, 
and [ ]( )2 0, ,NG C T∈ ×  . This type of system often appears in nature, such as 
damped harmonic motion and electric circuits with capacitance. 

Recently, extensive research has been conducted on the system (1.1). If 0M =  
and ( ) 0p t ≡ , the system (1.1) reduces to the well-known second order Hamil-
tonian system, for which numerous results have been established via variational 
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methods (see [1]-[11]). If 0M =  and ( ) 0p t ≠ , in [12] [13], Wu et al. have con-
structed a variational framework for (1.1) and derived several existence results 
through variational methods. If 0M ≠  and ( ) 0p t ≠ , in [14], Li et al. estab-
lished a proper variational set for (1.1) and got several existence results for (1.1) 
with the super-quadratic potential via some critical point theorems. Since then, 
many authors have studied this general case using variational methods under var-
ious growth conditions (see [15]-[21] and references therein). In [21], Zhang ex-
plored (1.1) with super-quadratic and sub-quadratic potential and got infinitely 
many periodic solutions. In [15] [16], Chen studied (1.1) with asymptotically 
quadratic and super-quadratic potential. By employing a variant of the fountain 
theorem, he also discovered infinitely many nonzero periodic solutions. In [17], 
Chen and Schechter studied a class of damped vibration systems with general non-
linearities at infinity. By using a critical point theorem related to the symmetric 
mountain pass lemma they obtained infinitely many periodic solutions. In [18], 
Jiang et al. studied the damped vibration systems under a new super-quadratic 
condition. By using a fountain theorem they obtained a sequence of periodic so-
lutions with the corresponding energy tending to infinity. 

In this paper, we investigate the multiplicity of nonzero periodic solutions for 
(1.1), where the potential G  exhibits super-quadratic at infinity. By employing 
Morse theory alongside a minimization method, we demonstrate the existence of 
two nonzero periodic solutions. Notably, our approach, which utilizes Morse the-
ory, is infrequently applied in existing literature and does not necessitate sym-
metry in the nonlinearity. In the previous results, to obtain the multiple nonzero 
solutions of (1.1), the authors always assumed that the potential G  is even with 
respect to the spatial variable z . However, to obtain the existence of two nonzero 
periodic solutions of (1.1), we do not need the symmetric assumption on the po-
tential G . That is because compared to previous methods, the Morse theory can 
give a more detailed topological information about the critical points of the asso-
ciated functional. Furthermore, if the nonlinearity G  is even in z , we can 
achieve a more robust multiplicity result, with the number of solutions being in-
fluenced by the Morse index at zero. This advancement distinguishes our findings 
from previous multiplicity results. 

Now we outline the idea of the proof. Firstly, we demonstrate that the functional 
associated with (1.1) is bounded below and satisfies the compactness condition. 
Utilizing the minimization method, we then get a minimizer of this functional. 
Secondly, we prove that the minimum value of the functional is negative, which 
guarantees the minimizer obtained is a nonzero periodic solution. Thirdly, argu-
ing by contradiction, we further derive an additional nonzero periodic solution 
through the application of Morse theory. Finally, when the potential G  is even 
in z , we achieve a stronger multiplicity result by employing a minimax-type crit-
ical point theorem. This result links the number of solutions to the Morse index 
at zero. The following assumptions are considered in our analysis: 

( )1H  ( ) ( )2, ,NG t z C∈ ×    is T -periodic in t  and ( ),0 0G t = ; 
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( )2H  ( ) ( ),G t z zο∇ =  as 0z →  uniformly in [ ]0,t T∈ ; 

( )3H  
( )

2

,
lim z

G t z

z→∞ = ∞  uniformly in [ ]0,t T∈ . 

According to hypothesis ( )2H , it is evident that 0z =  is a periodic solution 
of (1.1). Our aim is to find the nonzero periodic solution. We denote by 0i

−  and 

0v  the Morse index and nullity of the functional associated with (1.1) at zero (see 
Section 2). 

Theorem 1.1. Under the assumptions ( ) ( )1 3H H−  hold, if 0 1i− ≥  and 

0 0v = , then (1.1) possesses at least two nonzero periodic solutions. 
Theorem 1.2. Under the assumptions ( ) ( )1 3H H−  hold, if 0 1i− ≥ and 
( ) ( ), ,G t z G t z− =  for any ( ), Nt z ∈ ×  , then (1.1) possesses at least 0i

−  pairs 
of nonzero periodic solutions. 

Example 1.3. Let ( ) ( ), sinG t z a b t z α= + , where 0a b> > , 2a > . It is not 
difficult to see that ( ),G t z  satisfies the conditions ( ) ( )1 3H H− . 

The organization of the remainder is arranged as follows. In Section 2, the var-
iational structure of (1.1) along with some important results are introduced. In 
Section 3, we provide the proof of results. 

2. Preliminaries 

In this section, we introduce the variational structure of (1.1) along with some 
preliminary results. Let 1

TH  be the usual Hilbert space with the inner product 

 ( ) ( )( ) ( ) ( )( )0
1

0
, , d ,, , ,

T
Tz t w t z tz w t t z w Hw  = + ∀ ∈ ∫   

and the corresponding norm 

 ( ) ( )( )( )
1

2 2 2 1
0 0

d , .
T

Tz z t z t t z H= + ∀ ∈∫   

For simplicity, we denote 1
TH H= . Let 

 ( ) ( )
0

d ,
t

P t p z z= ∫  

define 

 ( ) ( ) ( )( ) ( ) ( )( )0
, e , , d , , ,

T P tz w z t w t z t w t t z w H = + ∀ ∈ ∫   

and 

 ,, .Hz zz z= ∀ ∈  

It is evident that the norms ⋅  and 0⋅  are equivalent on H . In fact, due to 

[ ]( )1 0, ;p L T∈   and ( )
0

d 0
T

p t t =∫ , we have ( )P t  is a continuous T -period 

function. Thus there are two constants 1 0c >  and 2 0c >  satisfying 

 ( )2 2
1 2 .eP tc c≤ ≤   (2.1) 

Hence 

 1 20 0 , .z z zc c z H≤ ∀ ∈≤  
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Define the functional ψ  on H  by 

 ( ) ( ) ( )( )( ) ( )2

0 0

1 e , , d e , d .
2

T TP Pz z Mz z L t z z t G t z tψ = + + +∫ ∫   

By ( )1H , it is known that the functional ( )2 ,C Hψ ∈   and the critical 
points of ψ  are the periodic solutions of (1.1) (see [14]). 

Define the operator K  on H  by 

( ) ( )( ) ( )( )( )0 0

1, e , , d e , d , , .
2

 = + + − ∀ ∈  ∫ ∫

T TP P
NKz w Mz w p t Mz w t I L t z w t z w H  

Clearly, K  is a self-adjoint compact operator on H (see [14]). Then we can 
rewrite ψ  as 

 ( ) ( ) ( )
0

1 , e , d ,
2

T Pz I K z z G t z tψ = − + ∫  

where I  is the identity operator. According to the operator I K− , H  can be 
decomposed as 

 0 ,H H H H− +⊕ ⊕=  

where H + , H − , 0H  are the positive definite, negative definite and null sub-
spaces of H respectively. Then there exists some constant 0γ >  satisfying 

 ( ) 2, , ,I K z z z z Hγ −− ≤ − ∀ ∈   (2.2) 

and 

 ( ) 2, .,I K z z z z Hγ +− ≥ ∀ ∈   (2.3) 

Clearly, H −  and 0H  are finite dimensional and we denote 

 0
0 0dim , dim .i H Hν− −= =  

Subsequently, for z H∈  we present 0z z z z+ −= + +  with z H+ +∈ ,  
0 0z H∈  and z H− −∈ . 
Now we state some fundamental knowledge about Morse theory which is in-

strumental in proving our main result, for more details, see [5] [22] and [23]. Let 
E  be a Hilbert space and ( )2Ψ ,C E∈  . Set ( ) ( ){ }| 0K z z′Ψ = Ψ = . We call 
the functional Ψ  satisfies (PS) condition if for any sequence { }jz E⊂  where 

( ){ }Ψ jz  is bounded and ( )Ψ 0jz′ →  as j →∞ , there exists a convergent 
subsequence. Let ( ),A B  be a topological pair and ( )* ,H A B  be the singular 
homology group of ( ),A B  over a field  . Suppose ( )Ψz K∈  is isolated and 
( )Ψ z c= . Define the critical groups of Ψ  at z  as 

 ( ) { }( )Ψ, Ψ ,Ψ , 0,1, ,\c c
p pC z H U U z p= ∩ ∩ =   

where ( ){ }Ψ |Ψc z E z c= ∈ ≤  and U  is a closed neighborhood of z . For 
( )Ψz K∈ , the Morse index of Ψ  at z  represents the dimension of the nega-

tive subspace of E  according to the spectrum of ( )Ψ z′′ . ( )Ψz K∈  is called 
non-degenerate if ( )Ψ z′′  is invertible. 

Remark 2.1. If z  is an isolated minimum point of Ψ  with ( )Ψ z c= , then 
by the definition we have ( ) { }( ) ,0Ψ, ,p P pC z H z φ δ= =  , 0,1,p = 

, see [5]. 
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The following results are from [23]. 
Proposition 2.2. Let E  be a Hilbert space and ( )2Ψ ,C E∈  , ( )Ψz K∈  is 

non-degenerate and has Morse index k , then 

 ( ) ,Ψ, , 0,1 .p p kC z pδ= =   

Proposition 2.3. Let E  be a Hilbert space and ( )2Ψ ,C E∈   satisfies the 
(PS) condition over E . Suppose ( ) [ ]( ) { }1

1 2Ψ Ψ , , , , lK a b z z z−∩ =  , where 
,a b  are regular values of Ψ . Then 

 ( ) ( ) ( ) ( )
0 1 0

Ψ, Ψ ,Ψ 1 ,
l

p b a p
p i p

p i p
rankC z t rankH t t P t

∞ ∞

= = =

 
= + + 

 
∑ ∑ ∑  

where ( )P t  is a polynomial with nonnegative coefficients. 
To prove Theorem 1.2, we introduce a theorem from [23] (see also [24] [25]). 

For 0a > , let { }|aS z E z a= ∈ = . 
Proposition 2.4. Let E  be a Hilbert space and ( )2Ψ ,C E∈   is an even 

functional and satisfies the (PS) condition with ( )Ψ 0 0= . Suppose that  
E Y Z= ⊕ , and X  is a subspace of E  with dim dimX l m Y= > = . If there 
exist 0r >  and 0η >  satisfying 

 ( ) ( )inf Ψ , supΨ ,rZ S X η> −∞ ∩ ≤ −   (2.4) 

then Ψ  possesses at least l m−  pairs of nontrivial critical points. 

3. Proof of the Main Result 

In order to prove our main results, we first prove some lemmas. 
Lemma 3.1. Under the assumptions ( )1 3H H− , ψ  is bounded below on H . 
Proof. By ( )3H  we know for any 0A > , there is a positive constant AC  sat-

isfying 

 ( ) 2, AG t z A z C≥ −   (3.1) 

Choose 

 ( )21 1 1
4 2 4L

A M L t ∞> + +   (3.2) 

where M  is the norm of M  and ( ) L
L t ∞  is the L∞  norm of ( )L t  on 

[ ]0,T . Then by (3.1), (3.2) and the mean value inequality, for each z H∈  we have 

( ) ( ) ( )( )( ) ( )

( )( ) ( )
( ) ( )

( )

( )

2

0 0

2 2 2

0 0

2 2 2 2 2

0 0

2 2 2

0

2 2

0

1 e , , d e , d
2
1 e d e d
2
1 1 1e d e d
2 2 2

1 1 1e d
4 4 2

1 e d
4

T TP P

T TP P
AL

T TP P
AL

T P
AL

T P
A

z z Mz z L t z z t G t z t

z M z z L t z t A z C t

z M z z L t z t A z C t

z A M L t z t C

z z t C

ψ

∞

∞

∞

= + + +

≥ − − + −

 ≥ − − − + − 
 

   ′≥ − − −  
  

′≥ + −

+

∫ ∫

∫ ∫

∫ ∫

∫

∫

 

 

 





 (3.3) 
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Consequently, ( )Ψ z  is bounded below on H . 
Lemma 3.2. Under the assumptions ( )1 3H H− , ψ  satisfies the (PS) condi-

tion. 
Proof. Suppose { }nz H⊂  is a sequence with the property ( )nz Cψ ≤  for 

some constant 0C >  and ( ) 0nzψ ′ →  as n →∞ . Since ( )nz Cψ ≤ , then by 
(3.3) we see that the sequence { }nz  is bounded in H  Therefore there exists a 
z H∈  satisfying up to a subsequence nz z  in H  and ( ) ( )nz t z t→  uni-
formly in [ ]0,T  as n →∞ . Since ( ) 0nzψ ′ →  as n →∞ , then we can con-
clude that 

 ( ) ( ) , 0n nz z z zψ ψ + +− −′ ′ →  as n →∞ .  (3.4) 

Note that by (2.3), 

( ) ( )

( )( ) ( ) ( )( )( )
( ) ( )( )( )

0

2

0

,

, e , , d

e , , d .

n n

T P
n n n n

T P
n n n

z z z z

I K z z z z G t z G t z z z t

z z G t z G t z z z t

ψ ψ

γ

+ +

+ + + + + +

+ + + +

− −

= − − − + ∇ −∇ −

≥ − + ∇ −∇ −

′ ′

∫

∫

 (3.5) 

Recall that ( ) ( )nz t z t→  uniformly in [ ]0,T , we have 

 ( ) ( ) ( )( )( )0
e , , d 0

T P t
n nG t z G t z z z t+ +∇ −∇ − →∫  as n →∞ .  (3.6) 

Then by (3.4)-(3.6), we have nz z+ +→  in H  as n →∞ . Since both H −  

and 0H  are finite dimensional, we also have nz z− −→  and 0 0
nz z→  in H  as 

n →∞ . Then we know nz z→  in H  as n →∞  and the (PS) condition is 
proved. 

Lemma 3.3. Under the assumptions ( )1 3H H− , if 0 1i− ≥  then there exist 
0γ >  and 0η >  such that 

 ( )sup .
rz S H

zψ η
−∈ ∩

≤ −  

Proof. By ( )2H , for 0
4
γε< <  there is a positive δ  such that for all z  sat-

isfying z δ≤ , 

 ( ) 2 .,G t z zε≤  (3.7) 

By (3.7) and the Sobolev inequality 2Lz C z∞ ≤ , for z H −∈  with  

2

z
C
δ

≤ , we obtain 

 

( ) ( ) ( )

( )
0

2 2

0

2 2

1 , e , d
2

e d
2

2
.

4

T P

T P

z I K z z G t z t

z z t

z z

ψ

γ ε

γ γε

= − +

≤ − +

 ≤ − + − 
 

≤

∫

∫   (3.8) 

Let 
2

r
C
δ

≤  and 
2

4
rγη = . By (3.8), for z H −∈  with z r=  we have 
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 ( ) .zψ η≤ −  

Hence 

 ( )sup .
rz S H

zψ η
−∈ ∩

≤ −  

Proof of theorem 1.1. From Lemma 3.1, ψ  is bounded below on H , then 
there is a sequence { }nz H⊂  satisfying 

 ( ) ( )infn z H
z zψ ψ

∈
→  and ( ) 0nzψ ′ →  as n →∞ . 

According to Lemma 3.2, ψ  satisfies the (PS) condition, then up to a subse-
quence we have 0nz z→  for some 0z H∈ . Thus 

 ( ) ( )0 inf
z H

z zψ ψ
∈

=  and ( )0 0zψ ′ = . 

Now we show that ( )0 0zψ < . In fact, by Lemma 3.3, 

 ( ) ( ) ( ) ( )0 inf inf sup 0
r r

z H z S H z S H
z z z zψ ψ ψ ψ η

− −∈ ∈ ∩ ∈ ∩

= ≤ ≤ ≤ − <  

Note that ( )0 0ψ = , we conclude that 0z  is a nonzero periodic solution of 
(1.1). 

Now we demonstrate that the problem (1.1) has another nonzero periodic solution. 
We use an indirect argument. If 0z  is the only nonzero periodic solutions of (1.1), 
then ψ  has exactly two critical points 0 and 0z . Choose ( ) ( )0 inf

z H
a z zψ ψ

∈
< =  

and ( )0 0b ψ> = , then a  and b  are two regular values of ψ . By Proposition 
2.3, we get 

( ) ( )( ) ( ) ( ) ( )0
0 0

, ,0 , 1 ,p b a p
p p p

p p
rankC z rankC t rankH t t P t

∞ ∞

ψ ψ ψ ψ
= =

+ = + +∑ ∑ (3.9) 

where ( )P t  is a polynomial with nonnegative coefficients. Since 0z  is the min-
imizer of ψ , then by Remark 2.1 we have 

 ( )0 ,0, , 0,1, 2, .p pC z pψ δ= =    (3.10) 

Thus 

 ( )0

1,    0,
0,

,
   1.p

p
p

rankC zψ
=
≥

=




  (3.11) 

Recall that 0 dimi H− −=  and 0
0 dim Hν = . By ( )2H  we see that 0i

−  and 0ν  
are the Morse index and nullity of ψ  at zero. Since 0 1i− ≥  and 0 0ν = , by 
Proposition 2.2 we obtain 

 ( )
0,

, 0 , 0,1, 2, .p p i
C pψ δ −= =    (3.12) 

Thus 

 ( ) 0

0

1,    ,

0,   
,0

 .p

i
rankC

i

p

p
ψ

−

−

 =
= 

≠
  (3.13) 

Note that there is no critical point on [ )( )1 ,bψ − +∞ , then by the deformation 
theorem we see that bψ  is a deformation retract of the whole space H . Then by 
the property of the singular homology, we have 
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 ( ) ( ), , .b a a
p pH H Hψ ψ ψ=   (3.14) 

Recall that ( )inf
z H

a zψ
∈

< , then ( )aψ φ= . From (3.14) we have 

 ( ) ( ) ,0, , , 0,1, 2, .b a
p p pH H H pψ ψ φ δ= = =    (3.15) 

Thus 

 ( ) 1,    0,
0,    1

,
.

b a
prankH

p
p

ψ ψ =
=

 ≥
  (3.16) 

Then by (3.9), (3.11), (3.13) and (3.16), we have 

 ( ) ( )00 0 1 .it t t t P t
−

+ = + +   (3.17) 

Take 1t = −  in (3.17), then we obtain ( ) 01 0i−− = , which is a contradiction. 
Hence, (1.1) has at least two nonzero periodic solutions. 

Proof of theorem 1.2. Recall that ( )2 ,C Hψ ∈   and ( )0 0ψ =  from ( )1H . 
Given ( ) ( ), ,G t z G t z− =  for any ( ), Nt z ∈ ×  , we observe that ψ  is an even 
functional. From Lemma 3.2, ψ  satisfies the (PS) condition. Let { }0Y = , 
Z H=  and X H −= , then 0dim 0 dimY i X−= < = . By Lemma 3.1, we see that 

 ( )inf Ψ .Z > −∞  

From Lemma 3.3, there exist positive constants r  and η  satisfying 

 ( )supΨ .rS X η∩ ≤ −  

Hence, using Proposition 2.4, (1.1) possesses at least 0i
−  pairs of nonzero peri-

odic solutions. 

4. Conclusion 

In this paper, the existence of multiple nonzero periodic solutions of the damped 
vibration system has been considered. We first prove that the associated func-
tional satisfies the (PS) condition and is bounded from below. Then, by using the 
minimization method, we obtain a minimizer which is a nonzero periodic solu-
tion of the system. Based on the topological feature of the minimizer, we obtain 
another nonzero periodic solution by using the Morse theory. Note that this result 
does not require the potential to be symmetric with respect to the spatial variable. 
Our result generalizes some known results in literature. Furthermore, when the 
potential G  is even in the spatial variable, by using a multiple critical point the-
orem, we have established a stronger multiplicity result with the number of peri-
odic solutions related to the Morse index at zero. 
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