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Abstract

In this paper, we consider a class of damped vibration systems with super-
quadratic potential. We obtain at least two nonzero periodic solutions through
the minimization method and Morse theory. Moreover, if the potential is even
with respect to the spatial variables, by applying a minimax type theorem, we
can obtain a stronger multiplicity result with the number of solutions linked
to the Morse index at zero.
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1. Introduction

Consider the following system
Z+(p(t)ly +M )z‘+e p(t)M —L(t)jz =VG(t,z) aete[0T]
2(0)-z(T)=2(0)-2(T)=0,

where T>0, pel*([0,T];R) and satisfies J.OT p(t)dt=0, I, denotes the

e

N dimensional identity matrix, L(t)= [aij (t)] isa NxN symmetric matrix-

valued function defined on [O,T] with a; e L” ([O,T]) for all
i,j=12,---,N ), and M = [bij } isa NxN antisymmetric constant matrix,
and GeC? ([O,T]x R" ,]R) . This type of system often appears in nature, such as
damped harmonic motion and electric circuits with capacitance.

Recently, extensive research has been conducted on the system (1.1). If M =0
and p(t) =0, the system (1.1) reduces to the well-known second order Hamil-

tonian system, for which numerous results have been established via variational
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methods (see [1]-[11]).If M =0 and p(t) #0,in [12] [13], Wu et al have con-
structed a variational framework for (1.1) and derived several existence results
through variational methods. If M #0 and p(t) #0, in [14], Li et al. estab-
lished a proper variational set for (1.1) and got several existence results for (1.1)
with the super-quadratic potential via some critical point theorems. Since then,
many authors have studied this general case using variational methods under var-
ious growth conditions (see [15]-[21] and references therein). In [21], Zhang ex-
plored (1.1) with super-quadratic and sub-quadratic potential and got infinitely
many periodic solutions. In [15] [16], Chen studied (1.1) with asymptotically
quadratic and super-quadratic potential. By employing a variant of the fountain
theorem, he also discovered infinitely many nonzero periodic solutions. In [17],
Chen and Schechter studied a class of damped vibration systems with general non-
linearities at infinity. By using a critical point theorem related to the symmetric
mountain pass lemma they obtained infinitely many periodic solutions. In [18],
Jiang et al studied the damped vibration systems under a new super-quadratic
condition. By using a fountain theorem they obtained a sequence of periodic so-
lutions with the corresponding energy tending to infinity.

In this paper, we investigate the multiplicity of nonzero periodic solutions for
(1.1), where the potential G exhibits super-quadratic at infinity. By employing
Morse theory alongside a minimization method, we demonstrate the existence of
two nonzero periodic solutions. Notably, our approach, which utilizes Morse the-
ory, is infrequently applied in existing literature and does not necessitate sym-
metry in the nonlinearity. In the previous results, to obtain the multiple nonzero
solutions of (1.1), the authors always assumed that the potential G is even with
respect to the spatial variable z.However, to obtain the existence of two nonzero
periodic solutions of (1.1), we do not need the symmetric assumption on the po-
tential G. That is because compared to previous methods, the Morse theory can
give a more detailed topological information about the critical points of the asso-
ciated functional. Furthermore, if the nonlinearity G is even in z, we can
achieve a more robust multiplicity result, with the number of solutions being in-
fluenced by the Morse index at zero. This advancement distinguishes our findings
from previous multiplicity results.

Now we outline the idea of the proof. Firstly, we demonstrate that the functional
associated with (1.1) is bounded below and satisfies the compactness condition.
Utilizing the minimization method, we then get a minimizer of this functional.
Secondly, we prove that the minimum value of the functional is negative, which
guarantees the minimizer obtained is a nonzero periodic solution. Thirdly, argu-
ing by contradiction, we further derive an additional nonzero periodic solution
through the application of Morse theory. Finally, when the potential G is even
in z,weachieve a stronger multiplicity result by employing a minimax-type crit-
ical point theorem. This result links the number of solutions to the Morse index

at zero. The following assumptions are considered in our analysis:
(H1) G (t, Z) e C? (RXRN ,R) is T -periodicin t and G(t,O) =0;
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( ,) VG(t,z)=0 (z) as |Z|—>0 uniformly in te[O,T];

(H,) Iim‘z‘%w |( | 2) = uniformlyin te[0,T].

According to hypothesis (H2 ), it is evident that =0 is a periodic solution
of (1.1). Our aim is to find the nonzero periodic solution. We denote by i, and
Vv, the Morse index and nullity of the functional associated with (1.1) at zero (see
Section 2).

Theorem 1.1. Under the assumptions (H,)—(H;) hold, if i;j >1 and
v, =0, then (1.1) possesses at least two nonzero periodic solutions.

Theorem 1.2. Under the assumptions (H;)—(H,) hold, if iy >1 and
G(t,-z)=G(t,z) forany (t,z)e RxR", then (1.1) possesses at least i, pairs
of nonzero periodic solutions.

Example 1.3. Let G(t,z)=(a+bsint)|z|", where a>b>0, a>2.Itis not
difficult to see that G(t,z) satisfies the conditions (H,)—(H,).

The organization of the remainder is arranged as follows. In Section 2, the var-
iational structure of (1.1) along with some important results are introduced. In

Section 3, we provide the proof of results.

2. Preliminaries

In this section, we introduce the variational structure of (1.1) along with some

preliminary results. Let H; be the usual Hilbert space with the inner product
(zw), = [ [(2(t). w(t)+(2(t) v(t)) Jdt, vz,weHE,
and the corresponding norm
I, :(E(P(t)r +|z‘(t)|2)dt);, vz e HL,
For simplicity, we denote H =Hj . Let

='[;p(z)dz

define
(zwy= [T e" O (2(t),w(t))+(2(t), w(t)) dt, VzweH,
and
|z =(z.2), vzeH.
It is evident that the norms |{| and [, areequivalenton H .In fact, dueto

pe Ll([O,T];]R) and .fOT p(t)dt =0, we have P(t) is a continuous T -period
function. Thus there are two constants Cl >0 and c, >0 satisfying
cl <eP < c (2.1)
Hence

Al <ldselal, vzeH.
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Define the functional ¥ on H by
z//(z):%ﬂep(|z'|2+(Mz,Z)+(L(t)z,z))dt+IOTePG(t,z)dt.

By (H,), it is known that the functional W GCZ(H,R) and the critical
points of y are the periodic solutions of (1.1) (see [14]).
Define the operator K on H by

(Kz,w>=j'oTeP [(Mz‘,w)+% p(t)(Mz,W)JdHJ'OT e”((1y —L(t))zw)dt, vz,weH.

Clearly, K is a self-adjoint compact operator on H (see [14]). Then we can

rewrite ¥ as
1 T
V,(Z)ZE<(| -K)z,z)+] €"G(t,z)dt,

where | is the identity operator. According to the operator | —K, H can be
decomposed as

H=H @H°®H",
where H*, H™, H° are the positive definite, negative definite and null sub-

spaces of H respectively. Then there exists some constant y >0 satisfying
(1-K)z,2) < ||, vzeH", (2.2)
and
<(I—K)z,z>2;/||z||2, YzeH". (2.3)

Clearly, H™ and H° are finite dimensional and we denote

ip =dimH~, v, =dimH°.

Subsequently, for ze H wepresent z=2z"+2"+z with z" eH",
2cH® and 7z eH .

Now we state some fundamental knowledge about Morse theory which is in-
strumental in proving our main result, for more details, see [5] [22] and [23]. Let
E be a Hilbert space and ¥ e C? (ER). Set K(¥)= {Z |W'(z)= 0} . We call
the functional ¥ satisfies (PS) condition if for any sequence {z j} c E where
{‘P(ZJ— )} is bounded and ‘I”(Zj ) —0 as j— oo, there exists a convergent
subsequence. Let (A,B) be a topological pair and H.(A,B) be the singular
homology group of (A, B) overafield F .Suppose zeK (‘{’) is isolated and
¥(z) =c. Define the critical groups of ¥ at z as

C,(¥.2)=H, (¥ AU ¥ nU\{z}), p=01:--,

where ¥° :{Z € E|‘I’(Z)SC} and U is a closed neighborhood of z. For
7€ K(¥), the Morse index of ¥ at z represents the dimension of the nega-
tive subspace of E according to the spectrum of ¥"(z). ze K(¥) is called
non-degenerate if P”(z) is invertible.

Remark 2.1. If z is an isolated minimum point of ¥ with ‘P(Z) =cC, then
by the definition we have C, (W, z)=H, ({z} , ¢) =08,0F, p=01,--,see[5].
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The following results are from [23].
Proposition 2.2. Let E bea Hilbert spaceand ¥ eC?(E,R), zeK (V) is

non-degenerate and has Morse index k, then

C,(¥.z2)=6,,F, p=01--.
Proposition 2.3. Let E be a Hilbert space and ¥ eC? (E/R) satisfies the
(PS) condition over E . Suppose K(‘P)m‘P’l([a, b])z{zl,zz,---,zl} , where
a,b are regular values of V. Then

i(ZrankC (P, )jtp :iranka(\Pb,‘lla)tp+(l+t)P(t),

p=0 p=0

where P(t) isa polynomial with nonnegative coefficients.

To prove Theorem 1.2, we introduce a theorem from [23] (see also [24] [25]).
For a>0,let S, :{Ze E|||Z||:a}.

Proposition 2.4. Let E be a Hilbert space and ¥ ECZ(E,R) is an even
functional and satisfies the (PS) condition with ¥( 0) =0. Suppose that
E=Y®Z,and X isa subspace of E with dimX =1>m=dimY . If there
exist r>0 and 5 >0 satisfying

inf ¥(Z)>-o, sup¥(S, N X)<-n, (2.4)

then W possesses atleast | —m pairs of nontrivial critical points.

3. Proof of the Main Result

In order to prove our main results, we first prove some lemmas.
Lemma 3.1. Under the assumptions (H, —H;), ¥ isboundedbelowon H .

Proof. By (H3) we know for any A> 0, there is a positive constant C, sat-
isfying
G(t,z)2 Al -C, (3.1)
Choose

1 1 1
A>Z"M"2 +§"L(t)"u>° +Z (3.2)

where ||M || is the norm of M and "L(t)"Lw is the L* norm of L(t) on
[O,T] . Then by (3.1), (3.2) and the mean value inequality, foreach ze H we have

(2)=5 L€ (|2 +(Mz.2)+ (L(t)2.2) e+ | €6 (1, 2)ce
500 e MO 2 e (Aff . et
e G e O S CA P
= 16 (A= dr - Huiol, Jof Jo-c:
> L[ (|2 + 2 )t -c
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Consequently, LP(Z) is bounded belowon H.
Lemma 3.2. Under the assumptions (H,—H,), y satisfies the (PS) condi-
tion.

Proof. Suppose {Zn} cH <C for

()

some constant C >0 and l//'(Zn)—>0 as N —oo. Since |l//(Z

(3.3) we see that the sequence {Zn} is bounded in H Therefore there exists a
ZeH satisfying up to a subsequence z, —z in H and z,(t)—z(t) uni-
formly in [O,T] as N—> . Since ¥'(z,)—>0 as N— oo, then we can con-
clude that

<y/’(zn)—y/’(z) z*—z*>—>0 as N—>o, (3.4)

Note that by (2.3),
<y/’(zn)—y/’(z),z§—z*>
=<(| —K)(zn*—f),zn+ —z+>+J'OTeP (VG(t,zn)—VG(t,z))(zn+ —z*)dt (3.5)
[’ +I;ep (VG(t,2,)-VG(t.2))(zs —2" ).

Recall that 7z (t)—>z(t) uniformly in [O,T],we have

e VGtz -VG(t,z))(z; —z")dt >0 as n—> . (3.6)
I (t2)(z -7)

Then by (3.4)-(3.6), we have z, = Z" in H as n—o. Since both H~

and H° are finite dimensional, we alsohave z, —2~ and 2z —2° in H as
N —>o . Then we know z, -z in H as Nn—>o and the (PS) condition is
proved.

Lemma 3.3. Under the assumptions (H; —H,), if iy >1 then there exist
y>0 and >0 such that

sup w(z)<-n.

2eS,AH™
Proof By (H,),for 0<e&< % there is a positive & such thatforall z sat-
isfying |Z| <9,
G(tz)< g|z|2 . (3.7)
By (3.7) and the Sobolev inequality ||Z"L°° <G, "Z” ,for ze H™ with

[2] <2 we obtain

y/(z):§<(l—K)z,z>+f0TePG(t,z)dt
2N+ e (el ot (3.8)
s(—;wjnzu <-ZJaf

2
Let rSi and 77:%

2

By (3.8),for ze H™ with ||z||=r we have
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w(z)<-n.
Hence

sup y(z)<-n.

zeSyNH™

Proof of theorem 1.1. From Lemma 3.1, y is bounded below on H, then

there is a sequence {Zn} c H satisfying

l//(Zn)—)iZQI'l//(Z) and ¥'(z,)>0 as n—>w.

According to Lemma 3.2, y satisfies the (PS) condition, then up to a subse-

quence we have z, — z, forsome z, € H.Thus
z//(zo):izrggz//(z) and y'(z,)=0.
Now we show that l//(ZO)<0.In fact, by Lemma 3.3,
y/(zo):in:y/(z)s inf w(z)< sup w(z)<-n<0
z€ zeS, NH™

zeSyNH™

Note that 1/1(0) =0, we conclude that z, is a nonzero periodic solution of
(L.1).

Now we demonstrate that the problem (1.1) has another nonzero periodic solution.
We use an indirect argument. If z, is the only nonzero periodic solutions of (1.1),
then y has exactly two critical points 0 and z,. Choose a<y (z,)= IZrEIE w(z)
and b>y(0)=0,then a and b are two regular values of y . By Proposition
2.3, we get

i(rankcp (w.2,)+rankC, (,0))t* = i rankH , (°,p* )t + (1+1)P(t), (3.9)

p=0 p=0

where P (t) is a polynomial with nonnegative coefficients. Since z, isthe min-

imizer of y , then by Remark 2.1 we have

C,(v.2))=6,0F, p=012:-. (3.10)
Thus
1, p=0
ranka(z//,zo)—{o’ o>l (3.11)

Recall that i; =dimH™ and v, =dimH".By (H,) weseethat iy and v,
are the Morse index and nullity of y at zero. Since i, 21 and v, =0, by
Proposition 2.2 we obtain

C,(y,0)=6, _F, p=012-. (3.12)
Thus
1, =i,
rankC, (,0) = P 0 (3.13)
0, p#i,.

Note that there is no critical point on y ™ ([b,+)), then by the deformation
theorem we see that " is a deformation retract of the whole space H . Then by

the property of the singular homology, we have
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Hp(l//b,l//a):Hp(H,l//a). (3.14)
Recall that a<in:y/(z),then w(a)=¢. From (3.14) we have
Ze
Ho(v°w)=H,(H,$)=6,0F, p=012:- (3.15)
Thus
1! p:O,
b a\ _
ranka(z// N )_{0’ o>l (3.16)

Then by (3.9), (3.11), (3.13) and (3.16), we have
0+t =t"+(1+t)P(t). (3.17)

Take t=-1 in (3.17), then we obtain (—1)ia =0, which is a contradiction.
Hence, (1.1) has at least two nonzero periodic solutions.

Proof of theorem 1.2. Recall that y e C? (H,R) and y(0)=0 from (H,).
Given G (t,—Z) =G (t, Z) for any (t, Z) e RxR", we observe that Y isaneven
functional. From Lemma 3.2, i satisfies the (PS) condition. Let Y = {O} R
Z=H and X =H,then dimY =0<i, =dim X . By Lemma 3.1, we see that

inf¥(Z)>—o.
From Lemma 3.3, there exist positive constants r and 7 satisfying

sup¥(S, N X)<—n.

Hence, using Proposition 2.4, (1.1) possesses at least 1, pairs of nonzero peri-

odic solutions.

4. Conclusion

In this paper, the existence of multiple nonzero periodic solutions of the damped
vibration system has been considered. We first prove that the associated func-
tional satisfies the (PS) condition and is bounded from below. Then, by using the
minimization method, we obtain a minimizer which is a nonzero periodic solu-
tion of the system. Based on the topological feature of the minimizer, we obtain
another nonzero periodic solution by using the Morse theory. Note that this result
does not require the potential to be symmetric with respect to the spatial variable.
Our result generalizes some known results in literature. Furthermore, when the
potential G is even in the spatial variable, by using a multiple critical point the-
orem, we have established a stronger multiplicity result with the number of peri-
odic solutions related to the Morse index at zero.

Acknowledgements

The authors would like to thank the reviewer for the valuable comments, which

have helped to improve the quality of this paper.

Funding

This research was supported by National Natural Science Foundation of China

DOI: 10.4236/jamp.2024.1212263

4298 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1212263

Z.H.Zhang et al.

(11901270) and Shandong Provincial Natural Science Foundation (ZR2019BA019).

Authors’ Contributions

Zihan Zhang: Conception and design of study, writing original draft, writing re-
view and editing.

Yuanhao Wang: Writing review and editing.

Guanggang Liu: Conception and design of study, writing review and editing.

The authors declare no conflicts of interest regarding the publication of this

paper.
Conflicts of Interest
The authors declare no conflicts of interest regarding the publication of this paper.

References

[1] Antonacci, F. (1997) Existence of Periodic Solutions of Hamiltonian Systems with
Potential Indefinite in Sign. Nonlinear Analysis. Theory, Methods & Applications,
29, 1353-1364. https://doi.org/10.1016/s0362-546x(96)00190-3

[2] Berger, M.S. (1970) On Periodic Solutions of Second Order Hamiltonian Systems (I).
Journal of Mathematical Analysis and Applications, 29, 512-522.
https://doi.org/10.1016/0022-247x(70)90065-x

[3] Zheng, ].M. and Cheng, J.X. (2010) Periodic Solutions for a Class of Second Order
Hamiltonian Systems. Acta Mathematica Sinica, 53, 721-726.

[4] Li, L. and Schechter, M. (2016) Existence Solutions for Second Order Hamiltonian
Systems. Nonlinear Analysis. Real World Applications, 27, 283-296.
https://doi.org/10.1016/j.nonrwa.2015.08.001

[5] Mawhin, J., Willem, M. and Mawhin, J. (1989) Critical Point Theory and Hamilto-
nian Systems.

[6] Meng, F. and Zhang, F. (2008) Periodic Solutions for Some Second Order Systems.
Nonlinear Analysis. Theory, Methods & Applications, 68, 3388-3396.
https://doi.org/10.1016/j.na.2007.03.031

[7] Pipan, J. and Schechter, M. (2014) Non-Autonomous Second Order Hamiltonian
Systems. Journal of Differential Equations, 257, 351-373.
https://doi.org/10.1016/j.jde.2014.03.016

[8] Tang, C.and Wu, X. (2010) Some Critical Point Theorems and Their Applications to
Periodic Solution for Second Order Hamiltonian Systems. Journal of Differential
Equations, 248, 660-692. https://doi.org/10.1016/j.jde.2009.11.007

[9] Tang, C. and Wu, X. (2014) Periodic Solutions for a Class of New Superquadratic
Second Order Hamiltonian Systems. Applied Mathematics Letters, 34, 65-71.
https://doi.org/10.1016/j.aml.2014.04.001

[10] Tang, X.H. and Jiang, J. (2010) Existence and Multiplicity of Periodic Solutions for a
Class of Second-Order Hamiltonian Systems. Computers & Mathematics with Appli-
cations, 59, 3646-3655. https://doi.org/10.1016/j.camwa.2010.03.039

[11] Zou, W.and Li, S. (2002) Infinitely Many Solutions for Hamiltonian Systems. Journal
of Differential Equations, 186, 141-164.
https://doi.org/10.1016/s0022-0396(02)00005-0

DOI: 10.4236/jamp.2024.1212263

4299 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1212263
https://doi.org/10.1016/s0362-546x(96)00190-3
https://doi.org/10.1016/0022-247x(70)90065-x
https://doi.org/10.1016/j.nonrwa.2015.08.001
https://doi.org/10.1016/j.na.2007.03.031
https://doi.org/10.1016/j.jde.2014.03.016
https://doi.org/10.1016/j.jde.2009.11.007
https://doi.org/10.1016/j.aml.2014.04.001
https://doi.org/10.1016/j.camwa.2010.03.039
https://doi.org/10.1016/s0022-0396(02)00005-0

Z.H.Zhang et al.

(12]

(13]

[14]

[15]

(16]

(17]

(18]

[19]

[20]

(21]

(22]

(23]

(24]

(25]

Wu, X., Chen, S. and Teng, K. (2008) On Variational Methods for a Class of Damped
Vibration Problems. Nonlinear Analysis. Theory, Methods & Applications, 68, 1432-
1441. https://doi.org/10.1016/j.na.2006.12.043

Wu, X. and Chen, J. (2009) Existence Theorems of Periodic Solutions for a Class of
Damped Vibration Problems. Applied Mathematics and Computation, 207, 230-235.
https://doi.org/10.1016/j.amc.2008.10.020

Li, X., Wu, X. and Wu, K. (2010) On a Class of Damped Vibration Problems with
Super-Quadratic Potentials. Nonlinear Analysis. Theory, Methods & Applications,
72, 135-142. https://doi.org/10.1016/j.na.2009.06.044

Chen, G. (2014) Infinitely Many Nontrivial Periodic Solutions for Damped Vibration
Problems with Asymptotically Linear Terms. Applied Mathematics and Computa-
tion, 245, 438-446. https://doi.org/10.1016/j.amc.2014.07.114

Chen, G. (2015) Periodic Solutions of Superquadratic Damped Vibration Problems.
Applied Mathematics and Computation, 270, 794-801.
https://doi.org/10.1016/j.amc.2015.08.095

Chen, G. and Schechter, M. (2019) Multiple Periodic Solutions for Damped Vibration
Systems with General Nonlinearities at Infinity. Applied Mathematics Letters, 90, 69-
74. https://doi.org/10.1016/j.aml.2018.10.014

Jiang, S., Xu, H. and Liu, G. (2023) Multiplicity of Periodic Solutions for a Class of
New Super-Quadratic Damped Vibration Problems. Journal of Dynamical and Con-
trol Systems, 29, 1287-1297. https://doi.org/10.1007/s10883-022-09638-6

Khaled, K. (2021) New Results on Periodic Solutions for Second Order Damped Vi-

bration Systems. Ricerche di Matematica, 72, 709-721.
https://doi.org/10.1007/s11587-021-00567-3

Liu, G. and Shi, S. (2020) Existence and Multiplicity of Periodic Solutions for Damped
Vibration Problems with Nonlinearity of Linear Growth. Applied Mathematics Let-
ters, 107, Article ID: 106502. https://doi.org/10.1016/j.am1.2020.106502

Zhang, X. (2013) Infinitely Many Solutions for a Class of Second-Order Damped Vi-
bration Systems. Electronic Journal of Qualitative Theory of Differential Equations,
No. 15, 1-18. https://doi.org/10.14232/ejqtde.2013.1.15

Bartsch, T. and Li, S. (1997) Critical Point Theory for Asymptotically Quadratic
Functionals and Applications to Problems with Resonance. Non/inear Analysis. The-
ory, Methods & Applications, 28, 419-441.
https://doi.org/10.1016/0362-546x(95)00167-t

Chang, K. (1993) Infinite Dimensional Morse Theory. In: Chang, K., Ed., Infinite Di-
mensional Morse Theory and Multiple Solution Problems, Birkhduser, 1-82.
https://doi.org/10.1007/978-1-4612-0385-8 1

Liu, Z., Su, J. and Wang, Z. (2008) A Twist Condition and Periodic Solutions of Ham-
iltonian Systems. Advances in Mathematics, 218, 1895-1913.
https://doi.org/10.1016/j.aim.2008.03.024

Liu, Z., Su, J. and Wang, Z. (2008) Solutions of Elliptic Problems with Nonlinearities
of Linear Growth. Calculus of Variations and Partial Differential Equations, 35, 463-
480. https://doi.org/10.1007/s00526-008-0215-0

DOI: 10.4236/jamp.2024.1212263

4300 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1212263
https://doi.org/10.1016/j.na.2006.12.043
https://doi.org/10.1016/j.amc.2008.10.020
https://doi.org/10.1016/j.na.2009.06.044
https://doi.org/10.1016/j.amc.2014.07.114
https://doi.org/10.1016/j.amc.2015.08.095
https://doi.org/10.1016/j.aml.2018.10.014
https://doi.org/10.1007/s10883-022-09638-6
https://doi.org/10.1007/s11587-021-00567-3
https://doi.org/10.1016/j.aml.2020.106502
https://doi.org/10.14232/ejqtde.2013.1.15
https://doi.org/10.1016/0362-546x(95)00167-t
https://doi.org/10.1007/978-1-4612-0385-8_1
https://doi.org/10.1016/j.aim.2008.03.024
https://doi.org/10.1007/s00526-008-0215-0

	Multiple Periodic Solution for a Class of Damped Vibration System
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Proof of the Main Result
	4. Conclusion
	Acknowledgements
	Funding
	Authors’ Contributions
	Conflicts of Interest
	References

