X4

Journal of Applied Mathematics and Physics, 2024, 12, 3579-3589

X/

"’: g‘e;lseen;:'gfl https://www.scirp.org/iournaI/iamp
94% Publishing ISSN Online: 2327-4379

o,

ISSN Print: 2327-4352

Research on @-Intuitionistic Fuzzy
Homomorphism Theory

Yue Wang!2, Yan Yan!?Z*, Xinru Shang!

!College of Science, North China University of Science and Technology, Tangshan, China
“Hebei Key Laboratory of Data Science and Application, Tangshan, China

Email: *wyue990826@163.com

How to cite this paper: Wang, Y., Yan, Y.
and Shang, X.R. (2024) Research on é-Intu-
itionistic Fuzzy Homomorphism Theory.
Journal of Applied Mathematics and Phys-
ics, 12, 3579-3589.
https://doi.org/10.4236/jamp.2024.1210213

Received: September 27, 2024
Accepted: October 27, 2024
Published: October 30, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

[Omom

Abstract

Fuzzy homomorphism is an important research content of fuzzy group theory,
different fuzzy mappings will produce different fuzzy homomorphisms. In this
paper, the fuzzy homomorphism of groups is generalized. Firstly, the & -intui-
tionistic fuzzy mapping is defined, and the @ -intuitionistic fuzzy homomor-
phism of groups is obtained. The properties of intuitionistic fuzzy subgroups
and intuitionistic fuzzy normal subgroups are studied under the @ -intuition-
istic fuzzy homomorphism of groups, and the fundamental theorem of & -
intuitionistic fuzzy homomorphism is proved.
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@ -Intuitionistic Fuzzy Homomorphism, Intuitionistic Fuzzy Subgroup,
Intuitionistic Fuzzy Normal Subgroup

1. Introduction

In 1965, Zadeh proposed the concept of fuzzy subsets. It is a class of objects with
continuous membership grades. Its set feature is to use a membership function to
give each object a membership grade between 0 and 1 [1]. In 1971, Rosenfeld pro-
posed the concept of fuzzy subgroups, which is of pioneering significance for the
study of fuzzy algebraic structure [2]. In 2001, Yao obtained the concept of fuzzy
homomorphism of groups by defining the concept of fuzzy mapping. He studied
the properties of fuzzy subgroups and fuzzy normal subgroups under fuzzy ho-
momorphism and proved the basic theorem of fuzzy homomorphism [3]. Differ-
ent fuzzy mappings will produce different fuzzy homomorphisms. In 2014, Hao
defined O -fuzzy mappings and discussed the fuzzy homomorphisms generated

by 6 -fuzzy mappings on groups [4]. In 2018, Addis introduced the concept of
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fuzzy kernels of fuzzy homomorphisms on groups, proved that any fuzzy normal
subgroup is a fuzzy kernel of some fuzzy epimorphism, and finally gave and
proved the fuzzy version of the fundamental theorem of homomorphism and
those isomorphism theorems [5].

In 1986, Atanassov proposed the concept of intuitionistic fuzzy subsets, which
is a generalization of fuzzy subsets proposed by Zadeh [6]. In 1989, Biswas proposed
the concept of intuitionistic fuzzy subgroups [7]. After that, the concepts of intu-
itionistic fuzzy normal subgroups, intuitionistic fuzzy cosets and intuitionistic
fuzzy quotient groups are introduced and their related properties are studied [8].
In 2011, Sharma studied the related conclusions about intuitionistic fuzzy sub-
groups under group homomorphism [9]. In 2020, Adamu studied the properties
of intuitionistic fuzzy multigroups under group homomorphism [10], Muham-
mad et al. proposed the concept of complex intuitionistic fuzzy subgroups and
studied the homomorphic image and preimage of complex intuitionistic fuzzy
subgroups under group homomorphism [11]. It can be seen that group homo-
morphism plays an important role in intuitionistic fuzzy theory. In recent years,
the application of intuitionistic fuzzy information in multi-attribute group deci-
sion-making has also been an important research direction [12] [13]. Since the
fuzzy homomorphism of groups has been widely studied in fuzzy group theory,
there are few studies on the intuitionistic fuzzy homomorphism of groups. This
paper attempts to generalize the fuzzy mapping, define the @ -intuitionistic fuzzy

mapping, and further study the @ -intuitionistic fuzzy homomorphism of groups.

2. Preliminaries

Let G,G,,G, denote an arbitrary group with binary multiplication, whose iden-
tities are e,e;,e, respectively. The concepts of intuitionistic fuzzy subsets, intui-
tionistic fuzzy subgroups and intuitionistic fuzzy normal subgroups are given be-
low.

Definition 2.1 [6] Let X be a non-empty set. An intuitionistic fuzzy subset
A of X is A= {<X,,uA (X),VA (X)>| X e X} , Where 1, (X) € [0,1] define the
degree of membership element xe X and v,(x)e[0,1] define the degree of
non-membership of element x e X , these functions must be satisfied the condi-
tion 0< 1, (X)+V,(x)<1.

Definition 2.2 [6] An intuitionistic fuzzy subset A= {<X, a(X),V, (X)> |xeX }
of G isan intuitionistic fuzzy subgroup of G, if the following conditions hold:

1) ﬂA(Xy)ZﬂA(X)/\ﬂA(y)3

2 ()2 ()

3) Va(xy) <V (X)vVa(y)s

4) vA(x‘l) <V, (X), VX, yeG.

Equivalently, an intuitionistic fuzzy subset A of G is an intuitionistic fuzzy
subgroup of G if u, (Xy_l) > pp (X)A g (y) and v, (Xy'l) <V (X) vV, (y)
holds for Vx,ye G.

Definition 2.3 [7] Let A be an intuitionistic fuzzy subgroup of G, if for
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VX, yeG, u, (ny_l) > U, (y) , Va (ny_l) < VA(y) ,then A issaid to be an in-
tuitionistic fuzzy normal subgroup of G.

Definition 2.4 [8] Let A bean intuitionistic fuzzy subgroup of G.Let xeG
be a fixed element. Then XA = {<g,,uxA(g),va(g)> lge G} where
Hn (9) = 1, (X’lg) and v, (9)=V, (X_lg) for Vg eG is called intuitionistic
fuzzy left coset of G determined by A and x. Similarly,
Ax={(9, 115, (9) Vi (9))| 0 €G} where s, (9)=p,(0x") and
Va (9) =VA(gx’1) for VgeG is called intuitionistic fuzzy right coset of G
determined by A and Xx.

Theorem 2.5 [8] Let A be an intuitionistic fuzzy normal subgroup of G, then
G/A={xA|xeG} isa group with respect to the operation (XA)(yA)=(xy)A,
and the identityof G/ A is A, the identity of xA is X ‘A.

3. ¢-Intuitionistic Fuzzy Homomorphism

The classical mapping f from G, to G, can be considered as a special rela-
tion from G; to G,, thatis f is a special subset of G, xG,. Therefore, the
intuitionistic fuzzy mapping can be considered as the intuitionistic fuzzy relation
from G, to G,, that is the intuitionistic fuzzy subset of G, xG,. The concept
of @ -intuitionistic fuzzy mapping is given below.

Let 6=(6,,6,), where 6,,0,€[0,1] and 0<6,+6,<1, f is an intuition-
istic fuzzy relation from G, to G, . The following conditions are considered:

(A) VxeGy,3yeG,,suchthat u(x,y)=6,, v((X,y)<6,;

(B) VyeG,,IxeGy, such that (X, y) >0, Vi(X,Y)<6,;

(C) VxeGyy,Y,€G,, from g (X,¥)26, Vi (XY,)<O; p(XY,)26,,
Vi (X,Y,)<6,, it follows that y, =y, ;

(D) Vx,X,€G,,yeG,, from u (Xv y)zgl > Vi (le y)S 0,5 1y (sz y)291 >
Vi (%,,y)<6,, it follows that X, =X, .

Definition 3.1 Let f be an intuitionistic fuzzy relation from G, to G,.If
Conditions (A), (C) are satisfied, then f iscalleda @ -intuitionistic fuzzy map-
ping from G, to G,; if Conditions (A), (B), (C) are satisfied, then f is called
a @ -intuitionistic fuzzy surjection; if Conditions (A), (C), (D) are satisfied, then

f is called O -intuitionistic fuzzy injective; if Conditions (A)-(D) are satisfied,
then f iscalleda @ -intuitionistic fuzzy bijection.

When f isa @ -intuitionistic fuzzy mapping from G, to G,,for VxeG,
there exists aunique yeG, suchthat s (X,y)>6,V, (X y)<6, holds, denote
this y as y,.

Definition 3.2 Let f bea @ -intuitionistic fuzzy mapping from G, to G,,
if for vx,x, €G,yeG, , w (XX, y):SUP{:uf (0 Yo ) At (o0 ¥, ) Y = Y1y2} ]
Ve (%%, Y) =inf{v (X, ¥,) vV (%, ¥,) |y = V1Y, | then f s called a @ -intui-
tionistic fuzzy homomorphism from G, to G,, for short @ -intuitionistic
fuzzy homomorphism.

If a @ -intuitionistic fuzzy homomorphism f from G, to G, isa @-in-

tuitionistic fuzzy surjective, then f is called a @ -intuitionistic fuzzy
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epimorphism from G, to G,;if a @ -intuitionistic fuzzy homomorphism f
from G, to G, isa @ -intuitionistic fuzzy bijection, then f is called a -
intuitionistic fuzzy isomorphism from G, to G,.

If there exists a @ -intuitionistic fuzzy epimorphism from G, to G,, then
G, and G, are & -intuitionistic fuzzy homomorphism. If there existsa 8 -in-
tuitionistic fuzzy isomorphism from G, to G,, then G, and G, are said to
be @ -intuitionistic fuzzy isomorphism.

Theorem 3.3 Let f:G, > G, be a @ -intuitionistic fuzzy homomorphism,
then

Do (%0 ¥1) 260 Ve (X0 1) <05 a1 (%0 ¥2) 205 Vi (%, Y,) <60, =
Hy (X1X21 ylyZ) 26, vy (X1sz 3/13/2)S 0,

2) p(e.8,)26,v(e,8,)<6,;

3) p (% Y) 20V (% Y) <= p (XY )2 0,v, (X y ) <6,

4) Vi, = Vi Vo5

5) (yx )_1 = yx‘l .

Proof: 1) Since 11, (X, ;)= 6, Vi (X, Y1) <655 ¢ (%,Y,)2>6,,

Vi (Xo,Y,) <0, wecanget 1y (XX, V1Y, ) 2 Ay (X0 Vo) A iy (%0 Y1) 2 6
Ve (%% V1Y ) S Ve (X0 Y1) vV (%, ,) <6,

2)Let yeG, satisfies 1, (e,y)>6,, V;(e,y)<6,,then
y2z (el! yy):ﬂf (elem W)Z 0, Vq (91: W):Vf (elel! W)S 0,,s0 yy=y, ie,y=
e, hence, 1, (e,6,)>6,, Vv, (e,e,)<6,.

3) Let 1, (X,Y)>6,, V; (X Y)<6,,and suppose there exists zeG, that sat-
isfies 1, (x1,2)26,, v (x™,2)<0,,then (e, yz)=u, (0" yz)26,

Ve (e, yz) =V, (Xx’l, yz) <0,, which is equivalent to yz=e,, also z=y™", so
(XY )6, v (xy ) <6,

4) Because of (Xi, yxl)z 6, v (Xl, yxl)s 6,, i (Xz, Yy, ) 20,
vy (Xz, yXZ)S 0, , we can conclude (XX, Y, yXZ)Zﬁl , (X1le Y yxZ)S 6, ,
also (Xlxz, Yo ) 26, v (Xlxz, yxm)s 0, , therefore y,, =y, VY, .

5) Because 1, (X, Y, )26, Vi (X Y )<6,,then u, (X’l,(yX )_1) >0,

v, (x’l,(yX )71) <@, can be obtained, also 4 (X'l, yx,l)z 0, v, (X‘l, Yo ) <6,,
hence (y, )_1 =Y.

Theorem 3.4 Let f bea O -intuitionistic fuzzy homomorphism, then.

1) N=Kerf :{X6G1|,uf (x.6,)=6,v (X,ez)SHZ} is a normal subgroup of
G,,and N is called the kernel of @ -intuitionistic fuzzy homomorphism f ;

2)If f isa O -intuitionistic fuzzy epimorphism, then G, /N =G, .

Proof: 1) Obviously e €N ,let x,X,eN,then s, (x,8)>6, V,(x,&)<
0,5 1 (%,8,)26,, V;(X,,8,)<0,, therefore u; (Xl’l,ez):,uf (x;l,egl)z 6,
Vi (Xl_l:ez) =Vs (Xi_lvez_l) <Oy g (X0%,8,) = ¢ (%%, €,8,) 2 6,5
Vi (%%.8,) =V, (XX,,6,6,)<6, ie, x'eN, xx,€N, N isa subgroup of
G,.Let x, €N, xeG, then u(x.&,)>6, V,(X,e)<6,, and there exists
yeG, such that u,(X,y)26,, V(X y)<6,, we can get u;(Xx,ye,)=6,,
Vi (X%, Y&, ) < 6, . Also because 1, (X_l, y'l) >0, v, (X'l, y_l) <6,,s0
pe (00X ye,y )26, v (X yey ) <6, e, x4x'eN, so N isa
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normal subgroup of G, .
2)Let g:G, /N —>G,,g(xN)=y,,VxeG, Since

%N =N = %"%, e N =y (xl‘lxz,ez)zel,vf (x{lxz,ez)sez
-1
=Y, =8> (V) V=&Y, =Y,
Then g isamapping. In turn, since

-1 _ _
Y =Y, j(yxl) Yo =€ =Y, =€ = Hy (X11X2,62)2491,Vf (X11X21ez)§92
=X%'X, e N =N =x,N

So, g is a injective. Moreover, because f 1is a @ -intuitionistic fuzzy epi-
morphism, ¢ is a surjective, therefore g is a bijective. For VXX, €G,
g((GN)(N)) =g (xX6N) =y, =¥, ¥, =9(xN)g(x,N), so g is an iso-
morphic mapping, hence G,/ N =G,.

Theorem 3.5Let f bea O -intuitionistic fuzzy homomorphism, then

1)If A isan intuitionistic fuzzy subgroup of G,,then f(A) isan intuition-
istic fuzzy subgroup of G, ;

2)If A isan intuitionistic fuzzy normal subgroup of G,,and f is & -intu-
itionistic fuzzy homomorphism epimorphism, then f(A) is an intuitionistic
fuzzy normal subgroup of G, ;

3)If B isan intuitionistic fuzzy subgroup of G,,then f*(B) isan intui-
tionistic fuzzy subgroup of G, ;

4)If B isan intuitionistic fuzzy normal subgroup of G,,then ™ (B) isan

intuitionistic fuzzy normal subgroup of G, , where

f (A)(y)=(/uf(A)(y)’Vf(A)(y)) > f71(8):(,Url(B)(X),Vrl(B)(X)) :

su X X, IXeG,, X,¥)=6,
,Uf(A)(Y) p{ﬂA( )lﬂf( y) } 1 /uf( y) VyeG,
0, vxeGy, 1 (X,y)<6,
infiv, (x)|v, (X, y)<6,;,IxeG,v, (X, y)<6,
Vi (¥)= a9l (o926 () VY eG,
1, VxeG,V, (X y)>6,

,Uri(B)(X)z,UB (yx)ivf—l(g)(x)sz (y><)

Proof: 1) For VYy,,y, €G,, if there is no x €G, such that p;(x,Yy,)>6,
Vi (X,Y;)<6,,orthereisno x, G, suchthat s (X,,Y,)>6, Vq( 2,y2)£

then Hi(a (y1 yz)>0 Hi(a (yl)/\luf (yz)
(y1 y2)<1 Vi ( yl)vv (yz), otherw1se A is an intuitionistic fuzzy

subgroup of Gl,we can get
f A)(Y{lyz):SUp{ﬂA(x{lxz)lﬂf (X{lleYflyz)Z'gl}
ZSUp{ﬂA(Xl)/\:UA(XzN:Uf (% Y1) 26, 1 (Xz,y2)26’1}

=SUp{ﬂA(X )lﬂf (X v)ﬁ)zgl} ASUp{ﬂA(Xz)lﬂf (XZIyZ)Zgl}
=Hia (yl)/\ﬂf (yz)
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Similarly, it can be obtained v, (yl’lyz) SV (V) vV (Y2), S0 F(A) is
an intuitionistic fuzzy subgroup of G, .

2) If A is an intuitionistic fuzzy normal subgroup of G, it follows from 1)
that f(A) is an intuitionistic fuzzy subgroup of G,.Since f is 6 -intuition-
istic fuzzy epimorphism, so for Vy,,y, €G,, 3x,X, €G, such that
He (%0 Y1) 265 py (X,0Y,)2 6;, we can get

0y (VaYyit) = sup { (300 ) g (30 a¥2Y: ) 2 6,
>sup{an (%) | 147 (%, ¥,) 2 6}
= Hy(ny (Y2)
Similarly, it can be obtained v, (Y1Y2 Yy l) <Vi(n(Y2), S0 f(A) isan intui-
tionistic fuzzy normal subgroup of G, .

3) For VX, X, €G,, because B is an intuitionistic fuzzy subgroup of G, , we
have

Aoy (5% ) = 41 (yxl.le ) = 5 (¥Y,,)
Zﬂa(yxl)/\,us (yX2>
= /uf—l(B) (Xl) N luffl(B) (XZ)
Similarly, it can be obtained Vi (Xl'lx2 ) <V (x)v Vi (x,)So
£t (B) isan intuitionistic fuzzy subgroup of G, .

4)If B isan intuitionistic fuzzy normal subgroup of G, , it follows from 3) that
f(B) is an intuitionistic fuzzy subgroup of G,.For Vx,X, € G, , we have

/Ufa(B) (Xlxzxgl) =Hg (yxl)(le—l ) = Hg (yx1 Yy, yz)
2 Uy (yxz ) = ﬂ,fl(B) (Xz)

Similarly, it can be obtained Vf,l(B)(Xixle"l)svf,l(B)(Xz) , S0 f7(B) isan
intuitionistic fuzzy normal subgroup of G, .

4. Fundamental Theorem of @ -Intuitionistic Fuzzy
Homomorphism

Theorem 4.1 Let A be an intuitionistic fuzzy normal subgroup of G, then G
and G/A are 0 -intuitionistic fuzzy homomorphism, where 6=(6,,6,),
6 =1n(e), 6,=V,(e).

Proof: Let f:G—>G/A, p(%Yuy)=my(y7X), Vi (X Wn)=Va(y %),
VX,y €G. First, prove that f is an intuitionistic fuzzy relation, Ze, prove that
VA= Y,A = A(yl’lx) = A(yz’lx) . From yA=y,A we can get u,,(X)=
Hya (X)) 5 Vya(X)=V,0(X), VXeG, then uA(yl‘lx):,uA(yz‘lx), vA(yl‘lx)z
Va(Y;'x), e, Aly'x)= A( yz‘lx) ,so f is an intuitionistic fuzzy relation. In
the following, we prove that f is a @ -intuitionistic fuzzy epimorphism, for
VxeG, obviously s (X, X, )= ,uA(X’lx) =u,(e)=6,

v, (X,XVA)=VA(X_1X)=VA (e)<@, holds, so f satisfies Conditions (A) (B). If
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for vxeG, 3y,,y, € G, satisfies 1, (X,Y21,) =6, Vi (X, ¥Vp)<6,;

He (X Yo1p) 265 Vi (X, Y,V,) < 6, , this implies that ,uA(yl’lX)Z,uA(e),
vA(yl’lx)SvA(e), yA(yz’lx)z,uA(e), vA(yglx)SvA(e),Wecanget
/'IA(yl_lx):/uA(e) > VA(yl_lX):vA(e) > ﬂA(yZ_lx):/UA(e) > VA(yz_lx):VA(e) >
So y,A=xA, y,A=xA ie, Yy,A=Y,A, f satisfies Condition (C),so f isa
0 -intuitionistic fuzzy surjective from G to G/A. For Vx,X,,yeG, if
3y,,¥, €G, such that yA=(y,A)(y,A)=(Y,Y,)A, then

y2z (X1X2: YﬂA):,Uf (X1X2’(y1y2)IUA):ﬂA((ylyZ)il X1X2)

= 10 (Y2556 Y, )

(
0
= [y (XZYYZ/JA)A”A<y;lX1)

= (Xz’Y2:UA)/\fuf (Xl‘yl'uA)

Similarly, it can be obtained Vi (XX, YV, ) <V; (X, YVa )V Vi (X, YV,) > we
can get

H (XX, Y#A)Zsup{ﬂf (X0 Yalta ) A tg (% Yakia )| Y £ :(VLUA)(yz,UA)}

Vi (0, W ) SInF vy (X, Y2V ) v Vi (% YV ) T WV = (920 (YaVa )}
Also because of

sU{ 2ty (X0 Yatta) A a1y (X0 Yorta )| Vit = (Yatta ) (Yoitn )}
> g1y (%) A a1 (X (51Y) ) = 12 (&) A (Y70 )
= 113 (V7% ) =ty (X%, a2y
Similarly, it can be obtained
inf (v (%, YVa )V Vi (X0 YoV ) WA = (YaVa) (YaVa )} S Vi (X%, WV,) 5 50
1 (%%, Y ) = SUD{ g (X Yattn ) A 12 (Xgo Yotin )| Vit = (Yattn ) (Yatin )|

Vi (Xixz’ yVA) =inf {Vf (Xl! ylvA)VVf (Xz: yZVA)l YVa :(ylvA)(yZVA)}

Hence f:G—>G/A is a @ -intuitionistic fuzzy epimorphism, G and
G/ A are O -intuitionistic fuzzy homomorphism.

Theorem 4.2 Let f:G, > G, be a @ -intuitionistic fuzzy homomorphism,
we(e,8) = (X)), Vi(e,8)<v (X, y),for ¥xeG,VyeG,, then

1) A isan intuitionistic fuzzy normal subgroup of G, where
pa(X) = e (X&) A g (X718, ) A0, v (X) =V, (X8) vy (X7 e, ) v 6y,
VX eGy;

2) If f isa @ -intuitionistic fuzzy epimorphism, then G, /A and G, are
@ -intuitionistic fuzzy isomorphic.

Proof: 1) For Vx,yeG,, we have

pa () = 1y (9.8,) A g ()16, ) 6,
=y (Xvez)/\ﬂf (ylez)/\,uf (yillez)/\,uf (Xilvez)/\el

(o (s ) s (e () g
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:(y, (X,8,) A sy (x’l,ez)/\é'l)/\(uf (v.&) Ay (y’l,ez)/\ﬁl)
= 15 (X) A 5 (Y)
Similarly, it can be obtained v, (Xy)<v,(x)vV,(y),and also have
pa (XY = g (X80 ) A gty (X, 8) A6, = 1, (%)
vA(x’l):vf (x’l,ez)vvf (x.€,)v 6, =v,(X)

Therefore A is an intuitionistic fuzzy subgroup of G,.Let A be an intui-

tionistic fuzzy normal subgroup of G, , and we have
s (xyx?)
= u (xyx e ) A g (X6 ) A 6,
> 1 (%Y, ) A g (908 ) A pte (XY ) A gt (%0 Yy)

Au(yhe)au (X Y0) A6,

=u (%Y, ) A (XY ) A (vi8) A (Y78, ) A6,
>0, A0 A (V,8) A ug (Y7he,) A0,
= pi (¥.8) A pte (V78 ) A6 = 1, (Y)

Similarly, vA(xyx’l) <V,(y) can be obtained, hence A is an intuitionistic
fuzzy normal subgroup of G,.

2) Let h:G/ASG, , m(XupY)=ui(XYy) » Vy(xvay)=v(Xy)
VxeG,, VyeG,. First, prove that h is an intuitionistic fuzzy relation, i.e.,

XA=XA = (%, Y) =2 (%, Y) > Ve (%L Y) =V (X,y) . If xA=X,A, then
b 06%) = a8 Ve (%) =V, (6. From. (1% (&) e can ge
11 (1%, 8 ) A gt (X1%0,8, ) = 11 (81,6, ) A g (67,8,
= a0 (%508 ) A gt (X708, ) = 11 (81,8,

= 1 (%1%,6, ) = 111 (61,8,) 111 (X%, ) = 114 (61,8,
Therefore

s (%0 Y) = 21 (%%, ¥ ) 2 a1 (%0 ¥) A a1y (%8, )

=1y (X0 Y) A g (€,8,) = g (X, Y)
Similarly, s (X,,Y)>#(%,y) canbe obtained, so we have
(o0 ) =t (1Y) - From v, (365 =, (&) we can get

Ve (61,6 ) v v (7%, ) =V, (e.6,) v v (e6,)

=V (%8 ) vV (7%,.8, ) =V, (e.8,)

=V, (xglxl,ez):vf (e..8,),vq (xz’lxl,ez)zvf (e.e,)
Therefore

Ve (X, Y)=V, (xzxz‘lxl, y)gvf (X, ¥) VvV (xz‘lxl,ez)

=Vi (% Y) v Vi (6,6,) =V (X,,Y)
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Similarly, v (X,,¥)<V;(X,Y) can be obtained, so v, (X,,y)=V,(X,Y), this
implies that h is an intuitionistic fuzzy relation. The following we prove h that
is a @ -intuitionistic fuzzy isomorphism such that 4, (Xu,, Yy )= s (X, Y,) =6,
Vo (XV4, Y, )=V (X, Y,) <6, for ¥xeG;, 3y, €G,. If xA=XA, Jy,Y, €G,,
then 2, (X0, Y1) = 05 Vo (VY1) <Oy ity (Xottnr¥2) 2615 Vi (X%Vai¥,) <6,
SO L4 (XlVyl)Zgl’ Vi (Xiiyl)SHZ T (XZIY2)Z‘91’ Vi (szyz)gez and
H (Xfll Y£1)291’ Vi (Xil’ yil)éez -From xA=xA weget €4/, :(X{lxz)ﬂA ’
&V, = (X1_1X2 )VA , therefore 1z, (ellllA' yl_lyz) = My ((Xl_lXZ)IUA' Y'Y ) >
vh(elvA,yl’lyz):vh ((xl’lxz)vA,yl’lyz), so we have

s (80 ¥rYo ) = 1 (6% Ve Y2 ) 2 e (0 V) A g (%0 Y,)
26, n0,=6

and

Vi (e1|Yf1y2)=Vf (xi’lxz,yl’lyz)gvf (X{l’yfl)vvf (%, Y2)
<0,v0,=0,

Then y;'y,=¢€,, y,=Y,,s0 h isa @-intuitionistic fuzzy mapping, also be-
cause f isa @ -intuitionistic fuzzy epimorphism, so h is a @ -intuitionistic
fuzzy surjection. If 3x,X, €G,, such that 4 (X, Y)=6,, V,(XV,,Y)<6,,
Hn (Xzﬂ;u Y)Z 0, Vi (XVa,Y) <6y, 16 sy (Xll y)z6, v (xlv Y) <6,,
y2z (XZvY)ng Vi (szy)ggza then (X{layil)zel’ Vs (X{l: yil)ggz >
s (Xz‘l, y‘l) >0, v, (Xz‘l, y‘l) <8, , therefore we have

Hy (Xlilxz’ez)zﬂf (Xilxz’ yilY)Z/Uf (X171: yil)/\ﬂf (%, Y)
>0,70,=0,
and
Vi (Xilxzvez)zvf (Xglxzayle)SVf (Xfln yil)VVf (%2, Y)
<6,v6,=06,

Similarly, we can get (Xz_lxl,ez) 26, v (Xz'lxi,ez)ﬁ 0, , so.
ﬂA(X£1X2>:ﬂf (X£1X2!62)Aﬂf (Xglxllez)A91 =0,
VA(Xl’lxz) =V (Xi’lxz,ez)vvf (Xz’lxi,ez)v 6, =6, . Consequently,
#A(el) = Hy (ellez)/\ruf (el’l,ez)/\ﬁl =6,
VA(el):Vf (ellez)VVf (egl’ez)vgz =6,,s0 /UA(Xi_lxz):/uA(Q)’
A (Xl’lx2 =V, (&), then we can get X A=X,A, this implies that h is @ -intui-
tionistic fuzzy injective, so h is @ -intuitionistic fuzzy bijective. For
VX, X, €G,, yeG,, wehave
Hh ((XlluA)(XZ:UA)’ Y) = Hy ((Xlxz)ﬂAa Y) = H (X1sz y)
=sup{ay (% Y) A g (%0 ¥2) 1Y = ViYa )
:SUp{ﬂh (XlluA’ y1) A Hy (XZIUA’ yz)l y= leZ}

and
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Vi ((leA)(XZVA)' y):vh ((Xlxz)VA' y)=V, (%%, y)
=inf v, (X, Y1) vV (%, Y)Y = V1Yo |
=i (v, (XY, Y2) vV, (KoY Y2 ) 1Y = VY

Hence h:G,/A—G, is a 0 -intuitionistic fuzzy isomorphism, G,/ A and

G, are O -intuitionistic fuzzy isomorphism.

5. Summary

In this paper, we first define @ -intuitionistic fuzzy mapping, then give the defi-
nition of @ -intuitionistic fuzzy homomorphism of groups, and further study the
related properties of intuitionistic fuzzy subgroups and intuitionistic fuzzy normal
subgroups under the @ -intuitionistic fuzzy homomorphism of groups. Finally,
the fundamental theorem of @ -intuitionistic fuzzy homomorphism is obtained.
Since different intuitionistic fuzzy mappings also produce different intuitionistic
fuzzy homomorphisms, we can try to define other intuitionistic fuzzy mappings

to study the intuitionistic fuzzy homomorphisms of groups.
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