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Abstract

The DDE-Biftool software is applied to solve the dynamical stability and bi-
furcation problem of the neutrophil cells model. Based on Hopf point finding
with the stability property of the equilibrium solution loss, the continuation
of the bifurcating periodical solution starting from Hopf point is exploited.
The generalized Hopf point is tracked by seeking for the critical value of free
parameter of the switching phenomena of the open loop, which describes the
lineup of bifurcating periodical solutions from Hopf point. The normal form
near the generalized Hopf point is computed by Lyapunov-Schimdt reduction
scheme combined with the center manifold analytical technique. The near
dynamics is classified by geometrically different topological phase portraits.
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1. Introduction

Mathematical modelling is powerful designed in understanding hematological
stem cells (HSCs) regulation mechanism to explore its complex behaviors un-
derlying dynamical bifurcation mechanism ([1]-[3]). Normally, the circulating
white cells, red cells and platelets are maintained at a homeostatic level, hence no
obvious evidence of any oscillation behavior occurring. However, the neutrophil
dynamics is further discussed based on the circulating cells dynamics with the
discipline of the cell lineage. When neutrophil numbers fall to sufficiently low
levels, the periodic oscillation phenomena of neutrophil counts are observed
([4]-[6]). The often hematopoietic diseases are modeled with several delays his-
tory in one period, which describes neutrophil dynamics by DDEs with nonline-
arity ([4] [7] [8]).
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Even brilliantly with some known models, the administration of the periodic
diseases and the production of blood cells number is partially understood yet.
Biologically and mathematically, the outline of the circulating cells feedback
mechanism is schemed, which originated from HSCs number, as shown in Fig-
ure 1. In mammals, hematopoietic stem cells can proliferate and differentiate into
one of the three major cells, and end with the release of the mature blood cells
into the circulation ([9]-[11]). The computation models of HSCs dynamics obey
the Hill rules with the introduction rate manifesting time delay feedback in pro-

liferating phase, which is described as ([9]):

Q'(t)=-B(Q)Q+2e 7" B(Q(t-7,))Q(t-7,) (1.1)

Here in Q denotes HSCs number, and giving Hill function ([10] [12] [13])
o" N
B(Q) —w *)

With all sorts of bifurcating solutions, and even chaos, system (1.1) has shed
light on the pathophysiology dynamically development of the related hemato-
poietic diseases. In this paper, we also get a brand new function to replace of Hill
function,

1-p"

Q”(1+ p" +2p"? cos(Q))' ®)

ﬂ(Q) = 130
with p=e™.
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Figure 1. The outline of the two department cells model of neutropenia dynamics.

The control of the circulating blood cells is mediated by a delayed negative

feedback mechanism, such as granulocyte colony stimulating factor (G-CSF) for
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the white blood cells ([14]-[16]). As is known, the apoptosis is the programmed
death of cells happening during the proliferation and differentiation process. In
paper ([5] [17]-[19]), the feedback control of G-CSF has supposed to experience
two time segments 7, and 7, , and the amplifying coefficients in the pe-
ripheral cells cycle are set forth, which is formulated as

A = @"NPTNPT77NM (1'2)

With the guide of the outline schemed in Figure 1, the studied neutrophil
model is put forth as the follows

Oclj_?:_(ﬁ(Q)+kN (N)+k,)Q+2¢(7,) B(Q., )Q,
(1.3)
C:Zi_’?[I =~y N + e —7mm k(NrN )(QrN )

System (1.3) is of highly nonlinearity of DDEs with history of multi-delays,
wherein with positive integer m=1,n=2. Hill function of K(N) is often given
as ([7] [20]).

o"

KN)=hgmnm
1

(1.4)

We set C(TS):l_IOTS g)(s)ds, which is increasing with time delay z,. In
general, the function ¢ 7’ (S) denotes Gamma-distribution with formula
i-1,,i
9)(s)= ez??j) (1.5)
where in y, is positive constant and je Ny, I'(j)=(j—1)!. It is easily seen
thatif j=1, c(z,)=e7"",and herein after we choose j=2 to get
c(r,)=e7"% +y,r .07 (1.6)

and lim__ c(z,)=1.

750

The stability property of system loss as Hopf bifurcation is observed, and
double Hopf bifurcation occurs as Hopf lines intersect itself with varying free
parameters. We discuss double Hopf bifurcation further in another paper. The
often analytical technique of Hopf bifurcation is completed by the imaginary
roots computation of the related characteristic equation of the linearized system
([21] [22]). And the bifurcation direction of the periodical solutions arising from
Hopf point is calculated by the normal form on the center manifold ([23] [24]).
With the Lyapunov-Schmidt reduction method referred, the near dynamics of
the double Hopf point is classified geometrically in topological phase portraits
by the derived normal form. Generalized Hopf bifurcation happens at the switch
point of super-Hopf bifurcation and sub-Hopf bifurcation. And in general, the
calculated first Lyapunov coefficient in normal form is zero ([25]-[27]). Hence
after the expanded normal form to five degree is demanded and the limit point
cycle bifurcation line is computed by normal form coefficients.

DDE-Biftool is an artificial hand-tool in DDEs bifurcation computation and

has the big compatibility with every sort of delay systems ([28] [29]). As another
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preserved method, DDE-Biftool discovers the generalized Hopf point by a spe-
cial observation of loops of limit cycles. With free parameter y, varying, the
bifurcating periodical solutions arise from Hopf point. However, near GH point,
the super-critical Hopf point and the sub-critical Hopf point are close to each
other, and surely candidates for a lineup of the limit cycles continued from one
Hopf point to another. The featured open loops of lineup of periodical solutions
continuation are described. At GH point, the collide of stable limit cycles and
unstable limit cycles also happens, which extends a limit point cycle bifurcation
line from GH point. Whether the limit point cycle bifurcation line is in coinci-
dence with the above referred bifurcation line calculated by normal form coeffi-
cients?

The whole paper is organized as follows. In Section 2, the continuation of
equilibrium solution is done with varying free parameter y,, and the bifurcat-
ing periodical solution arising Hopf point is finished. In Section 3, the preserved
method of discover generalized Hopf point is programmed, which display both
the open loops of lineup solutions nearby and the closed lineup solutions of pe-
riodical oscillation at the critical values. In Section 4, the programmed lineup
solutions of limit cycle are also observed by varying parameter k; and 7,
which are either open loops or closed loops continued by DDE-Biftool; In Sec-

tion 5, the normal form of GH are computed by dimensional reduction method.

2. Hopf Bifurcation Analysis of System

Suppose E’ =(Q*, N*) is the equilibrium solution of system (1.3), then it is
satisfied the right side of the equations. Applying DDE-Biftool with sys_ rhs
command to setup system (1.3), the continuation solution of the equilibrium is
often carried out. The stability property of equilibrium solutions is analyzed by
br_ stable command. As shown in Figure 2(a), applying DDE-Biftool software,
we continue the equilibrium solution and compute the stability property as var-
ying ¥, . Hopf points are found due to the loss of stability of the equilibrium
solution as varying free parameter. We use J,. to denote the threshold of Hopf

bifurcation and Hopf points are listed

kind " hopf’

parameter : [0.2500,0.0143, 0.2739,2.7160, 7.5770]
x 1 [2 x 1double]

v : [2 % 1double]

omega : 0.3948

kind ! hopf’

parameter : [0.2500,0.0143, 0.4806, 2.7160, 7.5770]
x 1 [2 x 1double)

v : [2 X ldouble]

omega : 0.2585

kind ' hopf’

parameter : [0.2500, 0.0143, 0.6022, 2.7160, 7.5770]
x 1 [2 % ldouble]

v : [2 % 1double]

omega : 0.2585
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Figure 2. The continuation of the equilibrium solution and bifurcating periodical solutions arise from Hopf points v.s.
7, > the other parameters are fixed as k; =0.143, 7, =0.577. (a) The equilibrium solutions and Hopf points; (b) The

continuation of periodical solutions with maximal magnitude and minimal magnitude versus y, .
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The bifurcating periodical solution arise from Hopf point, as shown in Figure

2(b), in which using solid line to denote the maximal amplitude and dash line to

represent the minimal amplitude of periodical solution. The bifurcating period-

ical solution is devastating to find nearby possible generalized Hopf(GH) bifur-

cation.

3. Generalized Hopf Point with y,
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Figure 3. The detection of GH point and the continuation of periodical solutions. (a) The imaginary roots calcula-
tion of GH point; (b) The amplitude picture with respect to y, iscontinued.
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Figure 4. (a) The continuation of periodical solution near GH point in X-Z view; (b) The pic-
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We give the preserved method to detect Generalized Hopf point by pro-
grammed code in DDE-Biftool. That is, the periodical solution from left and
right Hopf point on equilibrium solutions line collide. Therefore, with the ami-
nation to detect GH point, we pick up two periodical solutions to do continua-
tion of periodical solutions as varying y,, as shown in Figure 6. Originated
from the following two periodical solutions psoll and psol2 respectively,

kind :' psol’

parameter : [0.25, 0.01343, 0.2834, 2.716, 7.71798]
mesh : [1 x 241double]

degree : 4

period : 16.187344046197325

profile : [2 x 241double]

kind ' psol’

parameter : [0.25, 0.01434, 0.2834, 2.716, 7.534]
mesh : [1 x 241double]

degree : 4

period : 15.845898640099696

profile : [2 x 241double]
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The continue of periodical solutions is completed from Hopf point to Hopf
point with respect to y,. As shown in Figure 3(a), the nearby GH are found
with

kind ! genearalized hopf’

parameter : [0.25, 0.013431205338737, 0.283436439780170, 2.716, 7.718]
. [2 x 1double]

. [2 x 1double]

omega : 0.3965

As seen in Figure 3(b), the periodical solution continued from GH is com-
pleted. The amplitude of periodical solutions versus y, is shown which hints
both subcritical Hopf bifurcation and supercritical bifurcation occurring. How-
ever, the calculation of bifurcating direction of periodical solution of GH point
should be further discussed subsequently.

The line up of the bifurcating periodical solutions is looped by the continua-
tion method in DDE-Biftool. The red color and blue color separate the periodi-
cal solutions before and after the limit point cycle bifurcation. As seen in Figure
4(a) and Figure 4(b), the open loop of line up of solution is obtained with the
continuation from the originated periodical solution “psol1”; however, the closed
loop of line up of solution which started from the solution “psol2” gets into sight
of Figure 4(c) and Figure 4(d). Hence GH point is found as listed above. Other
parameter are fixed as yy =25, n,=2542, f,=08, 6=036,
r,=0.0631, 7 =5, B,=23, p=043.

4. GH Point with Parameter 7, and K;

It is claimed that GH point is found if a super-critical Hopf point collide with a
sub-critical Hopf point. It is concluded that before and after threshold value of
GH point, the lineup of limit cycle by continuation method manifests different
routes design. Either lineup of periodical solutions from Hopf point continua-
tion to Hopf point, or only lineup of periodical solutions from limit point cycle
to limit point cycle without Hopf point found. For example, we choose the fol-
lowing two different periodical solutions, which respectively continued to be the
referred different lineup solutions of system. With k; =0.0124, the continua-
tion of limit cycle is done with varying delay 7, the closed loop of lineup of
periodical solutions are observed. We increase the value of ks until attach at
GH point, about Ky =0.013431205338737 , the loop of lineup of periodical so-
lutions shows connecting cusp point at GH point. The value of Kj is increased
further, the loop of lineup of periodical solutions is done, which is open lineup
loop. As shown in Figure 5, three open loop of lineup solutions are observed
when varying 7, with k;=0.0124,0.0133,0.0134; three closed loop of lineup
solutions are also exhibited with k; =0.0135,0.0137,0.0141.

At GH point listed as following, we setup the new solutions with profile
method (example is illustrated at DDE-Biftool), the continuation of lineup of
limit cycles is shown in Figure 6, as varying Kj.
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kind ' genearalized hopf’

parameter : [0.25 0.013429395270834 0.283470299684549 2.716 8.227851394270726]
x : [21double]

v : [21double]

omega : 0.3965

‘\k6=o.0137
k,=0.0135

7 7.5 8 8.5 9 9.5 10

™N

Figure 5. The loops set of the continuation of periodical solutions as increasing free pa-
rameter K;. The lineup solutions are obtained by varying time delay 7, .

==

Figure 6. The loops set of the continuation of periodical solutions as increasing free parameter K;. The lineup solutions are

obtained by varying time delay 7, .

5. The Norm Form of GH Point

As discussed in the above sections, the generalized Hopf bifurcation occurs at

(Ks0:7yo) with other parameter fixed. On Hopf line, the generalized Hopf point
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separates the supercritical Hopf points from the subcritical Hopf points. Since it
happens with a limit point cycle bifurcation line arise from bifurcation point,
two limit cycles coexist due to GH bifurcation. In Normal form, we can compute
the first lyapunov exponent equals zero. The bifurcating periodical solutions
arising from GH point is determined by the second Lyapunov exponent, which
is stable if the exponent is less than zero, and otherwise versus. Applying Lya-
punov-Schimdt reduction method, the norm form is often computed by the
projection of solution operator on the phase space into the center manifold, and
the bifurcating direction is determined.

We set x=Q-Q",y=N—N", then applying the perturbation parameters
method, the trunction system of system (1.3) with Taylor expansion to fifth or-

der is written as

U(t)=LU, +FU, (5.1)
With U :(x,y)T ,and
LU, =] dn(0)4(0) (5.2)

With 7:[-7,0]—> R? isabounded variation function vector. We also have

FU= 3 By(Ui(0) Uy (=) U (—=.)')

i+j+k>2
where in the above expression represents the multi-linear form style as often re-

ferred.

System (5.1) is defined on the phase space of a Banach space C = [—z’N ,0] —R?
#(0)|, with U, ()=U(t+6) and U eC.

with super norm ||¢|| =SUpP_, <p<o

As often calculated in Section 3, the linearized system of Equation (1.3) has
eigen roots with +iw and eigenvector qe*’,ge™”’ for -7z, <0<0.Based on
the fundamental theory of DDEs ([20]), the solutions of the linear operator are a

strong continuous semigroup which has infinitesimal generator

d—¢, -7, £0<0,
Ag=4d0o (5.3)
£¢(9), 6=0

For ¢EC([—TN,0]—>R2).

For weC’ ([O, 7y | > R? ), the adjoint operator is also defined as

. —d—v/, O<s<r,,
Ay=1 ds (5.4)
~Ly(-s), s=0.

For ¢eC,y eC", we define the bilinear function of inner product as
(v, 8)=7" (0)4(0)=[" [[7" (5+0)dn(0)(¢)ds (5.5)

Therefore, since it is satisfied with
00 _ i00 = -iwld -0
Age'” =iwge'”,  Age™”’ =-iwge ™, for-r, <0<0,

Ge"’ =iwge"”, Ge ™ =-loge (5.6)
A pe'”® =—iwpe'®, A pe’” =iwpe™”, for0<s<rz,.
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The center space is defined with its bases as P = span{qe"”" ge '”9} Suppose

QcC being the complementary subspace, and we can decompose the phase

space C into its direct summation C=P®Q. We define the base function

()= (qe"‘"’ C_]e_""g) for —7, <0<0, and also the base function ¥(s) in its

conjugate space C', W(s)= (pe'“’s v (s )=ﬁe'i“’s) for 0<s<7,. Hence, we
have

(v,0)=1 (5.7)

For —r <60<0, make the axis transformation

U, = cp(e)[f((tt))}wl (5.8)

z

with U, =(x,Y,) -

The axis z(t) is calculated with formula

z(t)= <pe""S > 7(t)= <ﬁe"‘”5,ut> (5.9)
and W, =U, —z(t)ge"’ -z (t)ge™”.
We define the projection operator on the center manifold I1,C - P by

U, =@(0)(¥(s).U,) (5.10)

and the complementary operator | —I1,C - Q, wherein Q — KerIl. Then on

the center manifold, one derives

W, = (1 -T1)U, (5.11)

Then by system (1.3), one gets that

() _ (2O, $7(0\e (s oy .
(T(t)]_B[T(t)] FTO)F (2(t) @, (0)+Z()@,(0)+W,)  (5.12)

iow 0
and B=[ . J.Set
0 -iw

Z'(t)=ioz(t)+ Y 0327+ Y 195 (W (0).W, (=z,) W, (-7y))2'Z} (5.13)

+j=m i+ jl=m
for m=2,3,---.
Combined with center manifold analytical technique, we write
W, =H,(0)z* + H,,(0)7Z + H, (6) 7%+ (5.14)

By definition (5.11), one has

W':{AWI(H)—QJ(Q)WT() (2(t)®,(6)+Z(t)®, (6)+W,), -7, <6<0
AW (0)+ F-0(0)¥T(0)F (2(1)@,(6) + Z(1) @, (0) + W), =0

Therefore, we differentiate W, with respect to #to get
AH 4 (0)=2iwH ,, (8) + D, (6) Uze0 + D, (0) Tozo
AH11(‘9):®1(9) Ouo + P, (a)gnol (5.16)
AHg, (0)=-2iwH, (0)+ D, (6) g0 + P, (0) Tngo
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With initial value condition determined by the case =0 in Equation (5.15).
Integral Equation (5.16) with respect to € to get the coefficients
H, (0),Hy,(0),Hy, (0) in the expression of W, on the center manifold.

By the near identity transformation

I=2+p(2,7)
With

p(z,7) =9 2, Oy Gu g
—iw io 3w

We get the first Lyapunov coefficient as

92009110 |9110|2 2|gozo|2
- - +— +9101,0'H11(0)

o =Gz + 1) 10) 3iw
+ Q1011 Hn(_Ts ) + G012 Hll(_TN )+ Y110 * Hao (0) (5.17)
+ Qo111 Hy, (_Ts ) + 0112 Hy (_TN )

With
9ijro = Yipw 0 Fiina = ijpw(—rp)r Biine = Jijawy (o)
For I=L1i+ j+l=m,with m=23,---. and system (5.1) is equivalent to

Z'(t)=iwz+ Y 9,27 + > 1;2'7’ (5.18)

i+j=3 i+j>4
where in with no doubt, we omit ~ in Equation (5.18). We have g,, =l,, and
2.
O30 = Y300 "'%'92200 +Hy (0) “Gi010 + Hyo (_Ts)‘ 1011 + Hyo (_TN ) O101,2
O =010 t Hll(o) “Goi0 Hn(_fs ) “Gog Hu(_TN ) Qw2 Hn(o) “Go110

i 2i
+ Hoz (0) : 9101,0 + Hoz (_Ts ) : 9101,1 + Hoz (_TN ) ! 9101,2 +591210 _agozogzoo’

i
903 = Goz0 _;gozogno +Hg, (O) Jo1o + Hoz (_Ts ) “Go1 + Hop (_TN ) Go11,29

i
G40 = Y400 +;gozogzl + H30 (O) ’ 9101,0 + Hso (_Ts ) 9101,1 + Hso (_TN ) 9101,2

+Hy (0) “Goo10 + Hyo (_Ts ) “Goo11 + Hyo (_TN ) Q201,21

i
93 = G310 _59110921 + H3o (0) gon,o + H3o (_Ts ) : 9011,1 + H30 (_TN ) gon,z

+ H21(o)' O1010 T H21(_T5 ) “Oio11 t+ H21(_TN ) O1012 T Hn(o)' 92010
+ Hll(_Ts ) “Oo011 Hll(_TN ) 92012 T Hao (0) “Ou10 + Hypo (_Ts ) “O1111

4i
+Hy (_TN ) “O12 +£92192001

U2 =000 + Hpp (0) “Oo010 t Ho (_Ts)' Qo011 T Hoo (_TN )'9201,2 + Hn(o)' O1110
+ H11(_Ts ) O t Hll(_TN ) Op12 Hy, (0) “Oio10 + H,, (_Ts) G011
+Hy, (_TN ) Ji012 + Hyo (0) Joz10 + Hoo (_Ts ) Joz11 + Hoo (_TN )9021,2

i
+Hy (O) Qo0 t H21(_Ts ) “Goug HZl(_TN ) Y011, _59200921

3i
+—0219110>
o
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O3 =013 + Hoz (0) 9111,0 + Hoz (_TN ) ' 9111,2 + Hoz (_Ts ) 9111,1 + H12 (O) . 9011,0
+Hp, (_Ts ) o1 + Hip (_TN ) Qo112 t+ Hll(O) “Gozo t Hn(_fs ) o211
+ H11(_TN ) 90212 + Hog (0) “Gio10 ¥ Hos (_Ts)' Gi011 + Hos (_TN ) Q1012

2i
~— 02900
w

Jos = Yoao + Hog (0) Joir0 + Hos (_Ts ) Joi1a + Hos (_TN ) G012 + Hep (0) Y0210
+Hg, (_Ts ) “Gop1s + Hoy (_TN ) Go21,2

G50 = s00 + Hoo (0)2 Gi02.00 + Hao (=7, )2 Gioz21 + Hao (—7y )2 O102,22
+2H,,(0)Hy, (-, ) Q102,01 + 2H 5 (0) Hog (—TN ) U102
+2H,0 (=7 ) Ha0 (=7,) 10222 + Hio (0) Gagr0 + Hao (=75 ) - a1,
+Hy (_TN ) 3012 + Hyo (0) 2010 + Hao (_Ts ) “Go011 + Hap (_TN ) 92012

4
+ H4o (O) : glOl,O + H40 (_Ts)’ 9101,1 + H40 (_TN ) 9101,2 +W902092192007

041 = Qg0 + 2H11 (0) Hzo (0) 9102,00 + 2H11 (_Ts ) Hzo (_Ts ) 9102,11 + 2H11 (0) Hzo (_Ts ) 9102,01
+2H,, (_TN ) Ho (_TN ) 102,02 +2Hyy (_Ts ) Ho (O) Oi0200 +2Hy (0) Ho (_TN ) Q102,02
+2H,, (_TN ) Ho (0) 102,20 + 2H1y (_7N ) Ho (_Ts ) Oi02,1 +2Hy4 (_Ts ) Ho (_7N ) Q10212

5
+W 92192200 + szo (0) Go12,00 + szo (_Ts ) Qo211 t szo (_TN )9012,22

+2H,, (0) Hy (_Ts ) Q01201 + 2H,, (0) H,, (_TN ) Q012,02 T 2H,, (_TN ) Hy, (_Ts ) Q012,21
+Hy ( ) G110 + Hy (_Ts)' Qi1+ Hy (_TN ) Qi1+ Hao (0) “Oa110
+ Hzo( ) 9211,1 + Hzo (_TN ) 9211,2 + H31 (0) ! 9101,0 + H31 (_Ts)' 9101,1
1( N ) G012 + H11( ) G300 + Hus (_Ts)' Q3011 + Hiy (_TN ) O301.2
21 (0) 210 T H21( ) Qo011 + Ha (_TN ) G202 + Huo (0) Yo11.0
(-

g
3 4
+ H40 Ts) 9011,1 + H4o (_TN ) 9011,2 +; 92191109020 _ggmgnogzoo'

3 =200 +2Hg, ( ) ( )9102 o0 +2Hp, (_ ) Hyo (_Ts ) Qi1 +2Ho, (0) Hy, (_Ts ) G102,01
+2Hg, (~7y ) H, ( 7 ) G102.22 + 2Heo (=75 ) Hao (0) Guoz10 +2Hop (0) Hag (=7 ) G100
+2H02( ) ( )9102 20 +2H02( )Hzo (_TN )9102,12 +2H,, (_TN)HZO (_75)9102,21
+2Hy, (0) H ( )9012,00 + 2H11( s ) Hao (_Ts ) Qoro11 +2Hy, (_TN ) Hao (_TN ) Yo12.22
+2H,, (0) H,, (_Ts ) o201 T 2H;, (_Ts ) P (0) Q01210 + 2Hy, (0) Hay, (_TN ) Yo12,02
+2H,, (_TN ) H,, (0) Q012,20 + 2H,; (_Ts ) P (_TN )9012,12 +2H, (_TN ) P (_Ts ) Yo12.21

4
_nggzzoo +Hg (0) o210 T Hao (_Ts)' Joz11 T Hao (_TN ) Qo21,2

+ H11 (0)2 glOZ,OO + H11 (_Ts )2 9102,11 + H11 (_TN )2 9102,22 + 2H11 (0) H11 (_Ts ) 9102,01
+2H,, (O) Hy, (_TN ) Q10202 T 2H,, (_TN ) Hy, ( ) O102,21 T Hy, (0) 92110

+H11( Ts)'9211,1+H11(_ )'92112+Hzo( ) 91210+H20( ) O1214
+H20( TN)'91212+H22( ) 91010+H22( Ts) 91011+H22( TN) O101,2
2(0) g3010+H02( ) 9301,1+H02( ) Q3012 + Hi, (0) 92010

Hi, (=75) G200 + Hi (=70 ) G212 + Ha (0)- Ga0 + Hay (=75) - Gouas
+H31( TN) 9011,2+H21( ) 91110+H21( s) 91111+H21( TN) O111.2

8
2 g 20921 _?91210921 +Wg2191109200’
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g23

914

=0p5 + H 12 (0) 9111,0 + H12 (_Ts ) ’ 9111,1 + H12 (_TN ) 9111,2 + Hoz (0) 9211,0
g

+ Hoz 211,1 + Hoz (_TN ) 9211,2 + H11 (0) 9121,0 + H11 (_Ts ) 9121,1

)

Ty ) U121, + Hig (0) “Oio1,0 + His (_Ts ) Qo1 H13( Ty ) G101,

0) 92010 + Hoa ( ) 9201,1 + H03 (_TN ) 9201,2 + sz (0) 9011,0
Ts) Jo11 T Ha (_TN ) Jor2 + Hao (0) 9os10 T Hao ( (4 ) Qo311

s

(-
H, (-
Hos (
Ho, (-
+Hm(%)gmu+Hu()%mm+Hﬁ@ﬂ)%mn+HuFm)%Mm
+2Hy; (0)Hyy (=75) Gorao0 + 2H3 (0)Hyy (=73 ) Gorz0

+2H, (=7 ) Hy1 (=72 ) Y0120 + H21 (0)- Goar0 + Hay (—7¢ ) Goaas

3 2 1 ,
+ H21( ) o012 t—3 pe 9110921 a)z 95191109020 _Egzlglmgzoo - 290209219200

+2H02 ) ( )glOZOO +2H02( )Hu (_75)9102,11+2H02 (_TN)Hll (_TN )9102,22
+2H,, O) ( )910201+2H02 (_T )Hn(o) 10210 +2Hg, (0) Hy (_TN )9102,02
+2Hg, (-7 ) ( )gloz 20 +2H02( )H11 (_TN)gloz,lz +2H,, (_TN)Hll (_75)9102,21

+2H,, )901200+2H02( )Hzo (_75)9012,11"'2"'02 (_7N)Hzo (_TN )9012,22

)Hz (0

) 20 ( )9012,01 +2Hg, (_Ts ) Ha (O) o210 T 2Ho, (0) Hao (_TN )9012,02

TN ) P (O) Q012,20 T 2H, (_Ts ) H,, (_TN )9012,12 +2H,, (_TN ) H,, (_Ts ) Go12,211

=00 t+ H03 (0) 9111,0 + H03 (_Ts ) ’ 9111,1 + H03 (_TN ) 9111,2 + Hoz (0) 9121,0

+ Hoz ( Ts) U211+ Hop (_TN ) U121, +Hog (0) 1010 + Hos (_Ts)' G1011

04 ( N ) 1012 + His (0) “Goi10 + His (_Ts ) “Go111 + Hig (_TN ) Go11,2

11 (0) Qa0 T Hn( ) 91 + His (_TN ) G2 + Hypy (O) “Go1,0
(-
(

N
H2
+2H,, (0)H

(0
(
(-
(0
(
(-

+2H,,

2 4
+Hy, (-7 ) 911 + Hi (_TN ) Goo1,2 +Q9020921gzoo _;92191109020

+HE (0) Gug00 + Heo (—75 ) Goo1s + Hip (=70 ) G102.20 + 2H e, (0) Hop (=7, ) a0

+2Hg, (0)Ho, (=73 ) G109.00 + 2H o5 (=7 ) Heo (=70 ) G0212 + 2H 5 (0) Hiz (0) Gr00
+2H g, (=75 ) Hut (=7,) Goro11 + 2Ho (=73 ) Hix (=73 ) o122 + 2H, (0) Hyy (=74 ) Gooon
(=7¢)H11(0) ora10 + 2Hoz (0) Hus (=7 ) Gorz.00 + 2Hop (=7 ) Hi1 (0) Goro 2o

(=20 ) Hus (=70) Gosz o1 + 2Hop (=7, ) Hiy (=7 ) Goroo

+2H,,
+2H,,

1
905 = Joso +?g§20921 +Hgy, (0) o110 + Hoa (_Ts)' G111 + Hoa (_TN ) Y011,

+Hg,(0) Gearo + Hoo (=74 ) - Yosrs + Hoo (—7n ) Yosr2 + Hos (0) Goaro
+Hog (=74 ) Goaus + Hos (7 ) - Yoz 2 + Heo (0) Gorz00 + Hop (75 ) Gorons
+ HOZ2 (—z’N )9012,22 +2H,, (0) Hy, (—rs ) Jorz00 T 2H (0) Ho, (—rN )9012’02
+2H,, (—TN ) Hg, (—rs ) Q01221

Equation (5.8) is an ODE with its coefficients have unknown coefficient
H.

ij
tion (5.11) - Equation (5.16), that is

i+ j>3, we solve it by the same differential methods as referred in Equa-
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AH,, (6)=3iwH,, (6)+®,(0) gz + D, (0) Ty,

AH,, (0)=iwH,, (0)+®,(0)g, + P, (0)T,,.

AH,, (0)=-iwH,, (0)+®,(8) g, +©,(0)Ty,

AHg; (0)=-3ioH;(0)+®,(0)dg; + D, (6) T,

AH,, (0)=4ioH 3, (0)+ D@, (0) 9y + P, (0)Tys, (5.19)
AH;, (0)=2ioHy (0)+®,(0)g;, + D, (0) T,
AHZZ(Q):CDI(H) 92 +CI)2(H)§22,

AH, (0)=-2iwH, (0)+®,(6) 9, + P, (0)Ts,,

With initial value condition determined by the case =0 in Equation (5.15).
Set

_ 1. i _ i _
p(z,z)=Zlg3oz3—£glzzzz—Egosz3 (5.20)

And do near identity transformation

I=2+p(z,7) (5.21)
We get the second Lyapunov exponent
3. i i
l, =95 ———103903 + — 91293 ——T12 91, (5.22)
4o w 0]

Therefore, the normal form of the reduced system is written as
7'(t)=iwz+S,z+1,2°7 +1,2°7* (5.23)

Under the polar axis ( o2 49) , the normal form is written as

p'(t)=p(R{S.}+R{L} p* +R{l,} p*) (5.24)
The limit cycle bifurcation is computed as
R{L} —eR{S, 1R {l,} =0 (5.25)

The first Lyapunov exponent of GH point equals zero, and it is concluded that
the nearby dynamics of GH is classified by at least two parameters perturbation.

Fixed y, =0.283470299684549, we draw Hopf bifurcation line on parame-
ters (k;,7y) plane, as shown in Figure 7(a). GH bifurcation is found at the
bottom of the valley located in Hopf line, and the eigen roots of GH is pictured
in Figure 1(a). GH is the separation point between supercritical Hopf points and
subcritical Hopf points which locates on Hopf line on (k 51 TN ) plane. The com-
putation of the normal form are exemplified by choosing Hopf points respectively.
For Hopf point 1 with (TN,k(;) :(8.187,0.0134316) , which is subcritical Hopf
point with R{l,}>0; For Hopf point 2 with (7,,k;)=(8.202,0.0134305),
which is subcritical Hopf point with ER{II} >0; For Hopf point 3 with
(7y.k;)=(8.242,0.0134307), which is supercritical Hopf point with R{l,}>0;
For Hopf point 4 with (TN , kJ) = (8.256, 0.0134318) , which is supercritical Hopf
point with R{l;} >0. The bifurcating periodical solutions from Hopf point 1, 2,
3, 4 are shown in Figure 7(b).

Specially, for GH point with (z,k;)=(8.22,0.01343), which is both super-
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critical and subcritical Hopf bifurcation with singularity of codimension 2. The
near dynamics of phase portraits of GH point is topological classified, as shown
in Figure 8(a). The continuation results of periodical solutions arising from GH
point are pictured as varying 7, . The continuation of bifurcating periodical
solutions is completed by DDE-Biftool software, as shown in Figure 8(b).

0.01344 P : 0.035 .
| |
0.013438 3 0 u L GH J 0.03
& L] ®
= 0.025 B
0.013436 - 1
-2
ks 0.02
0.013434 Q|
0.015 B
0.013432
0.01
0.01343
0.005 ‘ B
GH
0.013428 = : 4 1 ‘ 2 3 . 4
8.15 8.2 8.25 8.3 0 L - ) 4 & L]
™ 8.18 8.2 8.22 8.24 8.26
(a) (b)

Figure 7. The generalized Hopf bifurcation point in parameters (k;,z,) plane. (a) Hopf line with the GH point,

the imaginary roots is pictured in the middle view; (b) The bifurcating solutions from subcritical Hopf points 1, 2
and supercritical Hopf points 3, 4.

0.01352 — : : 12 :
0.0135 ] 15} ]
®)
0.01348 - ] "y
Q
K, N
0.01346 105 V.
7 N
// \\
7 S o
0.01344 1 1 of 7 S~o
/ S~
/ RN
i | L 7]
0.01342 ) i IRV T
0.0134 — ‘ . : —— 9 ‘ ‘
78 8 82 84 86 88 9 92 775 8 85 9 95 10
N ™
(a) (b)

Figure 8. GH point is both the supercritical Hopf point and subcritical Hopf point. (a) The phase portraits of near
dynamics of GH point geometrically; (b) The maximal magnitude and minimal magnitude of bifurcating solutions
continued when varying 7, , which bifurcates from GH point.

6. Conclusion

With delay dependent coefficients in DDEs of neutrophil dynamics, the neutro-
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phil system was numerical simulated with the continuation method proposed by
DDE-Biftool software. The generalized Hopf point (GH) was exploited to sepa-
rate the supercritical Hopf points from the subcritical Hopf points. The observed
GH point was located in the bottom of the valley of Hopf line, which manifested
the produced phase portraits of the classification of the near dynamics. The usual
stable and unstable limit cycle collide to disappear beyond the equilibrium solu-
tion preserved its local stable property. The preserved program by applying
DDE-Biftool also displayed the lineup solutions of bifurcating period limit cy-
cles. Near GH point, the open lineup of periodical solutions was observed, which
often bifurcates from one Hopf point and then gets to another Hopf point to
form a bubble of continuation of limit cycles. However, once the free parameter
crossing the critical threshold, the closed lineup of periodical solutions was ex-
hibited which is a cycle again with no equilibrium solutions bifurcation any
more. Nevertheless, the lineup of bifurcating limit cycles connects GH point,
which features GH bifurcation with both supercritical Hopf and subcritical Hopf

derived.

Availability of Data and Materials

All data generated or analyzed during this study are included in this published
article.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-

per.

References
[1] Kaushansky, K. (2016) Hematopoietic Stem Cells, Progenitors, and Cytokines. In:
Kaushansky, K., et al, Eds., Williams Hematology, 9th Edition, McGraw-Hill.

[2] Brunetti, M., Mackey, M.C. and Craig, M. (2021) Understanding Normal and Patho-
logical Hematopoietic Stem Cell Biology Using Mathematical Modelling. Current
Stem Cell Reports, 7, 109-120. https://doi.org/10.1007/s40778-021-00191-9

[3] Mackey, M.C. (2001) Cell Kinetic Status of Haematopoietic Stem Cells. Cell Prolif-
eration, 34, 71-83. https://doi.org/10.1046/j.1365-2184.2001.00195.x

[4] Colijn, C,, Foley, C. and Mackey, M.C. (2007) G-CSF Treatment of Canine Cyclical
Neutropenia: A Comprehensive Mathematical Model. Experimental Hematology,
35, 898-907. https://doi.org/10.1016/j.exphem.2007.02.015

[5] Foley, C., Bernard, S. and Mackey, M.C. (2006) Cost-Effective G-CSF Therapy
Strategies for Cyclical Neutropenia: Mathematical Modelling Based Hypotheses. Jour-
nal of Theoretical Biology, 238, 754-763. https://doi.org/10.1016/].jtbi.2005.06.021

[6] Hearn, T., Haurie, C. and Mackey, M.C. (1998) Cyclical Neutropenia and the Pe-
ripheral Control of White Blood Cell Production. Journal of Theoretical Biology,
192, 167-181. https://doi.org/10.1006/jtbi.1997.0589

[7] Haurie, C., Dale, D., Rudnicki, R., et a/ (2000) Modeling Complex Neutrophil Dy-
namics in the Grey Collie. Journal of Theoretical Biology, 192, 167-181.

DOI: 10.4236/ijmnta.2024.132002

26 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2024.132002
https://doi.org/10.1007/s40778-021-00191-9
https://doi.org/10.1046/j.1365-2184.2001.00195.x
https://doi.org/10.1016/j.exphem.2007.02.015
https://doi.org/10.1016/j.jtbi.2005.06.021
https://doi.org/10.1006/jtbi.1997.0589

S. Q. Ma, S. J. Hogan

[10]

(11]

[12]

[13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]
(22]

(23]

(24]

Haurie, C., Dale, D.C. and Mackey, M.C. (1998) Cyclical Neutropenia and Other
Periodic Hematological Disorders: A Review of Mechanisms and Mathematical
Models. Blood, 92, 2629-2640.

https://doi.org/10.1182/blood.v92.8.2629.420a35 2629 2640

De Souza, D.C. and Humpbhries, A.R. (2019) Dynamics of a Mathematical Hemato-
poietic Stem-Cell Population Model. SIAM Journal on Applied Dynamical Systems,
18, 808-852. https://doi.org/10.1137/18m1165086

Crauste, F. (2006) Global Asymptotic Stability and Hopf Bifurcation for a Blood
Cell Production Model. Mathematical Biosciences and Engineering, 3, 325-346.

Pujo-Menjouet, L., Bernard, S. and Mackey, M.C. (2005) Long Period Oscillations
in a Gv Model of Hematopoietic Stem Cells. SIAM Journal on Applied Dynamical

Systems, 4, 312-332. https://doi.org/10.1137/030600473

Fortin, P. and Mackey, M.C. (1999) Periodic Chronic Myelogenous Leukaemia:
Spectral Analysis of Blood Cell Counts and Aetiological Implications. British Jour-
nal of Haematology, 104, 336-345. https://doi.org/10.1046/j.1365-2141.1999.01168.x

Fowler, A.C. and Mackey, M.C. (2002) Relaxation Oscillations in a Class of Delay
Differential Equations. SIAM Journal on Applied Mathematics, 63, 299-323.
https://doi.org/10.1137/s0036139901393512

Colijn, C. and Mackey, M.C. (2007) Bifurcation and Bistability in a Model of Hem-
atopoietic Regulation. SIAM Journal on Applied Dynamical Systems, 6, 378-394.
https://doi.org/10.1137/050640072

Colijn, C. and Mackey, M.C. (2007) Bifurcation and Bistability in a Model of Hem-
atopoietic Regulation. SIAM Journal on Applied Dynamical Systems, 6, 378-394.
https://doi.org/10.1137/050640072

Bernard, S., Bélair, J. and Mackey, M.C. (2003) Oscillations in Cyclical Neutropenia:
New Evidence Based on Mathematical Modeling. Journal of Theoretical Biology,

223, 283-298. https://doi.org/10.1016/s0022-5193(03)00090-0

Adimya, M., Craustea, F. and Ruanb, S. (2006) Modelling Hematopoiesis Mediated
by Growth Factors with Applications to Periodic Hematological Diseases. Bulletin
of Mathematical Biology, 68, 2321-2351. https://doi.org/10.1007/s11538-006-9121-9
Talibi Alaoui, H. and Yafia, R. (2007) Stability and Hopf Bifurcation in an Ap-
proachable Haematopoietic Stem Cells Model. Mathematical Biosciences, 206,
176-184. https://doi.org/10.1016/j.mbs.2006.03.004

Andersen, L.K. and Mackey, M.C. (2001) Resonance in Periodic Chemotherapy: A
Case Study of Acute Myelogenous Leukemia. Journal of Theoretical Biology, 209,
113-130. https://doi.org/10.1006/jtbi.2000.2255

Ma, S. (2022) Bifurcation Analysis of Periodic Oscillation in a Hematopoietic Stem
Cells Model with Time Delay Control. Mathematical Problems in Engineering, 2022,
Article ID: 7304280. https://doi.org/10.1155/2022/7304280

Hale, J.K. (1977) Theory of Functional Differential Equations. Springer.

Kolmanovskii, V. and Myshkis, A. (1999) Introduction to the Theory and Applica-
tions of Functional Differential Equations. Kluwer Academic Publishers.

Vainstein, V., Ginosar, Y., Shoham, M., Ranmar, D.O., Ianovski, A. and Agur, Z.
(2005) The Complex Effect of Granulocyte Colony-Stimulating Factor on Human
Granulopoiesis Analyzed by a New Physiologically-Based Mathematical Model. Jour-
nal of Theoretical Biology, 234, 311-327. https://doi.org/10.1016/}.jtbi.2004.11.026

Kuznetsov, Y.A. (2004) Elements of Applied Bifurcation Theory. 3rd Edition, Spring-
er.

DOI: 10.4236/ijmnta.2024.132002

27 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2024.132002
https://doi.org/10.1182/blood.v92.8.2629.420a35_2629_2640
https://doi.org/10.1137/18m1165086
https://doi.org/10.1137/030600473
https://doi.org/10.1046/j.1365-2141.1999.01168.x
https://doi.org/10.1137/s0036139901393512
https://doi.org/10.1137/050640072
https://doi.org/10.1137/050640072
https://doi.org/10.1016/s0022-5193(03)00090-0
https://doi.org/10.1007/s11538-006-9121-9
https://doi.org/10.1016/j.mbs.2006.03.004
https://doi.org/10.1006/jtbi.2000.2255
https://doi.org/10.1155/2022/7304280
https://doi.org/10.1016/j.jtbi.2004.11.026

S. Q. Ma, S. J. Hogan

(25]

(26]

(27]

(28]

[29]

Hassard, B., Kazarinoff, N. and Wan, Y. (1981) Theory and Applications of Hopf
Bifurcation. Cambridge Univ. Press.

Faria, T. and Magalhaes, L.T. (1995) Normal Forms for Retarded Functional Dif-
ferential Equations with Parameters and Applications to Hopf Bifurcation. Journal
of Differential Equations, 122, 181-200. https://doi.org/10.1006/jdeq.1995.1144

Ma, S.Q., Lu, Q. and Hogan, S. (2007) The Normal Form for Double Hopf Bifurca-
tion for Stuart-Landau System with Nonlinear Delay Feedback and Delay-Dependent

Parameters. Advances in Complex Systems.

Engelborghs, K., Luzyanina, T. and Roose, D. (2002) Numerical Bifurcation Analy-
sis of Delay Differential Equations Using Ddebiftool. ACM Transactions on Mathe-
matical Software, 28, 1-21. https://doi.org/10.1145/513001.513002

Engelborghs, K., Luzyanina, T. and Samaey, G. (2001) DDE-BIFTOOL v. 2.00: A

MATLAB Package for Bifurcation Analysis of Delay Differential Equations. Tech.
Rep., Department of Computer Science, K. U. Leuven.

DOI: 10.4236/ijmnta.2024.132002

28 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2024.132002
https://doi.org/10.1006/jdeq.1995.1144
https://doi.org/10.1145/513001.513002

	Generalized Hopf Bifurcation in a Delay Model of Neutrophil Cells Model
	Abstract
	Keywords
	1. Introduction
	2. Hopf Bifurcation Analysis of System
	3. Generalized Hopf Point with 
	4. GH Point with Parameter  and 
	5. The Norm Form of GH Point
	6. Conclusion
	Availability of Data and Materials
	Conflicts of Interest
	References

