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Abstract 
The earthquake magnitude probability distribution is one of the underlying 
input data for certain earthquake analyses, such as probabilistic seismic ha-
zard analysis. Nowadays, the method proposed by McGuire and Arabasz 
(1990) is commonly used for obtaining the (simulated) earthquake magnitude 
probability distributions. However, based on the observed earthquake data in 
5 regions (Taiwan, Japan, California, Turkey, and Greece), the model did not 
fit the observation well. Instead, all of the case studies show that using the 
newly proposed gamma distribution can improve the simulation significantly 
compared to the conventional method. 
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1. Introduction 

The earthquake magnitude probability distribution is one of the underlying in-
put data for certain earthquake potential assessments, such as probabilistic seis-
mic hazard analysis (PSHA) that is aimed at estimating the site-specific annual 
rate of a ground motion exceedance; say, the annual rate of PGA > 0.1 g at a 
study site is equal to 0.01 per year (Cornell, 1968 [1]; Roshan and Basu, 2010 [2]; 
Liu et al., 2013 [3]; Yazdani et al., 2012 [4]; Peñarubia et al., 2020 [5]; Anbazha-
gan et al., 2009 [6]). Figure 1 shows the observed earthquake magnitude proba-
bility distribution based on more than 50,000 earthquakes occurring around 
Taiwan from 1980 to 2021. Figure 2 shows the epicenters of the earthquakes. 

Nonetheless, the observed distribution is not used in PSHA, but the simula-
tion is. To the best of our knowledge, the method proposed by McGuire and 
Arabasz (1990) [7] is the “standard” approach for obtaining the simulated mag-
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nitude distribution used by PSHA (e.g., Wang et al., 2013 [8]). The method is 
based on simple probability calculations that would be elaborated in one follow-
ing section. Note that the conventional method (McGuire and Arabasz, 1990 
[7]) was referred to as the M-A method hereafter. 

 

 
Figure 1. The observed magnitude distribution based on the earth-
quakes around Taiwan from 1980 to 2021. 

 

 

Figure 2. The epicenters of the earthquakes around Taiwan from 
1980 to 2021. 
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Using the M-A method, Figure 3(a) shows the simulated magnitude probabil-
ity distribution along with the observed one around the region of Taiwan (Figure 
2). Compared to the observation, the two look like in good agreement, but ac-
tually the normalized differences (i.e., (observation – simulation)/observation) 
are quite substantial, in the range of –12% - 35% as shown in Figure 3(b). 

 

 
(a) 

 
(b) 

Figure 3. (a) the observed and simulated magnitude probability distributions 
using the M-A method; (b) the normalized difference, i.e., (observation – si-
mulation)/observation, between the observation and simulation. 
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Like the normal distribution that is commonly used in statistical and proba-
bilistic studies, the gamma distribution has also been utilized in a variety of stu-
dies (e.g., Okagbue et al., 2020 [9]). For example, in medical science, it was 
found that the sum of basal and menstrual iron losses in women can be modeled 
by the gamma distribution satisfactorily (Yokoi, 2020 [10]). In archaeology, the 
age-at-death profile of a caprine was considered a random variable following the 
gamma distribution, which helped reconstruct the herd management strategies 
(Timpson et al., 2018 [11]). 

In addition, Xie and Wu (2017) [12] found that using the gamma distribution 
in finance engineering is also advantageous. Specifically, they found that the 
gamma distribution can better model the volatility of financial assets. In ocean 
engineering, the joint probability density function of the steepness and height of 
deep water waves can be well modeled by a bivariate gamma distribution (Antão 
and Soares, 2016 [13]), and in operational research, Snyder (1984) [14] consi-
dered that using the gamma distribution can help manage the inventory more 
effectively than using other probability distributions (e.g., normal distribution). 
Such “gamma” examples can go on and on. 

This study introduces a new method to simulate the magnitude probability 
distributions, which is based on one of the commonly used probability distribu-
tions in statistical studies, namely, the gamma distribution. Based on the seis-
micity in four different regions, we statistically obtained the observed magnitude 
distribution, and used the current M-A method and the proposed “gamma” 
method to generate the respective simulations. Accordingly, the conclusion was 
drawn from the data and the analysis. 

2. Methodology 
2.1. G-R Law and M-A Method 

The aforementioned M-A method for simulating the observed earthquake mag-
nitude probability distribution was based on the Gutenberg-Richter (G-R) re-
currence law (Gutenberg and Richter, 1944 [15]). Therefore, before introducing 
the technical details of the M-A method, the G-R law was first introduced in the 
following. 

The G-R law was discovered by Gutenberg and Richter (1944) [15] when they 
examined the relationship between “the logarithm of earthquake numbers” and 
“the magnitude of exceedance” in California. Mathematically, it can be ex-
pressed as follows: 

( )log
M m

N a bm∗
∗

>
= −                      (1) 

where 
M m

N ∗>
 denotes the number of earthquakes with magnitude above m∗ , 

and a and b are the model parameters, also known as the a-value and b-value in 
engineering seismology. Figure 4 shows the Gutenberg-Richter relationship 
based on the earthquake data around Taiwan (Figure 2), and indeed “the loga-
rithm of earthquake numbers” and “the magnitude of exceedance” were well 
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correlated with R2 > 0.99 (coefficient of determination). Specifically, the slope1 of 
the line is called the b-value, which is equal to 1.06 in this case. 

Therefore, using the G-R law, we can estimate the number of earthquakes 
with magnitude above m*: 

10a bm
M m

N
∗

∗
−

>
=                        (2) 

As a result, the number of earthquakes with magnitude between m1 and m2 
(m1 < m2) becomes: 

( ) 1 2
1 2 10 10a bm a bmMN m m − −< = −≤                (3) 

Similarly, given the cutoff magnitude and the maximum magnitude as m0 and 
mmax, respectively, the earthquake number with magnitude within the boundary 
is: 

( ) 0
0 10 10 maxa bm a bm

maxN m mM − −< = −≤              (4) 

Therefore, within the given range of m0 and mmax, the probability of the 
earthquake magnitude between m1 and m2 is equal to Equation (3) divided by 
Equation (4) based on the fundamental of probability calculation: 

( )
1 2

01 2
10 10

10 10 max

a bm a bm

a bm a bmPr mMm
− −

− −

−
< =

−
≤              (5) 

Because 10a is a constant, it can be canceled out; then Equation (5) becomes: 

( )
1 2

01 2
10 10

10 10 max

bm bm

bm bmMPr m m
− −

− −

−
< =

−
≤              (6) 

 

 
Figure 4. The G-R law and the b-value for the earthquake data around Taiwan 
(Figure 2). 

 

 

1Actually, b = the slope × (−1). 
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Essentially, such a derivation (from Equation (2) to Equation (6)) based on 
the G-R law (Equation (1)) is the methodology of the M-A method for obtaining 
a simulated earthquake magnitude probability. As expressed in Equation (6), the 
simulation is governed by the b-value of the G-R law. In other words, as long as 
the b-value of the study region is available, we can develop the simulated earth-
quake magnitude probability distribution using the M-A method. For instance, 
the simulated magnitude probability distribution around Taiwan (shown in 
Figure 4) was based on the b-value of 1.06 using the M-A method. 

2.2. Skewness and Gamma Distribution 

In probability and statistics, skewness is the third central moment of a random 
variable (Ang and Tang, 2007 [16]), which is an indicator to the level of symme-
try of the variable. For instance, for a random variable following the normal dis-
tribution, its skewness is equal to 0, because the normal distribution is perfectly 
symmetrical by definition. By contrast, the observed magnitude probability dis-
tribution (shown in Figure 1) is highly skewed, or the distribution is very 
asymmetrical. 

Therefore, for modeling a highly-skewed observation, the perfectly symme-
trical probability distributions (such as the normal distribution and uniform 
distribution) can be ruled out. Instead, a more “versatile” probability distribu-
tion, which can be either symmetrical or asymmetrical, will be more suitable for 
the simulation, such as the gamma distribution. 

The probability density function (PDF) of the gamma distribution is as fol-
lows (Ang and Tang, 2007 [16]): 

( )
( )

11 e for 0
x

xf x x xα β
αβ α

−
−= ≥

Γ
              (7) 

where α and β are the model parameters of the gamma distribution; ( )Γ  de-
notes the gamma function as: 

( ) 1
0

e d for 0xx xαα α
∞ − −Γ = ≥∫                 (8) 

Originally, the “gamma variable” is in the space of [0, ∞]. Nevertheless, if a 
gamma variable is in the space of [x0, ∞], the gamma distribution is still applica-
ble to modeling the variable by “shifting” or modifying Equation (8) as: 

( )
( )

( ) ( )01
0

1 e x x
Xf x x x α β

αβ α
− − −= −

Γ
              (9) 

where x0 is a real value. 

2.3. Model Calibration 

As the gamma distribution is chosen and used for the simulation, the next step is 
to calibrate the two model parameters, i.e., α and β. In the old days, the task 
could be very difficult with hand calculation, but it becomes so easy nowadays by 
using a personal computer along with the software like Excel. Specifically, we 
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used Excel in this study for the model calibration. 
More technical details concerning the model calibration are as follows: 1) 

choosing a proper pair of initial values of α and β; 2) substituting the initial value 
into Equation (9) to calculate the interim gamma distribution; 3) by setting the 
objective as the minimum difference between model and observation in Excel 
Solver, obtain the parameter that can best-fit the observation. 

2.4. Chi-Square Test 

The chi-square test is one of the commonly used goodness-of-fit tests for statis-
tical analyses, and its essence is to calculate the difference between observational 
and theoretical frequencies in the histogram; then based on the difference, the 
hypothesis (e.g., earthquake magnitude follows the gamma distribution) would 
be rejected or accepted with statistical significance. In particular, the difference 
is referred to as the chi-square value ( 2χ ) in the chi-square test, which was de-
fined as (Ang and Tang, 2007 [16]): 

( )2
2

1

n
i i

i i

t o
t

χ
=

−
= ∑                       (10) 

where ti and oi denote the theoretical and observational frequency; n is the 
number of data bins in the histogram. Understandably, when the chi-square 
value is 0, the inference is that the model and observation are in perfect fit. On 
the contrary, the larger the chi-square value is, the greater the difference between 
model and observation is. In other words, when the difference between model 
and observation is too large, it is very unlikely that the observation would follow 
the theoretical distribution with statistical significance. 

Therefore, like any other statistical goodness-of-fit tests, the chi-square test is 
subject to a given level of significance for determining the threshold or critical 
value. Usually, a 5% level of significance is used in statistical studies (Wang et al., 
2011 [17]). After the critical value is determined based on the given level of sig-
nificance, the practitioner will compare the critical value to the calculated dif-
ference or the chi-square value between model and observation. When the dif-
ference is greater than the critical value, the hypothesis is rejected with statistical 
significance; otherwise it will be accepted. 

2.5. USGS Earthquake-Catalog Database 

For “reinforcing” this study, we conducted more case studies in addition to the 
study using the earthquake data around Taiwan. However, since we do not own 
the earthquake catalogs in different regions than Taiwan, we utilized to the open 
database available on the website of the U.S. Geological Survey  
(https://earthquake.usgs.gov/earthquakes/search/) (USGS, 2023 [18]). 

Figure 5 shows the interface of the online USGS earthquake database (USGS, 
2023 [18]). Basically, users simply need to input the cutoff earthquake magni-
tude, the target searching region and the target time span, and then the earth-
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quake data will be compiled in an Excel file for the users to download. In addi-
tion, the USGS earthquake database features the user-friendly functionality: us-
ers can “draw rectangle on map” (see the bottom right corner in Figure 5) to 
“input” the searching area of interest by this very simple act, without looking up 
their longitudes and latitudes in advance. 

Nevertheless, it must be noted that although most earthquakes in the USGS 
database are in moment magnitude (Mw), some are in local magnitude (ML), 
surface wave magnitude (Ms), body wave magnitude (Mb), and duration/code 
magnitude (Md). As a result, we had to convert those into moment magnitudes 
for consistency purpose in order to obtain a more meaningful result. Therefore, 
the following relationships were used (Kadirioğlu and Kartal, 2016 [19]): 

1.21 0.89w bM M= −                    (11) 

1.03 0.23w LM M= +                   (12) 

1.95 0.59w dM M= +                   (13) 

0.57 2.25;    5.4w s sM M M= + ≤               (14) 

0.81 1.17;    5.4w s sM M M= + >               (15) 

3. Results 
3.1. Taiwan 

Using Excel Solver, Figure 6 shows the best-fit gamma distribution with α = 1.29 
and β = 0.37, in comparison to the observed magnitude probability distribution 
in Taiwan. It shows that the two are in very good agreement, so the inference is 
that the earthquake magnitude could be a gamma variable, or the observed mag-
nitude distribution could follow the gamma distribution. 
 

 
Figure 5. The interface of the USGS online earthquake database. 
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Figure 6. The observed earthquake magnitude probability distribution around Tai-
wan and the simulation using the gamma distribution. 

 
To quantitatively validate the presumption, we conducted the chi-square test, 

and the numbers we obtained are as follows: 1) the critical value with 5% level of 
significance is equal to 9.5; 2) the difference between the observed and simulated 
frequencies (based on Equation (10)) is equal to 5.9. As a result, with the differ-
ence less than the critical value, the hypothesis—earthquake magnitude distribu-
tion follows gamma distribution—was accepted with statistical significance. 

3.2. Japan 

Figure 7 shows the study area around Japan, which is also the searching area for 
collecting the earthquake data from the USGS database. More than 10,000 
earthquakes with cutoff magnitude 4.5 were collected from 1980 to 2021. Accor-
dingly, Figure 8 shows the G-R law for the areas, and the b-value is equal to 
1.07. 

Next, also based on the observed earthquake data, we conducted the statistical 
calculation to develop the observed earthquake magnitude distribution. Then 
with the b-value = 1.07, we used the M-A method to develop the simulated dis-
tribution. Finally, based on the observed magnitude distribution, we calibrated 
the best-fit gamma distribution for simulating the observation. The three are 
shown in Figure 9 altogether. 

As shown in Figure 9, the same outcome was found: 1) the gamma distribu-
tion can better simulate the observation than the conventional M-A method; 2) 
based on the chi-square test, the hypothesis was accepted: earthquake magnitude 
is a gamma variable or the earthquake magnitude probability distribution fol-
lows the gamma distribution. 
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Figure 7. The study area around Japan. 

 

 

Figure 8. The G-R law for the region of Japan. 

3.3. California 

Figure 10 shows the searching area around California. From 1980 to 2021, more 
than 10,000 earthquakes with cutoff magnitude of 4.5 were also collected from 
the USGS database for this study area. Accordingly, Figure 11 shows the G-R 
law for this area, and the b-value is equal to 0.92. 

Also based on the observed earthquake data, we conducted the statistical cal-
culation to develop the observed earthquake magnitude distribution. Next, with 
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the b-value = 0.92, we used the M-A method to develop the simulated distribu-
tion. Finally, based on the observed magnitude distribution, we calibrated the 
best-fit gamma distribution to model the observation. The three are shown in 
Figure 12 altogether. 

As shown in Figure 12, the same outcome was also found: 1) the gamma dis-
tribution can better simulate the observation; 2) the hypothesis (magnitude is a 
gamma variable) was also accepted.  

 

 

Figure 9. The observed earthquake probability distribution for the area of Ja-
pan, along with the two simulations generated with the conventional and pro-
posed methods. 

 

 
Figure 10. The study area around California. 
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Figure 11. The G-R law for the region of California. 
 

 

Figure 12. The observed earthquake probability distribution for the area of 
California, along with the two simulations generated with the conventional 
and proposed methods. 

3.4. Greece and Turkey 

Figure 13 shows the searching area around Greece and Turkey within the same 
time span as the previous cases. Accordingly, Figure 14 shows the G-R law for 
the area, and the b-value is equal to 1.09. 

With the observed earthquake data, we conducted the statistical calculation to 
develop the observed earthquake magnitude distribution. Next, with the b-value 
= 1.09, we used the M-A method to develop the simulated distribution as the 
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previous cases. Finally, based on the observed magnitude distribution, we cali-
brated the best-fit gamma distribution to model the observation. The three are 
shown in Figure 15 altogether. 

As shown in Figure 15, the same outcome was also found from this case 
study: 1) the gamma distribution can better simulate the observation than the 
conventional M-A method; 2) the hypothesis was accepted based on the 
chi-square test: the earthquake magnitude distribution follows the gamma dis-
tribution. 

 

 
Figure 13. The study area around Greece and Turkey. 

 

 

Figure 14. The G-R law for the region of Greece and Turkey. 
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Figure 15. The observed earthquake probability distribution for the area of Greece 
and Turkey, along with the two simulations generated with the conventional and 
proposed methods. 

3.5. Summary 

The four case studies all demonstrated that the proposed “gamma” method can 
better model the observed earthquake magnitude distribution than the conven-
tional M-A method. Besides, the four case studies also show that the hypothe-
sis—earthquake probability distribution follows the gamma distribution—was 
accepted by the chi-square test. Table 1 summarizes the results of the four case 
studies, including model parameters, chi-square values, etc. 

4. Discussions 
4.1. Log-Delog Transformation 

Given that the Gutenberg-Richter relationships (e.g., Figure 4) are evident, and 
the earthquake magnitude probability derived by the M-A method is flawless 
(i.e., Equation (2) to Equation (6)), it is puzzling why the method cannot model 
the observed earthquake magnitude histogram satisfactorily (e.g., Figure 3). We 
consider the cause is attributed to the “log-delog” transformation, which is ela-
borated in the following. 

As mentioned previously, the Gutenberg-Richter recurrence law describes a 
strong linear relationship between “the logarithm of earthquake number” and 
“the magnitude of exceedance” (i.e., m*). Nevertheless, as shown in Figure 4, 
although the regression relationship is indeed very strong with R2 greater than 
0.99, it is not a perfect fit with R2 = 1 nonetheless. In other words, the difference 
between the prediction and observation is still in existence. Taking Figure 4 for 
example, the observed value of logNM≥4.5 is equal to 3.16, and the predicted value 
of logNM≥4.5 (on the regression line) is equal to 3.24; the difference is “only” 0.08. 
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Table 1. Summary of the result of using the gamma distribution to model the observed 
magnitude probability distribution. 

Area α β Difference Critical value* Hypothesis** 

Taiwan 1.29 0.37 5.9 9.5 Accepted 

Japan 1.17 0.39 10.7 12.6 Accepted 

California 1.26 0.4 11.6 12.6 Accepted 

Greece and Turkey 1.22 0.37 10.4 11.1 Accepted 

* On 5% level of significance. ** Earthquake magnitude follows gamma distribution. 
 

However, we care to realize and use “earthquake number” in certain earth-
quake assessments, not “logarithm of earthquake numbers.” As a result, the 
“de-log” calculation is necessary in the process. Using the example above: given 
logNM≥4.5 = 3.16, thus the observed earthquake number with magnitude above 
4.5 (i.e., NM≥4.5) is equal to 1447 (=103.16) after the “de-log” calculation. Similarly, 
given the predicted value of logNM≥4.5 = 3.24, the predicted earthquake number is 
1717 (=103.24) after de-log. Suddenly, the difference of 0.08 (=3.24 – 3.16) in the 
log scale is amplified to 270 (=1717 – 1447) in the “normal” scale. Therefore, this 
is the fundamental cause that the conventional M-A method, based on 
log

M m
N ∗≥

, cannot well capture the observed magnitude probability distribution. 
By contrast, the proposed “gamma” method does not utilize the G-R law, and 
the log-delog transformation is not involved in the process, either. 

4.2. User-Friendliness 

Indeed, it is easy or user-friendly to use the conventional M-A method to gener-
ate the (simulated) earthquake magnitude probability distribution, as long as the 
practitioners have obtained the b-value from the Gutenberg-Richter relation-
ship. This might be the reason that the M-A method is widely used nowadays for 
obtaining a simulated earthquake magnitude probability distribution. 

Nevertheless, the proposed method is as user-friendly as the M-A method. All 
the practitioners need to do is calibrate the two model parameters with Excel 
Solver (or other similar software), as we just have done it for this study. 

4.3. “Try-And-True” 

As other statistical fitting, the finding of this study is a result of “try-and-true.” 
In fact, this study tried several asymmetrical probability distributions for this 
study, including the lognormal distribution, beta distribution, Weibull distribu-
tion, and obviously, the gamma distribution. 

Actually, we found that the Weibull distribution can also better model the ob-
served magnitude probability distributions than the M-A method. However, the 
performance of the Weibull distribution is about 12% less than the gamma dis-
tribution, in terms of the calculated difference between the observed and simu-
lated frequencies. 
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4.4. Earthquake Prediction 

The reason we developed different seismic hazard mitigations, such as seismic 
hazard analysis, is that the earthquake prediction seems still impractical as we 
speak (Geller et al., 1997 [20]). Geller et al. (1997) [20] attributed it to the fact 
that the stress and strain conditions of “the material” several kilometers deep 
where earthquakes are initialized cannot be monitored by modern instrumenta-
tions because they cannot be installed there with our current technology. 

However, recent studies show some promising perspectives toward earth-
quake prediction from different “angles” than focusing on the law of physics 
about material failure. The studies include the use of the very-low-frequency 
electromagnetic emission as the precursor of earthquakes (Kachakhidze and 
Kachakhidze-Murphy, 2022 [21]), and the observation of the cloud anomaly as 
the observed value exceeds 2 - 3 times of the standard deviation (Guo, 2021 
[22]). As a result, with more collective efforts spent on earthquake prediction 
continuously with various “unconventional” methods in addition to the “con-
ventional” mechanics perspective, we believe that we can keep making progress 
in earthquake prediction, and one day the human being can predict a major 
earthquake with our knowledge. 

4.5. PSHA “Controversy” 

PSHA seems a controversial subject in engineering seismology. Although many 
PSHA case studies have been conducted, a few studies commenting on PSHA’s 
robustness were also reported. We suggested the proponents of PSHA could re-
view the paper by Mulargia et al. (2017) [23] and provide some rebuttal, in an 
effort to make the analysis more objective, transparent, and robust. 

5. Conclusion 

Based on four case studies, this paper shows that using the gamma distribution to 
model the observed earthquake magnitude probability distribution is superior to 
the conventional M-A method. The reason that the conventional method cannot 
well capture the observed magnitude probability distribution is due to the log-delog 
transformation in the process, while it is not needed in the newly proposed (gam-
ma) method. Besides, the new method is as user-friendly as the conventional ap-
proach, with the model parameters can be easily calibrated with Excel Solver. 
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