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Abstract

The shape of the local bubble is modeled in the framework of the thin layer
approximation. The asymmetric shape of the local bubble is simulated by in-
troducing axial profiles for the density of the interstellar medium, such as
exponential, Gaussian, inverse square dependence and Navarro-Frenk-White.
The availability of some observed asymmetric profiles for the local bubble al-
lows us to match theory and observations via the observational percentage of
reliability. The model is compatible with the presence of radioisotopes on
Earth.
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1. Introduction

The local bubble (LB) is a low-density region that surrounds the Sun. Because it
is emitting in the X-rays, it is also called Local Hot Bubble (LHB), see [1] [2]. In
the framework of thermal ionization equilibrium, the temperature is

KT =(0.097+0.013) keV or T =(1.1252+0.15)x10°K, see [3]. Recently, the
following features of the LB have been discussed: the variations of the polariza-
tion degree P, see [4]; and the polarization from the interstellar medium, due to
irregular dust grains aligned with the magnetic field, see [5]. The presence of “Fe
in deep-sea measurements on Earth has triggered the study of the LB-sun inte-
raction, see [6]. We now select some theoretical efforts that model the LB, as
follows: the one-dimensional hydrocode with non-equilibrium ion evolution and
dust, see [7] [8]; different tests to explain the FUSE data, see [9] [10]; the use of
the parallel adaptive mesh refinement code EAF-PAMR, see [11]; hydrodynam-
ical simulations of the LB, see [12]; and the study of the 3D structure of the
magnetic field, see [13].

These models leave some questions unanswered, or only partially answered, as
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follows:

- Can we model the LB in the framework of the thin layer expansion of a shell
in an interstellar medium (ISM) with symmetry in respect to the equatorial
plane of the explosion?

- Can we compare the data of the theoretical expansion, which is a function of
the latitude, with the observed profiles of expansion of the LB?

- What is the range of reliability of the Taylor expansion and Padé approxima-
tion of the theoretical expansion in the framework of the thin layer?

- Can we model the LB-Sun interaction?

To answer these questions: Section 2 analyzes four profiles of density for the
interstellar medium (ISM); Section 3 derives four equations of motion for the LB;
and Section 4 discusses the results for the four equations of motion in terms of
reliability of the model, it also introduces the interaction of many bubbles, dis-

cusses the “Fe-signature and explores the interaction of many bubbles.

2. The Density Profiles

A point in Cartesian coordinates is characterized by x, yand z and the position
of the origin is the center of the LB. The same point in spherical coordinates is
characterized by the radial distance re[0,], the polar angle §<[0,n], and
the azimuthal angle ¢ € [O, 27:] .

The following profiles are considered: exponential, Gaussian, inverse square

dependence and Navarro-Frenk-White.

2.1. An Exponential Profile

The density is assumed to have the following exponential dependence on z in

Cartesian coordinates:

P(Z;b:po)zpoeXp(_Z/b)! (1)
where b represents the scale. In spherical coordinates, the density has the fol-
lowing piecewise dependence

Lo if r<r,
.0, py) = . 2
p(rib. ) poexp[_m;(@)j fror @

which has a jump discontinuity at r=r, when 6>0. Given a solid angle
AQ, the total mass swept, M (r;1,,b,6, py,AQ), in the interval [0,r] is

M (r;1y,b,6, py, AQ)

1, b(rz(cos(e))2 +2rbcos(6?)+2b2)p0 roos(0)
=| 5P olo — 3 e ° (3)
3 (cos(8))
b(ro2 (cos(¢9))2 +2r,bcos(8)+2b )p0 _Tocos(6)
3 b AQ
(cos(8))
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2.2. A Gaussian Profile
The density is assumed to have the following Gaussian dependence on zin Car-
tesian coordinates:

122

7Eb72

p(z:b,pe) = poe **, 4)

where brepresents a parameter. In spherical coordinates, the density is
Lo if r<r,
p(rir.b,py)= 122 (5)

2b2 -
Lol if r>r,

and presents a jump discontinuity at r =1, when &> 0. The total mass swept,
M (r; ro,bﬂ,po) , in the interval [0, r] is
M (r;ry.b,6, p,)
IR Uy 3 2cos(0)r
= 1p0r03+p0 _Lze 2 b? _;’_1 b \/;\/53 erf 1 \/_ ( ) (6)
(cos(0)) 2(cos(0)) (2 P

3

rz COs! 2

(b e_%o(b#))le b3 N2 o l\/ﬁcos(e)ro AQ
(cos(6))’ 2(cos(9))" |2 "

where erf (X) is the error function, defined by

erf (x) = iJ'OX e dt. (7)
T

2.3. The Inverse Square Dependence

The density is assumed to have the following dependence on z in Cartesian

coordinates,
; -2
P(Z;Zoapo)zpo(l"'z_j : (8)
0

In this paper, we will adopt the following density profile in spherical coordinates
Po if r<r,
rin.b,p)= rcos(0))” ©)
ATt 0. 20) p0[1+—( )) if r>r,
ZO

where the parameter z, fixes the scale and p, is the density at z=17,. The
above density presents a jump discontinuity at r=r, when 6>0. The mass

M, sweptin the interval [0,r,] is
1 s
M, =§p0rOAQ (10)

The total mass swept, M (I‘; ry, ZO,H,pO,AQ) , in the interval [0, r] is
M (i1, 24,6, Py, AQ)
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1 5 phr pob®In(rcos(0)+b) o,b
=| —poly + > -2 5 — -
3 (cos(8)) (cos(8)) (cos(#)) (rcos(€)+b)( )
11
Peb?r, \ ) pob® In(r, cos(6)+b) . o,b* 0

) (cos(6))’ (r, cos(6)+b)

(eos(0)) (co5(0))

2.4. Navarro-Frenk-White Profile

The usual Navarro-Frenk-White (NFW) distribution has a dependence on rin
spherical coordinates of the type
2
Pl (b+r,
p(rit.b,py) =—="——3~ ol 2) : (12)
r(b+r)
where b represents the scale, see [14] for more details. The NFW profile along
the axis z can be obtained by substituting rwith rcos(&) =1z

poly (b+r, 2
p(rit,b, 0y, 0) = oo (D+1) =, (13)
rcos(6)(b+rcos(6))
The piece-wise density is
Lo if r<r,
p(rir.b, p,0)= poro(b+r0)2 . (14)
rcos(0)(b+ rcos(e))2 ’

and has a jump discontinuity at r=r, when 6>0. The total mass swept,
M (I‘; I’o,b,pOH) , in the interval [0, r] is

M (r;ry.b,6, py, AQ)

_ lpor(f P ((b+rcos(6))In (lz +1008(0))+b)(b+1,) 1y - s
3 (cos(8)) (b+rcos(6))

Py ((b+r, cos(€))In(b-+r,cos(8))+b)(b+1,)" 1, o
(cos(H))B(b+ r, cos(8))

3. The Thin Layer Approximation

The conservation of the momentum in spherical coordinates along the solid an-

gle AQ in the framework of the thin layer approximation states that
My (1) =M (r)v, (16)

where M(r,) and M(r) are the swept masses at I, and 1; and V, and v

are the velocities of the thin layer at r, and r. This conservation law can be ex-

dr
pressed as a differential equation of the first order by inserting V= e

dr
M(r)E:MO(rO)VO. (17)
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In the first phase from r=0 to r=r, the density is constant and the explo-
sion is symmetrical. In the second phase the density is function of the polar an-
gle @ and therefore the shape of the advancing expansion is asymmetrical. The

equation of motion for the four profiles is now derived.

3.1. Motion with a Constant Density

In the case of constant density of the ISM, the analytical solution for the trajec-

tory is
r(tity 1,V ) = 44V, (t—t)) + 15, (18)
and the velocity is

3
r0 VO

: (19)
(4r5v, (t—t)+ 15 )3/4

V(tity, 1, V) =

where I, and v, are the position and the velocity when t=t;, see [15] [16].

3.2. Motion with an Exponential Profile

In the case of an exponential density profile for the ISM, as given by Equation

(2), the differential equation that models momentum conservation is

1. b((r(t))2 (cos(@))2 +2r(t)bcos(0)+2b° ) efw
° (cos(9))’

b(roz(cos(e))2 +2rob005(9)+2b2) nens0) |
e
(cos(6’))3 dt

(20)

There is no analytical solution.

3.3. Motion with a Gaussian Profile

In the case of a Gaussian density profile for the ISM, as given by Equation (5),
the differential equation that models momentum conservation is

1 s r(t)b® ‘%W%@) 1 b*Jnv2 12cos(0)r(t)

—poly + 9| — e +— Serf

3 (cos(8)) 2 (cos(0)) 2 b

2 ,EM 3
| - 7w 1P «/E«/Es orf| L ¥2005(0)1, S
(cos(0)) 2 (cos(0)) 2 b dt

1 3
:gporovo-

3.4. Motion with an Inverse Square Dependence

In the case of an inverse square density profile for the ISM, as given by Equation

(9), the differential equation that models the momentum conservation is
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1 5 pzir(t) 2pozgIn(r('t)c:os,(6')+zo)

FL (cos (& )) (cos(&)f'
— PoZs _ PoZohy +2p023|n(l’0 COS(9)+ZO) (22)
(cos(6’))3 (r(t)cos(6)+1z,) (cos(@))2 (cos(e))3

+ Po ir 1 r3V N
(COS(H))3(r0cos(0)+ZO)Jdt (t) 3,000 b =0

There is not an analytical solution for this differential equation.

3.5. Motion with a Navarro-Frenk-White Profile

In the case of a Navarro-Frenk-White density profile for the ISM, as given by
Equation (13), the differential equation that models momentum conservation is

[1/) o, % ((b+r(t)cos(6))In(b+r(t)cos(0))+b)(b+r, i

3he (cos(8))’ (b+r(t)cos(6))
, (23)
_ropo((b+ro cos(0))In(b+r, cos(e))+b)(b+r0) d (t)—l ,
3 r{t)=-p,oloVo-
(cos(8)) (b+r,cos(8)) dt 3

A first approximated solution of this differential equation can be given as a se-

ries of order 4

r(tity, 1, Vg, b)
3 (b+n) (o)
2rocos )(b+r, cos(6))’

=r+V (t—ty) - (24)

+l(b+ ) v ((cos(ﬁ)) 17 —cos(@)b? +9r7 +18br, +9b2)(t -t,)’
2 2 (cos(6))’ (b-+r,c0s(6))’

Figure 1 reports a comparison between numerical and series solution.

To find a second approximate solution for this differential equation of the first
order in r; we separate the variables and we integrate. The following non-linear

equation is obtained

%:t—to, (25)
where
N =-6(b+r,)’ (b+r,cos(6))(1/2rcos(6)+b)In(b+r, cos(8))
+6(b+1,)" (b+1,cos(8))(Y/2rcos(8)+b)In(b+rcos(6))
—6cos(0)(r- ro)(—],/G r (cos(@))4 ~1/6br? (cos(&))3 26)
+1/21,(b+1,) cos(0) +b(b+r, )2)
and
D =v,r} (005(9))4 (b+1,cos(0)). (27)
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Figure 1. Numerical solution (full line) and series solution (dashed line). The parameters
are V,=3700km-s™, r,=7pc, b=28pc, t=1360yr and t, =680 yr.

In this case, it is not possible to find an analytical solution for the radius, z as
a function of time. Therefore, we apply the Padé rational polynomial, see [17]
[18] [19] [20]. We choose an approximation of degree 2 in the numerator and
degree 1 in the denominator about the point r=r; to the left-hand side of Eq-
uation (25). The resulting equation of second degree is

% —t-t,, (28)
where
NN =—(r, - r)(4(cos(<9))3 e+ 2(cos(9))3 rer +12(cos(<9))2 r2b
+8r, cos(6)b? —2cos(0)b*r —9r7 —18bry +9r’r (29)
~9r,b? +18r,br +9b°r),
and

DD = 2cos()v, (b+, cos(e))(Zcos(e) 17 +r,r cos(@)+ 4br, —br). (30)

The resulting Padé approximant for the trajectory, the radius ,, , is the second

approximated solution

NNN
L (t;to,ro,vo,b):ﬁ. (31)

where
NNN = (cos(H))3 tr2v, —(cos(é’))3 12tV —(cos(é’))3 i
- 6(005(6?))2 17— cos(0)btv, +cos(8)b’t,v, (32)
—~5r, cos(6)b? +9r,b? +18r2b+ 957 + /A,
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and
DDD =2(cos(6))’ rZ — 2b? cos (@) +9b? +18br, +9rZ, (33)
and
A=(b+r, cos(é’))2 cos(é’)((3rO +V, (t—t, ))2 r2 (cos(¢9))3
—2(3r, +V, (t=1)) (=31, +V, (t-t,)) rob(cos(¢9))2 (34)
+(=31 + Vo (t—t, ))2 b? cos (&) +54r,v, (b+1, ) (t—t, ))
Figure 2 reports a comparison between the numerical and the series solution.
The two approximations that we have used here cover the range in time after
which the percent error is ~10%: 1360 yr for the Taylor series and 194,285 yr for

the Padé approximant. We conclude that in our case the Padé approximant has a

wider radius of convergence in respect to the Taylor series.

4. Astrophysical Results

The adopted astrophysical units are pc for length and yr for time; while the ini-
tial velocity v, is expressed in pc-yr™'. The astronomical velocities are evaluated
in km-s' and therefore Vv, =1.02x107°v, where Vv, is the initial velocity ex-

pressed in km-s™.

4.1. How to Start

The starting equations for the evolution of the SB [15] [21] are defined by the
following parameters: N”, which is the number of SN explosions in 5.0 x 107 yr;

Z g > which is the distance of the OB associations from the galactic plane; E.,

100
T

80

40
T

20
T

r [pc] Pade' approximant
60

" " " " 1 " " " " 1 " " 1 " " " " 1 "
0 5x10* 10° 1.5x10° 2x10°

time (yr)
Figure 2. Numerical solution (full line) and Padé approximant (dashed line). The para-
meters are V, =3700km-s™, r,=7pc, b=2.8pc, t=194285yr and t, =680 yr.
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which is the energy in 10 erg and is usually chosen equal to one; V,, which is
the initial velocity, which is fixed by the bursting phase, t;; the initial time in yr,
which is equal to the bursting time; and £ which is the proper time of the SB.
The radius of the SB is

INEAY
R =111.56[@] pc, (35)
o
and its velocity
E,,N"
V= 6.567% 5| —L— km/s. (36)
7 o

In the following, we will assume that the bursting phase ends at t=t,, (the
bursting time is expressed in units of 10’ yr) when Ny, SN are exploded
N t,,x10’

Noy = _ 37
SN 5x10’ (37)

The two following inverted formula allow us to derive the parameters of the ini-
tial conditions for the SB in terms of I, expressed in pc and V, expressed in

km-s™!

t,, = 0058782 (38)

VO
and

2 3
rO nOVO

N =2.8289x107 (39)

51

4.2. The Astronomical Data

The LB has been recently observed in the X-ray in the 0.1 - 1.2 keV region by [3],
whose Figure 7 reports six configurations of the LB along great-circle cuts
through the Galactic pole and the Galactic plane. As a target of the simulation,
we have chosen the cut characterized by galactic longitude, / between 120" and

300°. An observational percentage reliability, ¢, , is introduced over the whole

obs

range of the polar angle 4,

(40)

Zj|robs_rnum|']

€, =100 [1— S

Zj robs,j

where . is the theoretical radius of the local LB, T,

ns 1 the observed radius

of the local LB, and the index j varies from 1 to the number of available observa-
tions. The observational percentage of reliability allows us to fix the theoretical

parameters.

4.3. The Results

The numerical solution is reported as a cut in the x-z plane: see Figure 3 for an

exponential density profile as given by Equation (2); see Figure 4 for a Gaussian
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200

—-200

PP IR ISP AT I i
-100-50 0 50 100

X (pc)

Figure 3. Geometrical section of the LB in the x-z plane with an exponential profile
(green points) and observed profile (red stars). The parameters are Vv, =3700km-s™,
r,=7pc, b=35pc, t=8x10"yr and t, =80 yr. The observational percentage relia-
bility is ¢,, =81.93% and N, =15.61.

200

—-200

-100-50 O 50 100

X (pc)
Figure 4. Geometrical section of the LB in the x-z plane with a Gaussian profile (green
points) and observed profile (red stars). The parameters are Vv, =3700km-s™, r =7pc,
b=5.83pc, t=1.35x10°yr and t,=1.35x10°yr. The observational percentage relia-
bility is ¢, =82.04% and N, =15.61.
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density profile as given by Equation (5); see Figure 5 for an inverse square den-
sity profile as given by Equation (9); and see Figure 6 for a NFW density profile
as given by Equation (13).

The theory of the asymmetrical expansion already developed is independent
of the azimuthal angle ¢ and therefore the 3D advancing surface of a LB can

be obtained by rotating a cut in x-z plane, see Figure 7.

4.4. 60Fe-Signature

Some radioisotopes on Earth, such as “Fe (half life of 1.5 x 10° yr [22]), were
measured in a deep-sea ferromanganese crust: the concentration of “Fe in-
creased 2.8 Myr ago, see [6]. These measurements have triggered some simula-
tions that can explain the LB in the framework of SN explosions [12] [23] [24].
The encounter between the advancing shell of the LB and the Sun is here simu-
lated in 2D assuming a constant density, see Equation (18). The following dis-
tances are involved:

1) r, the initial radius of the LB,

2) r, the radius of the LB when encounters the LB,

3) r, the actual radius of the LB,

4) D the distance between the sun and the LB, D =r, —r,, and they are re-

ported in Figure 8. The times of the 2D simulation are

1%‘: :
? 4

—-200

PR IS TR T SR I S S S S B

-100 0 100
X (pc)

Figure 5. Geometrical section of the LB in the x-z plane with an exponential profile

(green points) and observed profile (red stars). The parameters are Vv, =3700km-s™,
r,=7pc, z,=7pc, t=8x10"yr and t,=80yr. The observational percentage relia-
bility is ¢, =78.02% and N, =15.61.
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200

—200

-100-50 0 50 100
X (pc)
Figure 6. Geometrical section of the LB in the x-z plane with a NFW profile (green points)
and observed profile (red stars). The parameters are V,=3700km-s™, r =7pc,
b=28pc, t=6.8x10°yr and t,=680yr. The observational percentage reliability is

€y =82.69% and N, =15.61.

Figure 7. 3D surface of the LB with parameters as in Figure 6, NFW profile. The three
Euler anglesare ® =41, ® =-41 and ¥ =41.

1) t, the time at which the radius of the LBis Iy,
2) te e the time at which “Fe was deposited on the Earth,

3) t, theactual time of the LB,
4) t, the time of the encounter between LB and Sun, t, =1, —t5_ .
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- ~ e ————
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-30 -20 -10 0 10 20 30
pc
Figure 8. A sketch of the LB sun encounter. The black circle is the initial radius, the blue
circle is the radius when the Sun is reached and green circle is the actual radius.

The distance LB-Sun, D, is reported in Figure 9 as function of the elapsed

time.

4.5. Collective Effects

The LB is a part of other bubbles which show a Swiss-cheese structure, see Fig-
ure 10. We simulate this network with the multiple explosion of NV bubbles in
2D assuming a constant density, see Equation (18). We choose N =7 and the
time is allowed to vary in a random way in the interval (to,tmax ) , the position of
the explosion on the two Cartesian axis is randomly generated in the interval
(0,side), see Figure 11.

5. Conclusions

Two factors allow the comparison of different models which simulate the LB: the
observational percentage reliability, see Equation (40); and acceptable observa-
tional cuts of the LB, see [3]. The best result is obtained adopting the NFW pro-
file with a percentage reliability of ¢,  =82.69% . Similar results are obtained in
the framework of the magnetic field model, see Figure 2 in [13]. The
®Fe-signature is compatible with the model that we have developed here and

Figure 9 reports the distance between the Sun and the LB. A simulation of the
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D (pe)

10

I L n " 1 I " " " 1 I " n " 1 " n n " 1 " n n " 1 " L n " 1 I
0 5x10° 108 1.5x10° 2x108 2.5x10° 3x108
t (yr)

Figure 9. Distance between Sun and the LB as function of time. The parameters of the LB are
V, =10000km-s™, r,=5pc, t,, =3x10°yr, t,_ =2.8x10°yr and t,=100yr.

Beta Arae

DL}mbbelI Nebula
-3 . Rho Ophi

‘Sadalsuud Zeta Ophiuchi

Rasalgethi

©

8 2e1a Coronae
LB Borealis N

Figure 10. Map of the galactic environment of the sun with side of =528.12 pc.
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Y (pc)

100

X (pc)
Figure 11. Network of seven bubbles, v, =5000 km-s?, rL=7pc, t
t, =100 yr and side =400 pc.

 =3x10%yr,

m

exploding bubbles is reported in Figure 11. A more precise simulation of the ex-
ploding bubbles can be done when more detailed observations of the network,
such as that reported in Figure 10, are available.
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