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Abstract 
In underwater topographic measurement implementing the positioning by a 
GPS receiver and/or a GNSS receiver and the depth measurement by an echo 
sounder, an antenna connected to a GPS receiver or a GNSS receiver and a 
transreceiver of the echosounder are fixed to a vessel. On the other hand, a 
vessel is subject to movements such as longitudinal swayings (roll), sideways 
swayings (pitch), and bow swayings (yaw), which result in errors of output 
data. This study shows techniques to compensate for those errors. 
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1. Introduction 

Disastrous heavy rain events in recent years indicate a manifestation of the glob-
al warming. One speculation is that those events may increase in frequency and 
scale as the climate change progresses, and the maintenance of rivers, reservoirs, 
and coastal areas as well as measurement and analysis for the topography of wa-
ter areas are necessary. This study focuses on a measurement aspect of the 
topography of water areas. 
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In our measurement of underwater topography, the positioning by a GPS re-
ceiver and/or a GNSS receiver and the depth measurement by an echo sounder 
are implemented (Iwakami et al., 2019, 2020, 2021a, 2021b, 2023a, 2023b, 2023c). 
A GPS receiver or a GNSS receiver outputs positions of the antenna connected 
to it. An echo sounder transmits and receives sound waves emanated from the 
tip of its transreceiver (transmitter and receiver) and outputs its distance from 
the bottom. In our measurement, a GPS antenna and/or a GNSS antenna, and a 
transreceiver are fixed to a boat. On the other hand, a boat is subject to move-
ments such as longitudinal swayings (roll), sideways swayings (pitch), and bow 
swayings (yaw), which lead to errors in output data. The following sections dis-
cuss errors due to the movements of the boat, and how to compensate them. 

Basically, an echo sounder outputs the shortest distance among ones that sound 
waves reflected from a bottom generate. The intensity of sound waves reduces by 
half on the surface of a cone with the apex at the transreceiver. The angle made by 
half lines intersected by the cone and a plane containing a center line of the cone is 
called the directional angle or the angle of beam spread (Based on information 
provided by Senbondenki Co., Ltd.). The following sections develop analyses based 
on assumption that an echo sounder outputs the shortest distance among ones 
corresponding to sound waves restricted to the region enclosed by the cone. 

2. Basic Properties of Sound Waves 
2.1. Equations of Cone and Ellipse 

Consider a cone and a plane that does not pass through the apex of the cone. A 
curve obtained by intersecting such a cone and a plane is called a conic section. 
In general, a conic section is either a parabola, an ellipse, or a hyperbola (Apos-
tol, 1967). This section focuses on an ellipse as a conic section in an xy plane. 

Let σ denote the directional angle (Figure 1). Note that condition 0 < σ < π 
holds. Denote by i, j, and k the unit coordinate vectors in a three-dimensional 
space pointing the positive directions of x, y, and z axes, respectively. Denote by 
P the point on the positive z axis, whose distance from the origin equals r. That 
is, P (0, 0, r). Let v denote the unit vector αi + βj + γk that satisfies the condi-
tions 2 2 2 1α β γ+ + =  and 1 0γ− ≤ < . Consider the half line K with its end at 
the point P in the direction of the vector v. 

Suppose that the end point of a half line M is P, and that the angle made by 
the half line M and the half line K is σ/2. Let C denote the cone generated by ro-
tating the half line M about the half line K. Let ω denote the angle made by the 
vector v and the vector -k, Note that ω is given by the expressions 

2 2 2
1 1 11

tan , tan , or cos .
α β γ

ω ω ω γ
γ γ

− − −+ −
= = =  

Suppose that ( ), ,Q x y z  is a point on the cone C. A point R on the half line K 
is expressible in the form ( ), ,R rτα τβ τγ+ , where the parameter τ denotes the 
distance between P and R. In particular, the half line K and the line passing 
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through Q meet at the point R perpendicularly for ( )x y z rτ α β γ= + + − . Let l 
denote the distance between the point Q and the point R. Then the equation 

( ) ( ) ( )2 2 22l x y z rτα τβ τγ= − − −+ +−  
holds (Figure 2). The condition 

2
2 2tan

2
l σ τ =  

   
leads to the equation of the cone C 

 
( ) ( ) ( )( ) ( )

( ) ( )

22 2 2 2 2

2
2

1 1 1 2 2

2 tan 0.
2

x y z r xy x z r

y z r x y z r

α β γ αβ αγ

σβγ α β γ

− + − + − − − − −

  − − − + + − =       

 (1) 

 

 
Figure 1. Cone generated by valid sound waves and the directional angle σ. 

 

 
Figure 2. Half line generating the cone and the half line K. 
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The intersection of the cone C and the xy plane is an ellipse, which we denote by 
E. Substitution 0z =  into the Equation (1) yields the equation of the ellipse E 

 
( ) ( ) ( )

( )

2 2 2 2 2 2

2
2

1 1 1 2 2 2

tan 0.
2

x y r xy rx ry

x y r

α β γ αβ αγ βγ

σ α β γ

− + − + − − + +

  − + − =    

 (2) 

2.2. Extremum Distance from Apex to Horizontal Plane 

Define the function ( ),g x y  by the expression 

( )
2 2

2 2 2 2

2
2 2

, cos cos 2
2 2

2 2 cos
2

g x y x y xy

rx ry r

σ σα β αβ

σαγ βγ γ

            = − + − −                     
    + + + −         

Equation (2) converts to the equation 

 ( ), 0g x y = . (3) 

Substitution 2/ 1x αρ γ= − , 2/ 1y βρ γ= −  into the function ( ),g x y  
yields the function ( )h ρ  defined by the expression 

( )
2 2

2 2
2 2 2 2 2

,
1 1

sin 2 1 cos
2 2

.

h g

r r

αρ βρρ
γ γ

σ σγ ρ γ γ ρ γ

 
 =
 − − 

          = − + − + −                   
Define values ρ−  and ρ+  of the parameter ρ  by the expressions 

 

2

 2
2

2

2
2

1 cos sin
2 2tan ,

2
sin

2

1 cos sin
2 2 tan .

2
sin

2

r r

r r

σ σγ γσρ ω
σγ

σ σγ γσρ ω
σγ

−

+

− − = − = 
   −  

 

− + = + = 
   −  

 

 (4) 

Then ρ−  and ρ+  are solutions of the equation ( ) 0h ρ =  (Figure 3). De-
fine values , ,x y x− − + , and y+  

 

2 2

2 2

2 2

2 2

  tan ,
21 1

 tan ,
21 1

 tan ,
21 1

 tan .
21 1

rx

ry

rx

ry

αρ α σω
γ γ

βρ β σω
γ γ

αρ α σω
γ γ

βρ β σω
γ γ

−
−

−
−

+
+

+
+

 = = − 
 − −
 = = − 
 − −
 = = + 
 − −
 = = + 
 − −

 (5) 
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The pairs ( ),x y− −  and ( ),x y+ +  are solutions of the equation (3) 

 ( ), 0g x y− − = , ( ), 0g x y+ + = . (6) 

Denote by P−  and P+  the points whose x coordinates and y coordinates are 
x−  and y− , and x+  and y+ , respectively. The z coordinates of P−  and P+  
are zero (Figure 3). In what follows, the method of Lagrange’s multipliers 
(Apostol, 1969) leads to the conclusion that the minimum and the maximum of 
the distances between the peak of the cone P and points in the region of the xy 
plane enclosed by the ellipse E are attained at the points P−  and P+ , respec-
tively. 

Define a function f by the expression ( ) 2 2,f x y x y= + . Then, the partial de-
rivatives of f are given by the expressions 

2 , 2 .f fx y
x y
∂ ∂

= =
∂ ∂

 

On the other hand, the partial derivatives of g are given by the expressions 
2

22 cos ,
2

g x y r
x

σ α αβ αγ
  ∂   = − − +   ∂        

2
22 cos .

2
g y x r
y

σ β αβ βγ
  ∂   = − − +   ∂        

Define a function ( )u ρ  by the expression 

( )
2

2cos 1
2

u rσρ ρ ρ γ γ = − + − 
 

. 

For 2/ 1x αρ γ= − , 2/ 1y βρ γ= −  ( 0ρ > ), 
 

 
(a)                                                (b) 

Figure 3. (a) σ/2 > ω; (b) σ/2 < ω. 
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( )
2

2

2
cos ,

2 1
x y r uσ αα αβ αγ ρ

γ

   − − + =  
  −    

( )
2

2

2
cos ,

2 1
y x r uσ ββ αβ βγ ρ

γ

   − − + =  
  −    

and 

( )
( )

( )
( )2 2

2 2

1 1
, .

1 1

gg u u
u uyx

f f
x y

α βρ ρ
ρ ργ γ

αρ βρρ ρ
γ γ

∂∂
− −∂∂ = = = =

∂ ∂
∂ ∂− −  

For any point on the half line in the xy plane, 2/ 1x αρ γ= − ,  
2/ 1y βρ γ= −  ( 0ρ > ), the gradients of the functions f and g are parallel, that 

is, the equation 

( )u
g f

ρ
ρ

∇ = ∇                         (7) 

holds, where f∇  and g∇  denote the gradients of f and g, respectively. In 
particular, the equation (7) holds for the points P−  and P+ . 

Suppose that / 2σ ω< , Equations (4) and (5) show that the circles in the xy 
plane with the centers at the origin and the radii ρ−  and ρ+  are tangent to 
the ellipse E at the points P−  and P+  (Figure 3(b)), respectively. This means 
that the circle centered at the origin with the radius ρ−  contains no point in 
the region enclosed by the ellipse E except P−  and that the circle centered at the 
origin with the radius ρ+  contains E. It follows that the pair of values ( ),x y− −  
minimizes the value of the function ( ) 2 2,f x y x y= +  and hence the value of 
the expression 2 2 2x y r+ + . The foregoing discussion leads to the conclusion 
that the pair of values ( ),x y− −  minimize the distance 2 2 2x y r+ +  between 
the apex P of the cone C and the points ( ), ,0x y  in the region enclosed by the 
ellipse E intersected by the cone C and the xy plane. For / 2σ ω≥ , ellipse E 
contains the origin (Figure 3(a)). In this case distance between the point P and 
the origin is the minimum among distances between the point P and points in 
the xy plane, including points in the region enclosed by E. 

3. Implementation of Error Compensation Techniques in 
Measurement Data Analysis 

3.1. Positioning Data and Depth Data Error Compensation 

In our measurement of underwater topographic data, a GPS antenna or a GNSS 
antenna is attached to the upper end of a prop and a transreceiver of an echo 
sounder is attached to the lower end of the prop in the water. Let L denote the 
distance between the center of a GPS antenna or a GNSS antenna, and the 
transreceiver of an echo sounder. Let v denote the unit vector αi + βj + γk that 
satisfies the conditions 2 2 2 1α β γ+ + =  and 1 0γ− ≤ < . Suppose that v points 
in the direction of the center line of the cone of intensity reduction by half, 
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which is an extension of the prop. 
Suppose that ( )0 0 0 0, ,P x y z  denotes the point at which the center of the an-

tenna is located, and that ( )1 1 1 1, ,P x y z  denotes the point at which the transre-
ceiver is located. Note that 1P  is given by the expression 1 0P P L= + v , that is, 

1 0 1 0 1 0, , .x x L y y L z z Lα β γ= + = + = +  

Let ( )2 2 2 2, ,P x y z  denote the point at which a sound wave from the transre-
ceiver was reflected for the echo sounder to generate an output result. Let d de-
note an echo sounder output. As was shown in the previous section, the location 
of 2P  depends on values of the parameters σ and ω. Suppose that σ/2 ≥ ω (Fig-
ure 4(a)). In this case, 

2 1 0 2 1 0 2 1 0, , .x x x L y y y L z z d z L dα β γ= = + = = + = − = + −      (8) 

Suppose that σ/2 < ω (Figure 4(b)). For ( )cos / 2r d ω σ= − , expressions (5) 
for x−  and y−  become 

2
sin ,

21
dx α σω
γ

−
 = − 
 −  

2
sin ,

21
dy β σω
γ

−
 = − 
 −  

which lead to the expressions of 2x , 2y , and 2z ; 

2 1 02 2
sin sin ,

2 21 1

d dx x x Lα σ α σω α ω
γ γ

   = + − = + + −   
   − −

      (9) 

2 1 02 2
sin sin ,

2 21 1

d dy y y Lβ σ β σω β ω
γ γ

   = + − = + + −   
   − −

    (10) 

 

 
(a)                                           (b) 

Figure 4. (a) σ/2 > ω; (b) σ/2 < ω. 
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2 1 0cos cos .
2 2

z z d z L dσ σω γ ω   = − − = + − −   
     

3.2. Amount of Error in Measurement Data 

Suppose that ( )1 1 1 1, ,P x y z′ ′ ′ ′  denotes the point at which the transreceiver is lo-
cated without error compensation, and that ( )2 2 2 2, ,P x y z′ ′ ′ ′  denote the point at 
which a sound wave from the transreceiver was reflected for the echo sounder to 
generate an output result without error compensation. Then the coronates of 

( )1 1 1 1, ,P x y z′ ′ ′ ′  and ( )2 2 2 2, ,P x y z′ ′ ′ ′  are given by the expressions 

1 0 1 0 1 0, ,x x y y z z L′ ′ ′= = = − , 

and 

2 1 0 2 1 0 2 1 0, ,x x x y y y z z d z L d′ ′ ′ ′ ′ ′= = = = = − = − − .         (11) 

For σ/2 ≥ ω, expressions (8) and (11) lead to the square of the distance be-
tween 2P  and 2P′  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2 2 2 2 2 2
2 2 2 2 2 2

22 2 2 21 2 1 .

x x y y z z L L L L

L L

α β γ

α β γ γ

′ ′ ′− + − + − = + + +

 = + + + = +   
For σ/2 ≥ ω, expressions (9), (10), and (11) lead to the error 

( ) ( ) ( )

( ) ( )

2 2 2
2 2 2 2 2 2

2 2
2 2

2
sin 1 1 cos .

2 21

x x y y z z

dL L dσ σα β ω γ ω
γ

′ ′ ′− + − + −

        = + + − + + + − −           −     

4. Discussion 

In the topographic measurement of water areas such as rivers, reservoirs, or 
coastal areas, a small vessel is more flexible than large one. On the other hand, 
small vessels are more susceptible to wind and waves than large ones. This study 
established techniques for the correction of errors due to the movement of a 
vessel in the topographic measurement of water areas. 

Our future issues include verification of our techniques for correction of er-
rors due to movements and development of a hardware-software system for re-
liable measurement. They also include application of our techniques to sche-
duled measurement to investigate topographic changes, and the comparison 
between numerical results and measurement results. 
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