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Abstract 
Laminar natural convection is studied in a square cavity filled with air whose 
two vertical sides are subject to a temperature difference, while the other two 
horizontal sides are adiabatic. The hot and cold wall temperatures are kept 
constant. We have presented a dynamic and thermal study of pure natural 
convection for different values of the Rayleigh number. The numerical simu-
lation was carried out for Rayleigh numbers ranging from 102, 103, …, 105 and 
the Prandtl number is Pr = 0.71. We used the COMSOL Multiphysic 5.1 
software, which allows us to simultaneously solve the coupled physical phe-
nomena in a square enclosure containing air under the Boussinesq approxi-
mation. For the coupling of natural convection with radiation from radiative 
surfaces, both horizontal faces are subjected to radiative flux, and the emis-
sivity of the surfaces varies from Ԑ = 0.1 to 0.8. We have seen that a circula-
tion process is involved. The fluid that is subjected to a high temperature near 
the hot wall rises to the ceiling and the fluid near the cold wall sinks. This 
movement continues until the fluid reaches thermal equilibrium. In a natural 
convection-surface radiation coupling, simulation results indicate that radia-
tive exchange decreases as a function of the Rayleigh number. Surface radia-
tion reduces the flow in the cavity. 
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1. Introduction 

The phenomenon of natural convection has received intensive attention in re-
cent years, through various scientific applications: boilers, home heating (case of 
a radiator) and energy conservation and so on. This transfer method has a very 
wide field of applications. Several more or less complex geometric configurations 
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have been examined using theoretical, numerical or experimental approaches [1] 
[2] [3] [4]. The most commonly used methods include finite differences, finite 
volumes, finite elements, etc. 

The rapid evolution of science in recent years has led to significant progress in 
our understanding of the phenomena of natural convection, thermal radiation 
and the coupling of these two phenomena. Given the importance of natural con-
vection in many industrial applications, much previous research has focused on 
the case of natural convection in regular-shaped enclosures. Studies of natural 
convection in an enclosure and its coupling with radiation have been carried out 
by several researchers [5]-[11].  

Valencia [4] and Vahl Davis [12] presented a numerical solution of natural 
convection in a differentially heated square cavity, where the top and bottom 
surfaces are adiabatic, while the vertical surfaces are heated differently. Ganzarolli 
and Milanez [11] studied natural convection in rectangular enclosures heated 
from below and symmetrically cooled from the sides. They varied the Rayleigh 
number from 103 to 107 and the aspect ratio from 1 to 9. The influences of Ray-
leigh number, Prandtl number and aspect ratio on fluid motion and energy 
transport were presented in their study. Mezrhab and Naji [13] studied a hybrid 
numerical scheme to simulate the interaction between natural convection and 
surface radiation in a rectangular, differentially heated cavity. G. Scarella, et al. 
[14] have proposed a study of the interaction between natural convection and 
radiation for the low Mach approximation for transparent and semi-transparent 
media. The Navier-stokes and energy equations written for a perfect gas are solved 
using the finite volume method. The radiation transfer equation is solved by the 
discrete ordinate method. Wang et al. [15] have developed a numerical code for 
coupling natural convection in a cavity with surface thermal radiation, and stu-
dies are being carried out for a cavity filled with air whose four walls have the 
same emissivity. 

Their code is validated by comparing it with data in the literature. 
They reveal the lack of precise data for this purpose.  
Zhang et al. [16] have simulated the coupled natural convection inside and 

outside a closed cylindrical cavity with a uniform temperature heat source in the 
center of the cavity in order to understand the influences of Rayleigh number, 
geometric dimensions of closed cylindrical cavity and cylindrical heat source. 

The results indicate that the secondary vortex will appear in the closed cavity 
with the increasing dimensionless height of the internal heat source and the as-
pect ratio of the closed cavity. 

Among the studies done on cavities of simple geometry, Colomer et al. [17] 
carried out 3D simulations and Velusamy et al. [18] studied the interaction of 
turbulent natural convection with surface radiation (2D k-ε modeling). These 
studies illustrate the excessive dispersion of the configurations and methodolo-
gies used, and the lack of data to validate calculation codes in simple configurations 
is obvious. 
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In contrast to pure natural convection in cavities, there is little data on the coupl-
ing of natural convection and surface radiation for code validation purposes [15]. 
The most appropriate configuration seems to be that studied by Akiyama and 
Chong [19]: A square cavity filled with air, whose four walls have the same emis-
sivity. It should be noted, however, that Akiyama and Chong used an approx-
imate method for calculating the radiation. 

In order to enrich the database on natural convection/radiation coupling and 
understand the effect of radiation on natural convection, a 2D numerical code is 
implemented in the present paper using COMSOL Multiphysics software. 

This allows us to simultaneously solve the coupled physical phenomena in a 
square enclosure containing air under the Boussinesq approximation. The two 
vertical walls are differentially heated. On the other hand, the two horizontal 
walls are either adiabatic (the case of pure natural convection) or subject to ra-
diative conditions, hence the coupling phenomenon. 

Most studies in the literature deal with radiative flux, isotherms and Nusselt 
number as a function of Rayleigh number [5] [6] [9] [11] [12] [15] [20] [21]. 

This study deals with the temperature distribution, isotherm and velocity in 
the cavity, taking into account the coupling between convection and radiation. 

2. Physical and Mathematical Formulation 
2.1. The Natural Convection Differentially Heated Cavity 

We retain this study, generally when we submit vertical walls of a cavity filled with 
air at a constant temperature difference; the flow generated depends on several 
parameters, the main ones: 

 Rayleigh number 
3

aH
g THR β
αυ
∆

= . 

 Prandtl number rP υ
α

= . 

 Vertical aspect ratio 
HA
lυ = . 

2.2. Mathematical Formulation 

In this configuration, the horizontal walls are adiabatic and the two vertical oth-
ers are differentially heated. The flow is then monocellular with the upward fluid 
along the hot wall and descending following the cold wall. We take air as fluid 
convection within this square cavity. 

The two horizontal surfaces are subjected to a radiation flux and taking into 
account the values used by Wang et al. [15] as shown in Figure 1. The other fac-
es are vertical to a temperature deviation.  
 The hypothesis: 
 The fluid is Newtonian and incompressible.  
 The interior walls are considered gray, diffuse, opaque, and have the same 

emissivity value Ԑ and Lambertien (emission and reflection with an isotropic 
luminance).  
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Figure 1. Diagram showing convection in a cavity with a horizontal temperature gra-
dient. 

 
 The flux densities and temperatures elementary surfaces are uniform. 
 The cavity is filled with a transparent fluid (air), homogeneous and isotropic 

whose refractive index is equal to unity. 
 The air movement is governed by Navier-Stokes equations under the assump-

tion of Boussinesq.  
The equations in Cartesian coordinates are given taking into account the as-

sumptions listed above.  
 Continuity equation: 

0U V
X Y
∂ ∂

+ =
∂ ∂

                          (1) 

 Conservation equation for momentum: 
Along the x axis: the mass forces are zero, so: 

2 2

2 2
0

1U U V U U PU V
t X Y XX Y

υ
ρ

 ∂ ∂ ∂ ∂ ∂ ∂
+ + = + − ∂ ∂ ∂ ∂∂ ∂ 

            (2) 

Along the y axis: Due to buoyancy in natural convection;  

0ρ ρ ρ= −  

( )0
d
d
V Pg V
t Y

ρ ρ µ ∂
= − + ∆ −

∂
                   (3) 

In natural convection, the density of the fluid ρ0 is variable, if we use the Bous-
sinesq approximation, ( )( )0 01 T Tρ ρ β= − −  assuming that ρ remains constant 
in the other terms such as, ρ = ρ0 then we get: 

( )
2 2

0 2 2
0

d 1
d
V U V V V PU V g T T
t X Y YX Y

β υ
ρ

 ∂ ∂ ∂ ∂ ∂
+ + = − + + − ∂ ∂ ∂∂ ∂ 

      (4) 

with β the coefficient of thermal expansion. 
 Energy conservation equation: 
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For a two-dimensional system (0, x, y): ( )
2 2

2 2
T Tdiv gradT

X Y
 ∂ ∂

= + ∂ ∂ 



 and  

tp

a
C
λ

ρ
=  is the thermal diffusivity.  

So the equation becomes:  
2 2

2 2
T T T T TU V a
t X Y X Y

 ∂ ∂ ∂ ∂ ∂
+ + = + ∂ ∂ ∂ ∂ ∂ 

                (5) 

2.3. Choice of Initial and Boundary Conditions 

Initial Condition at ( ) 00, 0, 0, 0, ,t U V T X Y T= = = = . 
- We assume a non-slip condition to the fluid particles on the walls of the rigid 

and impermeable pregnant, so that:  

( ) ( )
( ) ( )
( ) ( )
( ) ( )

0, 0, 0

, , 0

, 0 , 0 0

, , 0

U X Y V X Y

U X L Y tV X L Y

U X Y V X Y

U X Y H V X Y H

= = = =


= = = =


= = = =
 = = = =

                 (6) 

- With regard to the condition of stationarity of hot and cold temperatures on 
vertical walls, the following applies:  

0,for 0
for 0,

C

f

T T X Y H
T T X L Y H
= = ≤ ≤

 = = ≤ ≤
                  (7) 

- For horizontal adiabatic walls, the following applies: 
/ 0,

0
Y H

T
Y =

∂
=

∂
. 

2.4. Scaling the Equations 

Dimensioning equations involves making equations dimensionless by using re-
duced variables. 

Let’s reduce these equations to dimensionless form. To do this, let’s define the 
characteristic quantities as:  

2 2

2 2
0

2 2

2 2
0

1

1

r

a

r

a

Pu u u u u P v v vu v u v
x y R x x yx y

P P
R yx y

τ ρ τ

ρ
υ υθ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + = + − + + ∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ 

 ∂ ∂ ∂
= + + −  ∂∂ ∂ 

      (8) 

- The energy equation: 
2 2

2 2
a r

T
R P

T T T T TU V
t X Y X Y

 ∂ ∂ ∂ ∂ ∂
+ + = + ∂ ∂ ∂ ∂

∆
∂ 

              (9) 

2.5. Scaling of Boundary Conditions 

- At the initial instant, ( )0, , ,0 0x yτ θ= = .  
- For the temperature on the boundaries of the physical domain: 
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0 0 ; 0
1 ; 0

for
for

x y H
x L y H

θ
θ
= = ≤ ≤

 = = ≤ ≤
. 

- Whereas for adiabatic wall 
/ 0,1

0
yy

θ

=

∂
=

∂
. 

The theoretical analysis undertaken has made it possible to reduce the number 
of variables, and to demonstrate that the system to be solved is a function of two 
main quantities: the Prandtl number Pr and the Rayleigh number Ra. 

2.6. Convection-Coupled with Radiation 

In the presence of radiation and for a semi-transparent medium, the adiabatic 
condition is expressed by the equilibrium between convective and radiative fluxes. 
The coupling of natural convection with surface radiation occurs solely through 
the thermal boundary conditions. For the two horizontal walls of the cavity, we 
have: 

/ 0
/ 0

0r y
y

T
y

λ ϕ =
=

∂
− =

∂
                      (11) 

/
/

0r y H
y H

T
y

ϕ =
=

∂
− =

∂
                      (12) 

λ is the thermal conductivity of air. 
Dimensionless governing equations. 
To scale the conservation equations, we will use the same reference quantities 

as those used for pure natural convection. The reference quantities are the same. 
 Dimensioning boundary conditions: 

0

C f

T T
T T

θ
−

=
−

, 4
0

r
rQ

T
ϕ
σ

= , 
Yy
H

= , C fT T T∆ = − , 0 2
C fT T

T
+

= . 

For 0y = , we have: 

0

0     r r
y

T T
y y

λ ϕ λ ϕ
=

∂ ∂
− − = ⇒ = −

∂ ∂
, 

4 4
0 0    r r

HT T T
H y y T
θ θλ ϕ σ ϕ σ

λ
∂ ∂

∆ = ⇒ =
∂ ∂ ∆

             (13) 

r rN Q
y
θ∂
=

∂
 So 

4
0

r
H TN

T
σ
λ

=
∆

. 

The radiative condition:  

0/ y r r
T N Q
y

λ =
∂

=
∂

                       (14) 

1/ y r r
T N Q
y

λ =
∂

= −
∂

                      (15) 

rN  is the number of radiation (
4

0
r

H TN
T

σ
λ

=
∆

). 

rQ  is the dimensionless radiative flux 4
0

r
r T

Q ϕ
σ

= . 
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The above equations are to solve using COMSOL software as the simulation tool. 

3. Results and Discussions 
3.1. Pure Natural Convection 

Different velocity and temperature curves were found and compared with those 
of Hong Wang et al. [7]. 

We investigate the evolution of temperature and vorticity as a function of time 
at Ra = 103 at different positions in the cavity. (x = 0.04; y = 0.04), (x = 0.2; y = 
0.2), (x = 0.4; y = 0.4). 

Figure 2 above shows different temperature fields as a function of the Ray-
leigh number in the differentially heated cavity. The two horizontal sides are 
adiabatic and the other two vertical sides are at Tc = 298.5˚K and Tf = 288.5˚K. A 
high temperature is seen close to the hot wall and as the temperature increases, it 
is distributed towards the middle of the cavity, before dropping to a low. 

Figure 2 shows the evolution of the temperature as a function of time at dif-
ferent selected points in the cavity. It can be seen that, close to the active wall at a 
hot temperature, the fluids undergo very significant variations (x = 0.04; y = 
0.04) in temperature. At the point (x = 0.4; y = 0.4), these variations become 
progressively smaller. The dynamic behavior varies with time before reaching an 
asymptotic limit.  

Figure 3 shows the temperature profiles as a function of x for different values 
of Ra. The temperature distribution is linear for Ra = 103, and a strong tempera-
ture gradient in the vicinity of the isothermal faces is observed as Ra increases. 

Figure 4 and Figure 5 show the temperatures near the upper wall and the 
lower wall respectively. When the fluid first comes into contact with the hot wall, 
the hot air rises. There is a high level of heat exchange but as the fluid moves along 
the high adiabatic wall, it cools. Figure 6 shows that the air cooled by the alti-
tude flows back down towards the low adiabatic wall. 
 

 

Figure 2. Temperature variation at different positions of x and y for Ra = 103. 
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Figure 3. Temperature for different values of Ra. 
 

 

Figure 4. Temperature of the upper wall R = 106 and 107. 
 

 

Figure 5. Lower wall temperature R = 106 and 107. 
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(a)                                   (b) 

    
(c)                                  (d) 

Figure 6. Isotherms for different Ra numbers. (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) 
Ra = 106. 
 

Figure 6 shows the isotherms of the temperature for different values of the 
Rayleigh number. It shows that for a low value of the Rayleigh number, the fluid 
(air) exhibits vertical thermal stratification due to heat transfer solely by conduc-
tion which does not generate any convective flow. From the result shown in this 
figure, we can see that the energy transfer for 0 < x < 1 is one-dimensional. This 
can be explained by the fact that the isotherms are perpendicular to the main di-
rection of heat transfer, the ox direction. For Ra > 103, the isotherms are dis-
torted and contract at the vertical interfaces, mainly due to the relatively high 
Rayleigh number Ra = 107, and the steep temperature gradient at this interface.  

Figure 7 shows the evolution of the velocity at different positions for Ra = 103. 
It can be seen that close to the hot wall, the fluid particles have a low velocity (x 
= 0.04; y = 0.04) but as they move towards the hot wall, the fluids have a high 
velocity and then this velocity stabilises and takes a horizontal direction. 

Figure 8, which shows a velocity field in the cavity for different values of Ra, 
shows that near the hot wall, the fluid subjected to a high temperature becomes 
light and therefore moves upwards towards the ceiling, whereas near the cold 
wall and in the presence of gravity, the fluid close to this wall and therefore 
heavy, moves downwards towards the low adiabatic wall (floor). This movement 
continues until the fluid reaches thermal equilibrium. 

3.2. Convection Coupled with Radiation 

The temperature profile in the case without radiation Ԑ = 0 and in the case with  
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Figure 7. Change in speed at different positions for. 
 

 

Figure 8. Velocity field for different values of Ra. 
 
radiation Ԑ = 0.2 for Ra = 104, the influence of emissivity on the isotherms by 
varying the Rayleigh number Ra and Ԑ = 0; 0.1; 0.2; 0.3; 0.8. 

Analysis of this curve (Figure 9) shows that when the emissivity of the surfaces 
is increased, the temperature decreases along the cavity. Figure 9 shows that for 
Ra = 104, the influence of surface radiation on thermal stratification decreases as 
a function of emissivity. 

In Figure 10, the emissivity of the surfaces does not modify the temperature 
of the upper and lower walls. This can be explained by the fact that the upper 
wall loses heat (essentially negative net radiative flux) and the lower wall receives 
heat (essentially positive net radiative flux). Qualitatively speaking, surface radi-
ation has the effect of inducing a flow structure that more closely resembles that 
in a cavity with perfectly conducting horizontal walls. 

According to the analysis of Figure 11 of the velocity field, the increase in the 
Rayleigh number leads to an acceleration in the velocity of the flow close to the 
horizontal and vertical walls and at the centre of the cavity (in blue). By observ-
ing the velocity field for Ra = 104 and Ԑ = 0.1; Ԑ = 0.2 respectively (b), (d), or for 
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Ra = 105 and Ԑ = 0.1; Ԑ = 0.6 respectively (c), (e), we can see that the variation in 
emissivity does not modify the velocity of the flow and therefore does not influ-
ence the dynamic behavior of the flow. 
 

 

Figure 9. Temperature for Ra = 104 and ε = 0, ε = 0.2. 
 

 

Figure 10. Upper and lower wall temperatures for Ra = 103; 105 and ε = 0, ε = 0.2; ε = 0.3. 
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Figure 11. Velocity surface for different values of Ra and ε = 0; ε = 0, 2; ε = 0.6. 
 

Figure 12 shows horizontal velocities as a function of y at different values of Ra 
(103, 104, 105) and with emissivity Ԑ = 0.1. The velocity profiles indicate a strong 
acceleration near the horizontal walls, the negative velocities observed over half 
the cavity (y < 0) are characteristic of the recirculation zone. It can be seen that 
particle velocity increases with increasing Rayleigh number. 

4. Code Validation 

As announced by Hong et al. [15], there is little data on the coupling of natural 
convection and surface radiation to validate a code. 
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In addition to the lack of experimental devices to validate our model, valida-
tion consists of comparing literature data with our results. 

This comparison can only be qualitative given the different simulation condi-
tions. 

The Figure 13 shows high and low wall temperatures obtained by Wang et al.  
We observe a good agreement with those of our simulation. 
Figure 14 show the vertical velocity profiles along the horizontal midplanes 

obtain by Yücef et al. [2]. When radiation is not accounted for, the inner core is 
rather stagnant. Radiation causes an overall increase in the velocities.  

Large velocity gradients exist along both the thermally active and insulated 
walls. 

Similar results are obtain by Kane et al. [7] as show in Figure 15. 
 

 

Figure 12. Velocity curves along y at different values of Ra and ε = 0.1. 
 

 

Figure 13. Temperature on the horizontal walls at Ra = 106 [15]. 
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Figure 14. Vertical velocity profiles for radiating fluid on X = 0.5 midplane. RaE (external 
Rayleigh number) = 5 × 106. Rai (internal Rayleigh number) = 0, Pl (planck number) = 
0.02., w (scattering albedo) = 0 [2]. 
 

 

Figure 15. Variation of horizontal velocity at mid-cavity (vertical line) for different ra-
leigh numbers [7]. 
 

It is observed that the amplitudes of velocities increased in the vicinity of the 
heated left wall by being canceled towards x = 0.025 m and decreasing near the 
active right wall. 

Their study concludes that the velocity increase with the increase of the Ray-
leigh number. 

These qualitatives comparison allowed us to validate les results of our simula-
tion. 
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5. Conclusions 

In this paper, we studied pure natural convection, the process of thermal radia-
tion and the coupling of natural convection with radiation from radiating sur-
faces. In pure natural convection, the cavity is differentially heated on its two 
vertical faces, but in coupling, the two horizontal faces are subjected to a radia-
tive flux.  

We have presented a dynamic and thermal study of pure natural convection 
for different values of the Rayleigh number. The numerical simulation was car-
ried out for Rayleigh numbers ranging from 102, 103, …, 105. It was found that a 
circulation process is involved. The fluid subjected to a high temperature near 
the hot wall rises to the ceiling and the fluid near the cold wall sinks. This 
movement continues until the fluid reaches thermal equilibrium.  

Based on the results, the following conclusions are drawn: 
 Variation in emissivity does not modify the velocity of the flow and therefore 

does not affect the dynamic behaviour of the flow. 
 Particle velocity increases with increasing Rayleigh number. 
 An increase in surface emissivity does not influence the isotherms. 
 The emissivity of the surfaces does not modify the temperature of the upper 

and lower walls. 
 The influence of surface radiation on thermal stratification decreases as a func-

tion of emissivity. 
As a suggestion for future works, the transient regime can be studied, as well 

as fluid properties varying with temperature, the utilization of participating me-
dia sources and other geometries. 
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