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Abstract 
The classical minimization of power losses in transmission lines is dominated 
by artificial intelligence techniques, which do not guarantee global optimum 
amidst local minima. Revolutionary and evolutionary techniques are encum-
bered with sophisticated transformations, which weaken the techniques. Power 
loss minimization is crucial to the efficient design and operation of power 
transmission lines. Minimization of losses is one way to meet steady grid 
supply, especially at peak demand. Thus, this paper has presented a gradient 
technique to obtain optimal variables and values from the power loss model, 
which efficiently minimizes power losses by modifying the traditional power 
loss model that combines Ohm and Corona losses. Optimality tests showed 
that the unmodified model does not support the minimization of power 
losses on transmission lines as the Hessian matrix portrayed the maximiza-
tion of power losses. However, the modified model is consistent with the gra-
dient method of optimization, which yielded optimum variables and values 
from the power loss model developed in this study. The unmodified (mod-
ified) models for Bujagali-Kawanda 220 kV and Masaka West-Mbarara North 
132 kV transmission lines in Uganda showed maximum power losses of 0.406 
(0.391) and 0.452 (0.446) kW/km/phase respectively. These results indicate 
that the modified model is superior to the unmodified model in minimizing 
power losses in the transmission lines and should be implemented for the ef-
ficient design and operation of power transmission lines within and outside 
Uganda for the same transmission voltages. 
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1. Introduction 

Generating or converting electricity is quite difficult and requires a lot of time 
and resources. Thus, losing much of it is worrisome. For efficient performance 
of transmission lines, transmission losses should be highly minimized, this mi-
nimization of losses entails taking into account the equipment or material re-
sponsible for the losses, which is accounted for Ohms loss, whereas the envi-
ronmental factors (air density, disruptive voltage) leading to loss of power in the 
transmission line is accounted by Corona loss. Power losses whether reactive or 
active could be curtailed at the design and testing stages [1] [2]. However, Ohms 
loss could be attributed to increased transmission current, the resistivity of the 
conducting materials, and the length of transmission lines [3]. Also decreasing 
the cross-section area of the conducting materials could also boost power losses 
in the transmission line [3] [4]. Further losses are known to be induced by the 
appreciable disparity between the phase and disruptive voltages, transmission 
frequency, and diameter (or radius) of the conducting materials [4] [5]. Con-
versely, decreasing air density increases losses due to environmental or weather 
conditions [7] [8]. 

Thus, transmission losses could be categorized into material losses; transmis-
sion equipment (capacitors and inductors in the transmission circuits), inherent 
losses (due to the nature of the current; thermal, electrical, and electromagnetic 
effects/atmospheric disasters [9] [10] [11]. These outrageous factors have to do 
with the inherent nature as part of the power is converted into heat and lost to 
the surroundings, and due to forceful earthling of the power by thunderstorms 
through the airs around the transmission lines as they lose their dielectric prop-
erties [7] [12]. However, the installation of thunder arresters could be a remedy 
or preventive measure [13] [14]. The use of aluminum (animal grades) is prone 
to power losses relative to copper which has better electrical and mechanical pro- 
perties than aluminum. Equipment losses could be mitigated by minimizing reac-
tive power in the transmission equipment and suppressing the magnitude of the 
eddy current developed in the inductors by designing the core of the inductor as 
laminates parallel to the magnetic field [15] [16] [17]. 

Notably, Non-gradient techniques of optimization—artificial intelligence me- 
thods. Patil et al. [18] presented Particle Swarm Optimization (PSO) and Salp 
Swarm Algorithm (SSA) techniques have been employed in finding optimum 
losses based on the active and reactive power losses; Monshizadeh et al. [19] 
recommended PSO as best algorithm for minimizing power loss in transmission 
lines; Baharozu et al. [20] improved PSO by choosing the load bus voltages, ge-
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nerator active and reactive powers, line flow capacities as penalty functions in 
the objective function. PSO and IPSO-based optimal power flow solutions are 
compared with each other on IEEE 48, 118 and 300 bus systems [21]. It was 
found that the IPSO-based solution has fewer power losses than the PSO-based 
solution; Nadeem et al. [22] employed Compensators and Controllers in Flexible 
AC Transmission lines to minimize power losses. Naima et al. [23] and Kumar 
[24] combined genetic algorithm technology, and the particle swarm optimiza-
tion in the western Algerian power system to reduce power losses in transmis-
sion lines; Kuru et al. [25] considered that Chaotic Artificial Bee Colony (CABC) 
Algorithm is more effective in minimizing active power losses than Artificial Bee 
Colony (ABC) Algorithm. CABC minimized up to 84,891 MW while ABC 
86,203 MW; Nusair and Alomoush [26] and Jagun et al. [27] explored the 
Teaching Learning Based Optimization Algorithm (TLBO) technique for solving 
optimal reactive power dispatch and active power losses. TLBO has the efficien-
cy to reduce the active power losses reasonably without violating any constraints, 
it also had excellent convergence compared to PSO-CM techniques; Badar et al. 
[28] employed the PSO algorithm with dynamic weights to minimize active 
power losses. The proposed technique showed better convergence and was better 
at reducing power losses compared to the existing techniques. The technique 
reduced losses from 11.61 MW to 8.7036 MW, which was a 25% reduction in 
total active power losses. Nevertheless, the optimization techniques based on ar-
tificial intelligence and deep neural network are widely employed in the mini-
mization of power losses in the transmission lines, but are faced with problems 
of identifying the global minimum/maximum amidst minima/maxima.  

However, the gradient method of minimizing power losses in the transmission 
line has the capacity to identify the global minimum/maximum. Pertinently, 
Bamigbola et al. [29] examined a flow model (mathematical Equation) to predict 
current and voltage parameters in the transmission lines, Revolutionized and 
simulated transmission model to obtain valid transmission losses; Sharma et al. 
[31], and Bisiriyu et al. [32] observe that Corona loss can be reduced by phase 
change in double circuit lines; Kuchanskyy and Zaitsev [33] [34] achieved loss 
minimization in transmission line through optimum length and radius of the 
transmission cable; Ali and Siddique [35] examined high Corona loss during wet 
or moisture in the atmosphere and low Corona loss in the dry atmosphere, de-
gradation of the conducting material also causes Corona loss; Omeje [36] and 
Yaabari et al. [37] examined minimization of Corona loss at a very low transmis-
sion current and large spacing between bundled conductors; Llamo-Laborí and 
Santos-Fuentefria [38] observed that increase in spacing for the conductor bun-
dles minimizes and balance Corona loss; Tonmitr et al. [6] conducted simulative 
research on minimizing the power losses using various conductor parameters, 
including conductor radius and system voltage; Ogar et al. [39] investigated dis-
tance between generating station, frequency and load center contributes to Co-
rona loss based on Peek’s formula and Peterson; Yahaya et al. [4] examined the 
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relationship between power losses from Corona and Corona characteristics us-
ing Matlab programs. Radio interference, audible noise, gaseous effluents, and 
shock potential are some of the impacts of Corona electrical surface gradients, 
and the performance of the conductor is influenced by conductor voltage, di-
ameter and shape, dust, water drops, surface abnormalities like scratches; Al_issa 
et al. [40] used different approximation methods to examine active power loses 
through voltage and weather conditions; Al-Hamouz [41] and Hünnekens et al. 
[42] Compared Ohms and Corona loss under different loading conditions and 
found out that the percentage in moderate and light loadings could rise to 100% 
under deep Corona.  

Notably, the application of the gradient method of optimization using the 
Corona and Ohms transmission loss model is not feasible as optimum variables 
of the objective function cannot be derived nor the optimum values possible. 
Expectantly, the gradient method of optimization guarantees global minimum/ 
maximum. However, this could not be achieved using the traditional Corona 
and Ohms transmission loss model. Therefore, there is a silent need to develop 
Corona and Ohms models, which could be suitable for the gradient method of 
optimization in order to obtain the optimum objective function and optimum 
variables with the corresponding minimization values. Thus, this paper is con-
cerned with the modification of the traditional power losses objective function 
by introducing a third dimensionally consistent term, a product of Corona and 
Ohms losses, and to validate the optimality of the unmodified and modified 
models on different power transmission lines. 

2. Materials and Methods  

This section presents the materials and methods used in this study.  

2.1. Methodology  

The methodology is detailed in the Sub-Sections 2.1.1 to 2.1.4 as follows: 

2.1.1. Study Area 
The study considered two transmission lines; Bujagali-Kawanda (B-K) transmis-
sion line (220 kV) and the Masaka West-Mbarara North (MW-MN) transmis-
sion line (220 kV) as shown in Figure 1 and Figure 2 respectively. This study 
was conducted on Uganda Electricity Transmission Lines where the two trans-
mission lines were selected, Uganda is a landlocked country in East Africa, The 
country borders Kenya to the east, South Sudan to the north, the Democratic 
Republic of Congo to the west, Rwanda to the southwest, and Tanzania to the 
south. Geographically, Uganda is located close to the equator with latitude and 
longitude of 1.280˚N and 32.386˚E, respectively. Uganda covers a total area of 
236,040 Km2. This study covered two transmission lines of 132 kV (Masaka West- 
Mbarara North) and 220 kV (Bujagali-Kawanda) as shown in Figure 1 and Fig-
ure 2 respectively. Masaka West-Mbarara North transmission lines cover a route 
length of 130.5 km, five districts of Masaka, Kiruhura, Lyantonde, Lwengo and  
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Figure 1. Map of the study area (Masaka West-Mbarara North) and the transmission lines. 

 

 

Figure 2. Map of the study area (Bujagali-Kawanda) and the transmission lines. 
 
Masaka with a line rating of 151.6 MVA per circuit. Bujagali-Kawanda North 
transmission lines cover a route length of 84 km with a line rating of 205.8 MVA 
per circuit, which comprises four districts; Wakiso, Mukono, Buikwe and Jinja. 
Minimization of power losses in the transmission lines was carried out on both 
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lines of Masaka West-Mbarara North which is located at 0˚20'28.0''S, 31˚44'10.0''E 
(Latitude: −0.341; Longitude: 31.736) - 0˚36'25.776''S and 30˚39'16.211''E (Lon-
gitude: 30.655, Latitude: −0.607) respectively. Bujagali-Kawanda is located at 
0.498˚N, 33.139˚E (Latitude: 0.495, Latitude 33.130˚) - latitude 0.422 and the 
longitude is: 32.542 respectively.  

2.1.2. Methods  
In the flow chart (Figure 3), the input variables for the unmodified power loss 
model (current (I), cross-section area (A), thermal resistivity (ρ), phase voltage 
(V), disruptive voltage (V0), frequency (f), air density (γ), length (l), radius (r), 
spacing between conductors (d), radios (r), spacing between transmission lines 
(d) were identified from the literature. The modified model is obtained by add-
ing the third term to the unmodified model in Equation (1), which is a product 
of a loss reduction factor (0.25) in Equation (2) and the square root of Ohm and 
Corona losses. Maple software was used to obtain the optimum variables based  
 

 

Figure 3. Flowchart for the minimization of power losses in the transmission lines. 
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on the first derivatives. The first derivative is further differentiated to obtain the 
second derivative, which forms the elements of the Hessian matrix. The deter-
minant of the Hessian matrix is used to determine the optimality of power losses 
in the transmission lines. If the determinant is less than zero, implies minimi-
zation of power losses in the transmission lines, whereas a determinant greater 
than zero denotes maximization of power losses in the transmission lines. The 
optimum variables were used to calculate the optimum power losses in the 
transmission lines. The optimality test is implemented on the data acquired 
from the Uganda Electricity Transmission Company Limited [43]. Verification 
of the unmodified and modified models for minimization of power losses in the 
transmission lines was carried out with the transmission data acquired from 
[43].  

2.1.3. Sources of Data and Collection 
Input data used in the analysis is courtesy of the planning, design, operations, 
and maintenance department of [43]. The following transmission data from [43]; 
voltage, current, frequency, conductor dimensions, spacing of conductors, ther-
mal and electrical characteristics of the conductor for the transmission lines (132 
kV (Masaka West-Mbarara North) and 220 kV (Bujagali-Kawanda) were used in 
the analysis.  

2.1.4. Data Analysis Techniques 
The data obtained from [43] were imputed into Maple-derived models to calcu-
late; the optimum values of the optimum variables, and second-order derivatives 
of these variables. These results were exported to a Microsoft Excel spreadsheet 
to calculate the determinant of the Hessian matrix (matrix of second-order de-
rivatives). The determinate of the Hessian matrix served as a criterion for the 
optimality test and decision. Also, a Spread sheet of power losses was developed 
in a Microsoft Excel spreadsheet as a function of current and voltages in the 
transmission lines. Furthermore, the spreadsheet power losses were exported to 
Origin (7.0) to obtain three dimensional (3D) plot of current, voltage and power 
losses in the transmission lines. The analysis was conducted for both unmodified 
and modified transmission power loss models to show the robustness of the 
modified model. Figure 3 portrays the algorithm or the flowchart of the analysis.  

2.2. Formulation of Power Losses in Transmission Lines 

Total transmission power losses are defined by Ohms and Corona losses [30] in 
Equation (1). Supposedly, Equation (1) minimizes total losses on the transmis-
sion lines via the Hessian matrix with a determinant above zero. Equation (1) 
serves an objective function for the minimization of power losses, p in the 
transmission line depends on the uncoupled (individual) losses in Equation (1).  

O Cp p p= +                             (1) 

where pO (W/km/Phase) is the Ohms loss and pC (W/km/Phase) is the Corona 
loss. 
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Equation (1) is fully defined in Equation (2) 

( ) ( )
0.52

205 25242 10 W km phaseO
I f rp V V
A l d
ρ

γ
−  +  = + × −   

  
     (2) 

where I(A or C/s) is the transmission current, ρ(Ωm) is the resistivity of the 
transmission cable, l(m) is the length of the transmission line, A(m2) is cross- 
section area, V(V) is the phase voltage, V0(V) is the disruptive voltage, f(Hz) is 
the transmission frequency, γ(kg/m3) air density factor, r(m) is the radius of the 
transmission lines, d(m) is space between transmission lines.  

Applying Equation (2) as an objective function for minimizing power losses 
on the transmission lines, the optimum variables ( * * *, ,I V γ ) cannot be estab-
lished. Thus, the need to establish a modified objective function to obtain the 
optimum variables and to minimize transmission power losses in Equation (3). 
Equation (3) is made up of uncoupled (individual) and coupled (combined) 
losses  

( )0.50.25O C O Cp p p p p= + −                     (3) 

Equation (3) can be presented in Equation (4), that is  

( )

( ) ( )

0.52
25

0

0.50.52
25

0

25242 10

250.25 242 10 kW km phase

I f rp V V
A l d

I f rV V
A l d

ρ
γ

ρ
γ

−

−

 +  = + × −   
  

     +  − × −             

�

 (4) 

The optimum transmission variables ( * * * *
0, , ,I V V γ ) are presented in the sup-

plementary file (Appendix).  

2.2.1. Proof of Optimality of the Objective Function-Transmission Losses 
The objective function could be proved to be either maximum or minimum by 
obtaining the matrix of second order derivative of the objective function from 
Equation (4) in Equation (5) Hessian matrix, H 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 2 2

2 2

2 2 2

2 2

2 2 2

2 2

p p p
I V II

p p p
H

V I VV
p p p
I V

γ

γ

γ γ γ

 ∂ ∂ ∂
 

∂ ∂ ∂ ∂∂ 
 ∂ ∂ ∂ =
∂ ∂ ∂ ∂ ∂ 

 
∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ ∂ 

� � �

� � �

� � �

                   (5) 

2.2.2. Derivatives of the Hessian Matrix 
The derivatives of Hessian matrix are found in the Appendix. Applying Equa-
tions (1) and (2) as an objective function for minimizing power losses on the 
transmission lines, the optimum variables ( * * * * *

0, , , ,I V V dγ ) cannot be estab-
lished. Thus, the need to establish a modified objective function to obtain the 
optimum variables and to minimize transmission power losses in Equation (3). 
Equation (3) comprises of uncoupled (individual) and coupled (combined) 
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losses.  
The determinant (D) of the unmodified Hessian matrix in Equation (5) is given 

in Equation (6) for 132 kV (Masaka West-Mbarara North) 

( ) ( )( )

( )( ) ( )( )

0
2

2
0 0

2 3

-8

2 0 0

121 25121 25
0

25000 25000

121 25 121 25
0

25000 25000
0.000166 0 0

0 6.486 10 0.000932
0 0.000932 13.397

A

f V V r df r d
lD l

f V V r d f V V r d
l l

ρ

γ γ

γ γ

 
 

+ −+ − =  
 + − + −
 −
  
 
 = × − 
 − 

 (6) 

The determinant (D) of modified Hessian matrix in Equation (5) is given in 
Equation (7) for 132 kV (Masaka West-Mbarara North) 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

7

7 -8

Eq. 9 Eq. 12 Eq. 13
Eq. 15 Eq. 10 Eq. 14
Eq. 16 Eq. 17 Eq. 11

0.000166 4.0971 10 0.00294
4.0971 10 6.486 10 0.0009

0.00294 0.000904 12.783

D

−

−

 
 =  
  
 − ×
 

= − × × − 
 − 

             (7) 

The determinant (D) of Unmodified Hessian matrix in Equation (5) is given 
in Equation (8) for 220 kV (Bujagali-Kawanda) 

( ) ( )( )

( )( ) ( )( )

0
2

2
0 0

2 3

8

2 0 0

121 25121 25
0

25000 25000

121 25 121 25
0

25000 25000
0.000339 0 0

0 4.771 10 0.00432
0 0.00432 391.716

A

f V V r df r d
l l

f V V r d f V V r d
l l

ρ

γ γ

γ γ

−

 
 

+ −+ − 
 
 + − + −
 −
  
 
 = × − 
 − 

    (8) 

The determinant (D) of modified Hessian matrix in Equation (5) is given in 
Equation (9) for 220 kV (Bujagali-Kawanda) 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

7

7 8

Eq. 14 Eq. 17 Eq. 18
Eq. 20 Eq. 15 Eq. 19
Eq. 21 Eq. 22 Eq. 16

0.000339 5.0245 10 0.0228
5.0245 10 4.771 10 0.00409

0.0228 0.00427 383.773

D

E −

− −

 
 =  
  
 − ×
 

= − × × − 
 
 

          (9) 

3. Results and Discussion 

The tables and figures resulting from the study are presented in this section. The 
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explanation of the tables and figures from the results is follows. 

3.1. Presentation of Results 

Table 1 gives the summary of input data used for the analysis of 132 kV trans-
mission lines, whereas Table 2 provides the input data employed in the analysis 
of 220 kV transmission lines. Table 3 contains the Hessian matrix optimality 
tests results. Figure 4 describes power losses in Bujagali-Kawanda transmission 
line, Figure 5 portrays power losses in Masaka West-Mbarara North transmis-
sion line, Figure 6 explains power losses in Bujagali-Kawanda transmission line, 
whereas Figure 7 shows power losses in Masaka West-Mbarara North transmis-
sion line. Figure 8 presents power losses in the Bujagali-Kawanda transmission  
 

 

Figure 4. Power losses in Bujagali-Kawanda transmission line. 
 

 

Figure 5. Power losses in Masaka West-Mbarara North transmission line. 
 

 

Figure 6. Power losses in Bujagali-Kawanda transmission line. 

https://doi.org/10.4236/epe.2023.152006


O. Living et al. 
 

 

DOI: 10.4236/epe.2023.152006 137 Energy and Power Engineering 
 

Table 1. Input data for the optimization of power losses in the transmission lines (UETCL, 2022). 

S# Parameters Symbol 
132 kV 

(Masaka West-Mbarara North) 
220 kV 

(Bujagali-Kawanda) 

1. Transmission current (A) I 132.94 229.77 

2. Resistivity of transmission cable ρ 2.65 × 10−8 2.65 × 10−8 

3. Length of transmission line (km) l 130.5 130.5 

4. Cross-section area A 0.00032 0.000157 

5. Phase voltage V 132 220 

6. Disruptive voltage V0 88.409 94.555 

7. Transmission frequency f 50.09 50.09 

8. Air density factor γ 1.00433 1.00433 

9. 
Radius of transmission cable 
(30/3.71mm ≡ 30/0.00371 m) 

r 0.00186 0.0013 

10. Spacing between the transmission cables (m) d 3.740 4.540 

 
Table 2. Optimization results of power losses in the transmission lines based on modified and unmodified models. 

S# Parameters Symbol 

Unmodified model Modified model 

132 kV 
(Masaka West- 
Mbarara North) 

220 kV 
(Bujagali- 
Kawanda) 

132 kV 
(Masaka West- 
Mbarara North) 

220 kV 
(Bujagali- 
Kawanda) 

1. Transmission current (A) *I  NA NA 33.994 132.791 

2. Resistivity of transmission cable *ρ  NA NA NA NA 

3. Length of transmission line (m) *l  NA NA NA NA 

4. Cross-section area (m2) *A  NA NA NA NA 

5. Phase voltage (kV) *V  NA NA 119.0972 132.918 

6. Disruptive voltage (kV) *
0V  NA NA NA NA 

7. Transmission frequency *f  NA NA NA NA 

8. Air density factor *γ  NA NA 1.255 1.469 

9. 
Radius of transmission cable 
(30/3.71 mm ≡ 30/0.00371 m) 

*r  NA NA NA NA 

10. Space between transmission cable (m) *d  NA NA NA NA 

NA: Not Available. 
 
line as a function of air density. Similarly, Figure 9 describes power losses in the 
Masaka West-Mbarara North transmission line as a function of air density. 
Lastly, Figure 10(a) and Figure 10(b) show the unmodified and modified 3-D 
plots of power losses on 220 kV-Kawana transmission lines. Likewise, Figure 
11(a) and Figure 11(b) show the unmodified and modified 3-D plot of power 
losses on 220 kV Masaka West-Mbarara North transmission lines. 
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Figure 7. Power losses in Masaka West-Mbarara North transmission line. 
 

 

Figure 8. Power losses in Bujagali-Kawanda transmission line as a function of air density. 
 

 

Figure 9. Power losses in Masaka West-Mbarara North transmission line as a function of air density. 
 

Table 3. Optimality tests based on the Hessian matrix in Equation (8) 

S# Transmission Line 

Equation Number Value 
Model 
type 

Remarks 
Hessian Determinant 

Determinant 
Hessian 

1. 
132 kV 

(Masaka West-Mbarara North) 
Equation (8) Equation (18) −1.573 × 10−19 Unmodified Maximization (D < 0) 

2. 
132 kV 

(Masaka West-Mbarara North) 
Equation (8) Equation (19) 1.536 × 10−12 Modified Minimization (D > 0) 

3. 220 kV (Bujagali-Kawanda) Equation (8) Equation (20) −6.765E × 10−18 Unmodified Maximization (D < 0) 

4. 220 kV (Bujagali-Kawanda) Equation (8) Equation (21) 1.757 × 10−11 Modified Minimization (D > 0) 
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(a) 

 
(b) 

Figure 10. (a) Unmodified 3-D plot of power losses for 220 kV Bujagali-Kawana trans-
mission line; (b) Modified 3-D plot of power losses on 220 kV Bujagali-Kawana transmis-
sion line. 

3.2. Discussion of Results  
3.2.1. Results of Unmodified and Modified Models 
Table 1 presents the Input data for the optimization of power losses on 132 kV 
(Masaka West-Mbarara North) and 220 kV (Bujagali-Kawanda) transmission 
lines. These parameters were used to obtain optimum values for both modified 
and unmodified models as shown in Table 2. It was observed that for the un-
modified model, there were no optimum variables nor values obtained for both  
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(a) 

 
(b) 

Figure 11. (a) Unmodified 3-D plot of power losses for 132 kV Masaka West-Mbarara 
North transmission line; (b) Modified 3-D plot of power losses for 132 kV Masaka 
West-Mbarara North transmission line. 
 
transmission lines because the model could not yield optimal variables. Howev-
er, the modified model on 132 kV (Masaka West-Mbarara North) transmission 
line optimum variables and values were obtained [29] as a result of power loss 
penalty function introduced in the traditional power loss model; the optimum 
transmission current (33.995 A), Phase voltage (119.0972 V), and air density 
(1.255 kg/m3) minimized power loss in the transmission line; and on 220 kV 
(Bujagali-Kawanda) transmission line optimum variables and values were estab-
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lished, transmission current (132.7905080 A), Phase voltage (132.918 V) and air 
density (1.469 kg/m3), which minimize power losses. Table 3 presents optimality 
tests based on the Hessian matrix. It is observed that both 132 kV (Masaka West- 
Mbarara North) and 220 kV (Bujagali-Kawanda) transmission lines under an 
unmodified model maximized power losses as the determinant is less than zero 
(D < 0), −1.573 × 10−19 and −6.765E × 10−18, respectively. It is also observed that 
132 kV (Masaka West-Mbarara North) and 220 kV (Bujagali-Kawanda) trans-
mission lines under the modified model supported minimization of power losses 
as the determinant of Hessian matrix is greater than zero (D > 0), 1.536 × 10−12 
and 1.757 × 10−11 respectively.  

3.2.2. Discussion of Power Losses in the Transmission Lines 
Figure 4 shows the power losses plotted against the phase voltage of the Bujaga-
li-Kawanda transmission line plotted for both modified and unmodified models. 
The graphs show the voltage range: 66 to 402 kV, the losses in unmodified and 
modified models ranged (0.408 - 0.406 kW/km/phase) and (0.393 - 0.391 kW/km/ 
phase) respectively. This shows that the modified model minimized power losses 
due to the implementation of optimum variables and values. 

Figure 5 presents the input data for power losses plotted against the phase 
voltage of the Masaka West-Mbarara North transmission line plotted for both 
modified and unmodified models. The graphs show the voltage range: 66 to 402 
kV, the losses in the unmodified and modified models ranged (0.455 - 0.452 
kW/km/phase) and (0.448 - 0.446 kW/km/phase) respectively. This shows that 
the modified model minimized power losses due to the implementation of op-
timum variables, values, and the virtue of the third term (presence of power loss 
penalty function) incorporated in the modified model.  

Observation in Figure 6 indicates that both models at low transmission cur-
rent have no disparity but at high transmission current because ohmic losses is 
weak, there is a quite appreciable difference because ohmic effect is strong. This 
implies that the modified model has a high potential to minimize power loss 
relative to the unmodified model. The graphs show the transmission current 
ranged from 24 A to 238 A, and the losses in unmodified and modified models 
ranged (0.284 - 0.294 kW/km/phase) and (0.283 - 0.281 kW/km/phase) respec-
tively.  

Figure 7 presents the input data for power losses plotted against the phase 
transmission current of the Masaka West-Mbarara North transmission lines 
plotted for both modified and unmodified models. The graph shows the trans-
mission current range: 13 to 145 A, the losses in unmodified and modified mod-
els ranged (0.345 - 0.347 kW/km/phase) and (0.344 - 0.340 kW/km/phase) re-
spectively. This shows that the modified model minimized power losses when 
compared with the unmodified model due to presence of power loss penalty 
function [29]. 

Furthermore, Figure 7 presents the power losses plotted against the air densi-
ty of the Bujagali-Kawanda transmission line plotted for both modified and un-
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modified models. The graph obtained shows that the results support or identify 
the modified model as an effective one in minimizing power losses and this 
means the power losses are attributed to both Corona and Ohms losses are effec-
tively minimized.  

In addition, Figure 9 shows an inappreciable discrepancy in the transmission 
power losses by unmodified and modified models, this means that the atmos-
phere in the transmission lines is uniform and could not support any meaningful 
difference in power losses for the unmodified and modified models because air 
factor contribution to power losses is minimal relative to other transmission va-
riables. 

Figure 10(a) and Figure 10(b) show the three-dimensional graph of power 
losses, phase voltage, and current for the 220 kV Bujagali-Kawana transmission 
lines. The power losses for both unmodified and modified are 0.305 and 0.288 
kV/km/phase respectively as shown in Figure 11(a) and Figure 11(b). For the 
132 kV Masaka West-Mbarara North transmission lines. The power losses for 
both unmodified and modified are 0.302 and 0.289 kV/km/phase respectively as 
presented in Figure 11(a) and Figure 11(b) which implies that the modified has 
a high potential for power loss minimization in both transmission lines engen-
dered by the power loss penalty function or power loss modification term.  

3.2.3. Optimality Test  
The Hessian matrix was used to carry out optimality test for both modified and 
unmodified models. It is observed that both 132 kV (Masaka West-Mbarara 
North) and 220 kV (Bujagali-Kawanda) transmission lines under an unmodified 
model maximized power losses as D < 0, −1.573 × 10−19 and −6.765 × 10−18 re-
spectively, as it lacks optimum variables and values. It is also observed that for 
both 132 kV (Masaka West-Mbarara North) and 220 kV (Bujagali-Kawanda) 
transmission lines under the modified model minimized power losses as D > 0, 
1.536 × 10−12 and 1.757 × 10−11 respectively, since it has both optimum variables 
and values. 

4. Conclusion 

A modified model for power loss minimization in the transmission lines of Bu-
jagali-Kawanda and Masaka West-Mbarara North in Uganda has been devel-
oped. The optimum variables and values of transmission current, phase voltage 
and air density were determined using the gradient optimization technique that 
is the first derivative of the modified model and is feasible with the modified 
model. An optimality test was also carried out using Hessian matrix both on the 
unmodified and modified models. The optimal results for both modified and 
unmodified established that the modified model has a high potential to minim-
ize power losses in the transmission lines. Consequently, this paper recommends 
that a modified model should be implemented in the transmission line in the de-
sign and operation of transmission lines, due to its ability to minimize power 
losses in the transmission lines. The results of this study are not limited peculiar 
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to Uganda Electricity Transmission Lines, they could be implemented by other 
transmission lines outside Uganda. 
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Appendix 

Optimum variables 
The optimum variables are obtained by differentiating Equation (4) with re-

spect to these variables, equating the differential to zero and making the opti-
mum variables the subject of the formula in Equations (10)-(12). Thus, differen-
tiating Equation (4) with respect to (wrt) I gives optimum current, *I  Equation 
(10)  

( ) ( )

( ) ( )

2
0

22
0

0.0123 252

25

rI V V fp I d
I A rI V V f

d A l
A l

ρρ

ρ
γ

γ

− +
∂

= −
∂

− +

�
; 

( ) ( )0
*

0.00615 25r d l Ar f V V
dI

r d l
d

γ ρ

γ ρ

+ −
=             (10) 

Differentiating Equation (4) wrt transmission phase voltage gives optimum 
phase transmission voltage, *V  (V) in Equation (11) 

( )( ) ( )( )

( ) ( )

2
0 0

22
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121 25 0.0123 25

25000
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* 9 8

8 9

8 2 2

1 8.264 10 1.21 10
25

4.84 10 3.025 10

3.0746 10 25
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dr A f

d
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d d
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d d

γ ρ γ ρ

−
 

= × ×  +
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
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

        (11) 

Differentiating Equation (4) wrt air density factor gives optimum air density 
factor, *γ  (kg/m3) in Equation (12) 

( ) ( ) ( ) ( )

( ) ( )

2 22
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22
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50000
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( )2 2 2 2
0 0 0 0
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0.000759 2 25 50 25r A V f VfV fV V VV V
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I l
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− + + − +
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( ) ( ) ( )

( ) ( ) ( )
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                  (13) 

Derivatives of the Hessian matrix  
The diagonal elements of the Hessian matrix in Equation (13) is given in Equ-

ations (14)-(16). The second derivative of power losses, p wrt I is given in Equa-
tion (14)  
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The second derivative of power losses, p wrt V is given in Equation (15)  
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The second derivative of power losses, p wrt γ is given in Equation (16) 
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Upper diagonal elements of Hessian matrix  
Upper diagonal elements are derived in Equations (17)-(19). The second de-

rivative of power losses wrt I and V is given in Equation (17) 
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The second derivative of power losses wrt I and γ is given in Equation (18)  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

4 23 2
02

1.5
22

2 3 20

2
0

22
0

2

0.00615 25

25

0.0123 25

25

rI V V f
p d

I rI V V f A ld
Al

rV V f
d

rI V V f
d A l

A l

ρ

γ
ρ γ

γ

ρ

ρ
γ

γ

 − +  ∂  = −
∂ ∂  

− + 
  
 

− +
+

− +

�

          (18) 

The second derivative of power losses w.r.t V and γ is given in Equation (19)  
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Lower diagonal elements of Hessian matrix 
The lower diagonal elements of the Hessian matrix are obtained as the reci-

procal of Equations (20)-(22). 
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The second derivative of power losses wrt V and I is given in Equation (20) 
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The second derivative of power losses wrt γ and I is given in Equation (21)  
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The second derivative of power losses wrt γ and V is given in Equation (22) 
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