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Abstract 

This paper presents the solution to the combined heat and power economic 
dispatch problem using a direct solution algorithm for constrained optimiza-
tion problems. With the potential of Combined Heat and Power (CHP) pro-
duction to increase the efficiency of power and heat generation simultaneously 
having been researched and established, the increasing penetration of CHP 
systems, and determination of economic dispatch of power and heat assumes 
higher relevance. The Combined Heat and Power Economic Dispatch (CHPED) 
problem is a demanding optimization problem as both constraints and objec-
tive functions can be non-linear and non-convex. This paper presents an ex-
plicit formula developed for computing the system-wide incremental costs 
corresponding with optimal dispatch. The circumvention of the use of itera-
tive search schemes for this crucial step is the innovation inherent in the pro-
posed dispatch procedure. The feasible operating region of the CHP unit three 
is taken into account in the proposed CHPED problem model, whereas the 
optimal dispatch of power/heat outputs of CHP unit is determined using the 
direct Lagrange multiplier solution algorithm. The proposed algorithm is ap-
plied to a test system with four units and results are provided.  
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1. Introduction 

Economic dispatch pertains to the problem of determining the outputs of the 
generating units in service. Its aim is to meet the total load demand while keep-
ing the fuel cost at the barest minimum. It is common knowledge that at the op-
timum point, all units (excluding those at their limit) would be operating at 
equal incremental costs. Hence, current solution methods premise the finding of 
this particular value of the marginal cost (“lambda”, λ), for a given load demand. 
Additional constraints to the power demand in systems have to be satisfied at 
the solution point with some co-generation units. Hence, the simple equal incre-
mental cost-based economic dispatch schemes cannot be used for such systems. 
The main problem in economic dispatch lies with the distribution of generator 
load to produce the measure of electricity required. Examples of economic dis-
patch problems could be economic load dispatch in the operation of power sys-
tems, dynamic or static dispatch, hydrothermal scheduling problems and others 
[1]. A significant number of decision variables and non-linearity, ordinarily charac-
terize Economic Load Dispatch (ELD) problems, including non-linear constraints 
due to the characteristics of modern units. Improvements in solving this class 
of optimization problems have led to significant savings in costs. The emergence 
of modern computational intelligence algorithms, genetic algorithms, differential 
evolution algorithms, artificial bee colony algorithms, whale optimization algo-
rithms, Kho-Kho optimization algorithms, etc. has paved the way for solutions to 
complex optimization problems.  

We begin with a brief review of related literature in Section 2. Subsequently in 
Section 3, we describe the mathematical model of the CHPED problem. In Sec-
tion 4, we present the test system results and discuss our findings. Finally, the 
conclusions resulting from the research work are highlighted in Section 5. 

2. Brief Literature Review 

Integrating cogeneration units into the ED problem converts the ED problem into a 
Combined Heat and Power Economic Dispatch (CHPED) problem. The CHPED 
problem is a highly nonlinear and complex problem to solve since in addition to 
the linear and nonlinear constraints of the ED problem, the Feasible Operating 
Region (FOR) constraint of the cogeneration units must also be satisfied. Obtain-
ing the solution to the CHPED problem is demanding due to the interdepen-
dence of heat and power generation of the cogeneration unit. It further requires 
extremely efficient algorithms to obtain the optimal solution [1]. Possible addi-
tional constraints in the economic dispatch problem of such systems depend on 
the type of co-generation units. Economic dispatch problem of systems with dif-
ferent co-generation unit types has been severally researched. The economic dis-
patch of systems having simple cycle co-generation units has been investigated in 
[2] [3] [4] [5]. In [6] [7], the ED problem with combined cycle co-generation 
units has been considered. The daily operation scheduling of co-generation units 
with heat storage tanks has been studied in [8]. Scheduling of back-pressure co-
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generation plants has been considered in [9] [10]. In some of these investigations, 
additional issues like the time of use rate, wheeling, etc. have also been included. 
It is seen that the mathematical models for the combined heat and power dis-
patch of systems with cogeneration units turn out differently, depending on the 
type of the units as well as their operating environments. The multiplicity of the 
models has resulted in a variety of solution techniques such as quadratic pro-
gramming [2], partial separable programming [2], two-layer Lagrangian relaxa-
tion [3], Newton’s method [9], genetic algorithms [4] [5] [7] [8] [10], etc. being 
proposed in these investigations. The focus of the present paper is limited to one 
class of the problem—the ED of systems having simple cycle co-generation units. 
This class of problems has been considered in [2] [3] [4] [5]. In this ED problem, 
meeting the heat demand of each area, in addition to the system power demand 
in the most economical way is necessary. Combined Heat and Power (CHP) 
dispatch problem is formulated in [11] as an optimization problem with qua-
dratic objective function and liner constraints. It is shown in [12] that, though 
this problem can be solved by standard quadratic programming, it can be solved 
more efficiently based on Dual, Partial-separable Programming (DPS) method. 
Guo et al. have proposed an alternate solution approach to this problem. The 
problem in [13] is decomposed into heat and power dispatch sub-problems. The 
two sub-problems are connected by the heat-power feasible region constraints of 
the co-generation units.  

In this article, we aim to solve the CHP dispatch problem directly. By CHP 
dispatch, we mean a simple cycle cogeneration unit with quadratic cost func-
tions. We develop a formula for the system lambdas corresponding to the power 
and heat demands in term of the coefficients of the generator cost functions for 
the most common form of this problem formulated in [14]. This operation is 
based on the assumption that the cost functions are quadratic. The unit outputs 
corresponding to these system lambda values constitute the required heat and 
power dispatch, provided none of the unit outputs hit their limits. To account 
for situations where some of the outputs corresponding to the computed system 
λ values happen to violate their limits, we propose a simple scheme for setting 
the outputs of such units at appropriate limits. Setting some units at their limits 
could result in mismatches between the demand and the generation. We there-
fore resort to recalculating the system λ, for the units not set at their limits to 
eliminate these mismatches. 

3. Combined Heat and Power Economic Dispatch Problem  
Formulation 

The CHPED problems are constrained optimization problems, which consists of 
decision variables i.e. (heat, power dispatch values) and objective function. The 
objective function indicates how much each decision variables contributes to the 
value of the function (cost) to be optimized in the problem statement and its duty 
is to minimize the total generation cost in a system that consists of the conven-
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tional thermal power and heat units plus the cogeneration unit with feasible oper-
ation region. The two power units, a cogeneration unit and a heat-only unit in the 
research have quadratic cost functions. The limit on the outputs of the co-generation 
unit is specified by listing the co-ordinates of the corners of the feasible operating 
region of the unit as shown in Table 4. The objective function also represents 
the input fuel cost while the constraints are inequality, equality and other opera-
tional constraints that matches load and heat demands with power generation. 
In this research, the system transmission losses were neglected leaving power 
and heat loads plus the machine operation bound as the only available con-
straints. The research first shows that it is possible to solve CHPED problem 
using direct method [1]. Furthermore, artificial bee colony, genetic, particle 
swarm optimization and differential evolution algorithms can also be em-
ployed to this class of optimization problem and results from the various algo-
rithms were compared to determine the algorithm with optimal result and best 
operational costs. Firstly, we developed a formula for the system lambdas which 
correspond to the power and heat demands in terms of the coefficients of the 
generator cost functions for the most common form of this problem formu-
lated assuming that the cost functions are quadratic. The unit output corres-
ponding to these system lambda values constitute the required heat and power 
dispatch, provided none of the unit outputs hit their limits. In order to handle 
situations where some of the output corresponding to the computed system 
Lagrange multiplier λ-values happens to violate their limits, we developed a 
simple scheme for setting the outputs of such units at appropriate limits. Set-
ting some units at their limits could result in mismatches between the demand 
and the generation. We recalculate the system λ, for the units not set at their 
limits in order to eliminate mismatch. To calculate combined heat and power 
economic dispatch decision variables directly, the problem statement was mod-
elled such as to determine combined heat and power economic dispatch decision 
variables. 

Combined Heat and Power Dispatch Problem 

Given respectively, the quadratic fuel cost function of power-only, cogeneration 
and heat-only units in Naira (N), we have: 

( ) 2
,e i i i i i i ic p p pα β γ= + +                      (1) 

( ) 2 2
, ,c i i i i i i i i i i i i i i ic p q p p q q p qα β γ δ ε ζ= + + + + +            (2) 

( ) 2
,h i i i i i i ic q q qα δ ε= + +                      (3) 

where, ,i iα β  and iγ  are the cost coefficient of ith power-only unit,  
, , , ,j j j j jα β γ δ ε  and jζ  are the cost coefficients for the jth cogeneration unit, 
,k kα δ  and kε  represent the coefficient of kth heat-only unit. The objective 

function of the combined heat and power economic dispatch problem is to mi-
nimize the cost function, subject to equality, inequality and other operational 
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constraints. 
The objective function of the combined heat and power economic dispatch 

problem can be stated thus: 

( ) ( ) ( ), , ,Min  ,e i i c i i i h i i
i e i c i h

C c p c p q c q
∈ ∈ ∈

= + +∑ ∑ ∑             (4) 

Q and P are the heat and electrical power output decision variables of the 
units respectively. ( ),e i ic p , ( ), ,c j j jc p q  and ( ),h k kc q  constitute the fuel cost 
function of ith power-only unit, fuel cost function of jth cogeneration unit and 
fuel cost function of kth heat-only unit. We wish to minimize the total cost func-
tion given by Equation (4) subject to the following constraints. 
 Real power created by power unit plus the real power created by cogeneration 

unit is equal to the real power demand of power systems abandoning power 
loss, and this is stated mathematically in Equation (5) below: 

demand
i i

i e i c
p p p

∈ ∈

+ =∑ ∑                       (5) 

 Comparably, the total heat created by boilers plus the active heat created by 
cogeneration units is equal to the heat demand, abandoning heat loss, and 
can be stated thus: 

demand
i i

i e i h
q q q

∈ ∈

+ =∑ ∑                       (6) 

where, demandp  and demandq  are the total heat and power demand of system, 
respectively. In the heat equality constraint, heat losses are postulated to be zero 
because no research work about heat losses during process of transmitting heat 
to heat loads has been carried out. For clarity, that postulation was employed in 
this research. Therefore heat losses are negligible. 
 Furthermore, if heat losses are a function of heat outputs similar to power 

loss function or a constant, heat balance constraint will be solved simply and 
successfully. 

min max
i i ip p p≤ ≤                        (7) 

min max
i i iq q q≤ ≤                        (8) 

Thus formally, the optimization problem to be solved is: 

( ) ( ) ( ), , ,

min max

min max

Min  ,

subject to

e i i c i i i h i i
i e i c i h

demand
i i

i e i c
demand

i i
i e i h

i i i

i i i

C c p c p q c q

p p p

q q q

p p p

q q q

∈ ∈ ∈

∈ ∈

∈ ∈

 = + +



 + =


 + =

 ≤ ≤
 ≤ ≤

∑ ∑ ∑

∑ ∑

∑ ∑
          (9) 

We also impose extra constraints on the output of the cogeneration unit as: 

    1, ,ij i ij i ji ia p b q c j n+ ≥ =                    (10) 
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The output of the cogeneration unit is presumed to lie in a region in the Pi-Qi 
plane bounded by ni lines. These lines are illustrated in Figure 1. 

Figure 1 is a typical polyhedron of a feasible region (search space) of a coge-
neration unit bounded by four hyper-plane lines in the Pi-Qi plane. In such a 
plane, there are three kinds of operating points of a cogeneration unit. At point 
O (feasible region or solution space), the unit is not bounded by any constraints. 
At points N and M, the unit is bounded by only one constraint and at point K; 
the unit is bounded by two constraints. For a point in Figure 1 to be feasible, it 
should be above line AB, below line CD, right of AD and left of BC and anything 
contrary to these is infeasible region. To determine if a point is feasible or not, 
we substitute the value of [p, q] inside equation of a line formed between two 
vertices connected by a line segment. For any value of [p, q], substituting the 
value of the function maybe zero, positive or negative. The operating point is 
positive when the value is in the region O, zero when the value is on the line of 
the quadrilateral (ABCD) and negative when it is either at positions M, N and K 
or infeasible region. The problem described by the system (9) and (10), is an 
optimization problem, which contains both equality and inequality constraints 
needs the deployment of the Karush-Kuhn-Tucker (KKT) optimality condi-
tions. 

The Karush-Kuhn-Tucker (KKT) Lagrange multiplier for the dispatch prob-
lem given is: 

( ) ( ) ( ), , ,,e i i c i i i h i i
i e i c i h

demand demand
p i i q i i

i e i c i e i h

L c p c p q c q

p p p q q qλ λ

∈ ∈ ∈

∈ ∈ ∈ ∈

= + +

   − + − − + −   
   

∑ ∑ ∑

∑ ∑ ∑ ∑
     (11) 

where, pλ  and qλ  are the so called Lagrange multipliers associated with the 
constraints. 

The Karush-Kuhn-Tucker (KKT) necessary optimality conditions for the above 
problem are: 

0
i i p q

L L L L
p q λ λ
∂ ∂ ∂ ∂

= = = =
∂ ∂ ∂ ∂

                   (12) 

Hence, the equations to be solved are as follows:  
 

 
Figure 1. Feasible operating region of a cogeneration unit. 
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( ) ( )

( ) ( )

, ,

, ,

0   ,       , 0   

, 0   ,   0   

,      

e i i p c i i i p
i i

c i i i q h i i q
i i

demand demand
i i i i

i e i c i c i h

c p i e c p q i c
p p

c p q i c c q i h
q q

p p p q q q

λ λ

λ λ

∈ ∈ ∈ ∈

∂ ∂ − = ∀ ∈ − = ∀ ∈∂ ∂
 ∂ ∂

− = ∀ ∈ − = ∀ ∈
∂ ∂

 + = + =

∑ ∑ ∑ ∑

   (13) 

With ( ) 2
,e i i i i i i ic p p pα β γ= + + , we have:  

( ), 0           2 0     e i i p i i i p
i

c p p i e
p

λ β γ λ∂
− = ⇒ + − = ∀ ∈

∂
      (14) 

With ( ) 2 2
, ,c i i i i i i i i i i i i i i ic p q p p q q p qα β γ δ ε ζ= + + + + + , we have:  

( ), , 0           2 0     c i i i p i i i i i p
i

c p q p q i c
p

λ γ ζ β λ∂
− = ⇒ + + − = ∀ ∈

∂
  (15) 

( ), , 0           2 0     c i i i q i i i i i q
i

c p q q p i c
q

λ ε ζ δ λ∂
− = ⇒ + + − = ∀ ∈

∂
  (16) 

With ( ) 2
,h i i i i i i ic q q qα δ ε= + + , we have:  

( ), 0             2 0     h i i q i i i q
i

c q q i h
q

λ ε δ λ∂
− = ⇒ + − = ∀ ∈

∂
      (17) 

Hence, the resulting equations to be solved for , ,i i pp q λ  and qλ  are:  

2 0     i i i pp i eβ γ λ+ − = ∀ ∈                   (18) 

2 0     i i i i i pp q i cγ ζ β λ+ + − = ∀ ∈                 (19) 

2 0     i i i i i qq p i cε ζ δ λ+ + − = ∀ ∈                 (20) 

2 0     i i i qq i hε δ λ+ − = ∀ ∈                   (21) 

After some algebra, the above equations yield 

[ ]
10 22

2 20

demand
p i i ii i

demand
i e i h i cq i i i i i

p
A

q
λ γ ζ ββ γ
λ δ ε ζ ε δ

−

∈ ∈ ∈

          
= + + +          

         
∑ ∑ ∑  (22) 

[ ]
1

1 0 22
 

2 20

demand
p i i ii i

demand
i e i h i cq i i i i i

p
A

q
λ γ ζ ββ γ
λ δ ε ζ ε δ

−
−

∈ ∈ ∈

            ⇒ = + + +           
            

∑ ∑ ∑  

(23) 

where 

[ ]
10 0 21 2 0

0 1 2 20 0
i ii

i e i h i ci i i

A
γ ζγ

ε ζ ε

−

∈ ∈ ∈

    
= + +    

     
∑ ∑ ∑         (24) 

The data set for the CHPED problem is given in Tables 1-3. 
 
Table 1. Power units-cost coefficients. 

Units PGmax PGmin a α=  b β=  c γ=  

1 250 10 1000 13.5 0.0345 

2 200 20 1245 13.1 0.033 
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Table 2. (Unit 3) cogeneration unit-cost coefficients. 

Unit a α=  b β=  c γ=  d δ=  e ε=  f ζ=  

1 2650 14.5 0.0345 4.2 0.03 0.011 

 
Table 3. (Unit 4) heat unit cost coefficients. 

Unit a α=  b δ=  c ε=  qmax qmin 

1 1200 4.2 0.02 250 20 

4. Numerical Result from Direct Solution (Lagrange  
Multiplier) Technique 

The above mathematical algorithm illustrates the solution of combined heat and 
power economic dispatch problem by Lagrange multiplier method or direct so-
lution algorithm. The test system consists of two conventional power units, one 
cogeneration unit and a heat-only unit. The heat-power feasible operation re-
gion of the cogeneration unit 3 is illustrated in Figure 1. As demonstrated by the 
above algorithm, combined heat and power economic dispatch has been formu-
lated with the objective of minimizing fuel cost. Hence, data set for the com-
bined heat and power dispatch problem were given in Tables 1-3 along with 
feasible region coordinates of combined heat and power unit in Table 4 respec-
tively. Table 5 shows result of output decision variables from the four-unit test 
system with power demand = 500 MW and heat demand = 300 MW respective-
ly. Combined heat and power economic dispatch decision variables were ob-
tained by applying formula derived during modelling of the problem statement. 
According to Table 5, this algorithm has objective function value (N18933.8) 
and all the output decision variables (P1, P2, P3, Q3 and Q4) were found to sa-
tisfy the given constraints of Equations (7), (8) and (10) respectively. Result 
shows that this technique can provide the combined heat and power dispatch 
solution in few steps when the load levels are such that all units can operate at 
the same incremental cost. However, one of the demerits of this technique is that 
it requires a few additional steps to identify all violating units if the load levels 
are such that some of the units are to be set at their limits, that is, when the unit 
has heat limit. It becomes vital to mention that the intention of the above algo-
rithm is to prove that combined heat and power economic dispatch problem can 
be solved directly in spite of artificial bee colony, whale, genetic algorithms, etc. 
[15], being automated and fast in determining the output decision variables. It 
attained optimal result even in large system like the one in this research com-
pared with automated methods. The Lagrangian multiplier algorithm frame-
work is indeed a powerful paradigm and there is no reason why it should fail to 
provide solutions for this class of optimization problems [16] to a certain de-
gree. 
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Table 4. Coordinate of the corners of the feasible region of the co-generation unit. 

Corners (p1, q1) (p2, q2) (p3, q3) (p4, q4) 

Unit 3 (20, 0.1) (200, 0.5) (195, 120) (15, 110) 

 
Table 5. Results by direct solution. 

 Lagrange Multiplier Algorithm 

P1 (MWth) 155.9 

P2 (MWth) 169.1 

P3 (MWth) 195 

Q3 (MWth) 120 

Q4 (MWth) 180 

Cost ( ₦N)  18933.8 

5. Conclusion 

In proposing a new algorithm for the solution of the CHP dispatch problem, this 
research has explored a novel formula derived for calculating the optimum mar-
ginal costs (λ-s) corresponding with a specified heat and power demand. The 
optimum λ-s obtained using the formula gives the final dispatch if none of the 
units violates their limits. On the other hand, in case of violations, this step faci-
litates the identification of the violating units. The final dispatch is obtained by 
recalculating the λ-s, considering only the non-violating units when all the vi-
olating units are identified and set at their limits. The effectiveness of the pro-
posed algorithm has been demonstrated by considering a 4-unit test system. The 
performance of the new algorithm has been critically assessed in comparison with 
the artificial bee colony algorithm in order to highlight its merits. The formula-
tion of the CHP dispatch problem considered here conforms to the prevailing prac-
tice of using quadratic cost functions for the units. The possibility of extending 
the proposed solution scheme for cases where the cost functions are not quadratic 
is currently being explored.  
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