4

Advances in Pure Mathematics, 2023, 13, 610-619

”“ Scientific https://www.scirp.org/journal/apm
0 " Research :
94% Publishing ISSN Online: 2160-0384

@,

ISSN Print: 2160-0368

Multiplicity of Solutions for a Class of
Noncooperative Elliptic Systems

Xinxue Zhang, Guanggang Liu*

School of Mathematical Sciences, Liaocheng University, Liaocheng, China

Email: *lggl12@163.com

How to cite this paper: Zhang, X.X. and
Liu, G.G. (2023) Multiplicity of Solutions for
a Class of Noncooperative Elliptic Systems.
Advances in Pure Mathematics, 13, 610-619.
https://doi.org/10.4236/apm.2023.139040

Received: July 25, 2023
Accepted: September 19, 2023
Published: September 22, 2023

Copyright © 2023 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

[ONom

Abstract

In this paper, we consider the following noncooperative elliptic systems
—Au=u—-56v+F,(x,u,v) in Q,
—Av=56u+yv—F,(xu,v) in Q,
u=v=0 on 0Q,

where Q is a bounded domain in R" with smooth boundary 0Q, 4,0,y

are real parameters, and F e C' ((_2 xR?, R) . We assume that Fis subquadratic

at zero with respect to the variables u,v. By using a variant Clark’s theorem,

we obtain infinitely many nontrivial solutions (,,v,) with

||(uk’vk)

need to assume the behavior of the nonlinearity VF at infinity.

Phas 0 as k— oo.Compared with the existing literature, we do not
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Noncooperative Elliptic Systems, (PS )* Condition, Clark’s Theorem

1. Introduction

In this paper, we consider the existence of nontrivial solutions for the following

variational noncooperative elliptic system

—Au :iu—5v+Fu(x,u,v) in Q,
—Av:5u+7v—Fv(x,u,v) in Q, (P)
u=v=0 on 0Q,

where Q is a bounded smooth domain in R" with smooth boundary 4Q,
the numbers 4,5,y are real parameters, and F eC ! (S_) X R2,R) such that

VF =(F,,F,).Here VF denotes the gradient of Fin the variables zand v.
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System (P) is the so-called noncooperative elliptic system, arising naturally a
steady state in reaction-diffusion process that appears in chemical and biological
phenomena, including the steady and unsteady state situation (see [1] [2] [3] [4]
and references therein). System (P) has been extensively studied in last three
decades by using the variational methods under various conditions (see [1]-[17]).
In [1], Costa and Magalhies established the variational structure to the noncoo-
perative elliptic systems and obtained several existence results under the non-
quadraticity at infinity by using minimax methods. In [5], by using a variant
fountain theorem, Bartsch and Figueiredo obtained infinitely many nontrivial
solutions for nonlinear noncooperative elliptic systems when F(x,u,v) satis-
fied the non-quadraticity condition at infinity. In [6], Guo obtained the exis-
tence and multiplicity of nontrivial solutions for resonant noncooperative ellip-
tic systems by using a new version of Morse theory for strongly indefinite func-
tionals. In [7], Ke and Tang established the existence of a nontrivial solution for
a class of noncooperative elliptic systems with nonlinearities of sup-linear
growth by using the minimax methods. In [17], Zou obtained the multiplicity of
nontrivial solutions with the number of them that depends on the dimension of
the eigenspaces between resonant values when the noncooperative system is re-
sonant both at zero and at infinity by using a new abstract critical point theorem.

In this paper, we shall study the system (P) when F (x,u,v) is subquadratic
at zero. Compared with the existing results, we do not need to make any as-
sumptions at infinity on the nonlinearity. The nonlinearity can be subquadrat-
ic, asymptotically quadratic or superquadratic at infinity. Under this general
condition, we shall prove that system (P) has infinitely many nontrivial solu-
tions (u,,v,) with ”(uk,vk)
Clark’s theorem established by Liu and Wang [18]. In [18], the authors extended

the classical Clark’s theorem and gave a variant of the Clark’s theorem for the

P 0 as k — . Our main tool is a variant of the

strongly indefinite functionals, then they used it to study the sublinear Hamilto-
nian systems and obtained infinitely many periodic solutions. We make the fol-
lowing assumptions:

(F) FeC'(QxR’R),and F(x,0,0)=0,

(E) there exists a 6>0 such that F(x,—u,~v)=F(xu,v), VxeQ,

V(u,v) € Bs, where B := {(u,v)eR2 \|(u,v)| =u? +* <5},

. F (x,u,v)
(B) lim —=
|(.v)—0 |(u,v)|
Now we state our main result.
Theorem 1.1. Assume that (£)-(F) hold, then the system (P) has infinitely
o 0 as k—>oo.

=+o0 uniformlyin xeQ.

many solutions (u,,v,) such that "(uk,vk)

Remark 1.2. Now we give a comparison between our result and some existing
results. In the previous works, the authors always need to make the assumptions
on the nonlinearity at infinity. For example, the sub-quadratic cases were consi-

dered in [1], the superquadratic cases were considered in [2] [4] [7] [8] [12] [14]
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and the asymptotically quadratic cases were considered in [6] [9] [11] [13] [15]
[16] [17]. Compared with these results, our nonlinearity Fis general at infinity,
we do not need to assume the behavior of the nonlinear term F at infinity. Be-
sides, instead of the global symmetry condition: F (x, —u,—v) =F (x,u,v) R
V(x,u,v) e QxR*, we only need the local symmetry condition (5).

Example 1.3. Let a(x) be a continuously differentiable positive function on
Q. Let

o

F(muv)=a(x)(u +)?,
Fz(x,u,v)=a(x){(u2 S ) (2 +v2)},

F3(x,u,v)=a(x){(uz #2)F +(u? +v2)§},

where 1<o <2, 6>2.1tis not difficult to see that F|,F, and F; are all sa-
tisfies the conditions (F)-(F), but they are subquadratic, asymptotically qua-
dratic and superquadratic at infinity respectively.

Now we give a detailed explanation of our proof. Firstly, we modify the non-
linearity. We choose a modified function F and consider the corresponding
modified elliptic system. We define the functional corresponding to this mod-
ified system. And due to the resonance of the modified system, we use a pena-

lized functional technique and construct a penalized functional. Secondly, We
show that the penalized functional satisfies the (PS )* condition and is

bounded from below, and prove that the penalized functional satisfies the other
conditions of the Clark’s theorem. Finally, by using the Clark’s theorem we
prove that the penalized functional has a sequence of nontrivial critical points
{(uk,vk )} with their L” norm tending to zero. By using this fact, we conclude
that they are nontrivial solutions of the system (P) for klarge enough.

The paper is organized as follows. In Section 2, we give some preliminary re-
sults about the variational structure of the system (P) and a new abstract critical
point theorem for the indefinite functional. In Section 3, we give the proof of our

main result.

2. Preliminaries

In this section, we give the preliminary results and a variant of Clark’s theorem
to prove the Theorem 1.1.
Let H, (Q) be the usual Sobolev space with the inner product

(u,v) = IQVu -Vvdx,Vu,ve Hy (Q),

and the corresponding norm |||| .Denote U =(u,v) and set
E:=H, (Q) x H), (Q) . The inner product and norm of Eare given by

(U.0)=(up)+ (), I ="+

where U =(u,v) and @ =((o,l//) are in E. We use ||||Lp to denote the norm
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of I’ :=1"(Q)xL"(Q) for 1<p<oo.
For simplicity, we suppose that 4>y and §>0. Let

A=[’; _fJ,R:G) _OJ, U =(uv), —5U=[j‘v’}

Denote by o(A4)={{,n} the eigenvalues of Aand o(-A)= {ﬂq,ﬂ,z; . ~,ﬂj,~~-}
for the eigenvalues of —A on H;(Q).

Define the operator £ by LU =-RAU —RAU, U €E . Then, the eigenva-
lues of the linear problem LU =kU have the form (see [2])

+ A=y A-y ’
Al :_Ti\/[Tj +det(4, - 4). 2.1)

We only consider the case of 0o (L), the case of 0¢ o (L) is similar and

simpler. Then let
o(L)={<py<p,<0=py<p<pr, <}

denote all the eigenvalues of the eigenvalue problem LU =kU . And denote by
E(y;) the eigenspace corresponding to u,,i € Z. Define the operator L on E

by
(LU,®)=(LU,®), = [ (-RAU - RAU )-®dx, VU,DeE.
Then L is a bounded self-adjoint linear operator on E. According to L, we can

split Eas E=E ®E’®E", where E*,E,E° are the subspaces of £on which

L is positive definite, negative definite, and null. It is not difficult to see that
o -1
E" = I_('EE(ﬂi)a E = I_:@OOE(M' )’ E’= E(;Uo)'
And there exists a constant ¢ >0, such thatforany U' € E", U €k,

(LU )z cju ’ (Lu~u)< —c||U*||2. (2.2)

In what follows, for U € E , we always write U =U" +U+U" with U €E",
U'cE’ and U €E .
Choose ﬁeCl(ﬁsz,R) such that F is even in U F(x,U)zF(x,U)
for (x,U)eﬁxB(;, and F'(x,U)zO for (x,U)eﬁx(]Rz \Bz(;) , where
B = {U eR’ ||U | <90 } . Consider the following elliptic system
—Au=Au —5v+1:“u (x,u,v) in Q,
~Av=6u+yv—F, (x,u,v) in Q, (P
u=v=0 on oQ.

Define the functional Jon Eby
J(U) =%<LU,U>—IQF(x,U)dx. (2.3)

By the definition of F , it is known that J e C' (E,R) and the solutions of
(P") correspond to the critical points of /. Since dim E° >0, the functional /may

not satisfy the compact condition. To overcome this difficulty, we use a pena-
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lized functional technique. Define

0, 0<t<p,
l/’(t)_ (t_p)Z’ > p,

and
J(U)=J(U)+z, (||U° ||2) (2.4)
Then J,(U)eC'(E,R) and J,(U)=J(U) when U=U"'+U"+U" sa-
tisfies "UO"2 <p.
In order to prove Theorem 1.1, we introduce a variant of the Clark’s theorem es-

tablished by Liu and Wang [18]. Let X be a Banach space, { X, }:: , beasequence

of infinitely dimensional closed subspaces of X such that X, c X, c X, <.,

the codimension d, of X, in X, is finite, and X =(JX,. We say that

7
n=0

®eC'(X,R) satisfies the (PS) condition with respect to {X,}” = if for any

n=|

subsequence {n/} of {n}, any sequence {n/} such that ueX, CD(uj) is

bounded, and (CD v, ) (u /.) —0 as j— oo contains a subsequence converging

to a critical point of @ . Denote by X the family of closed symmetric subsets
of X which do not contain 0. For 4€X, the genus y(4) of A is by definition
the smallest integer n for which there exists an odd and continuous mapping
h:A—R"\{0}, y(4)=c0 if nosuch mapping exists,and y(2)=0.

Theorem 2.1 ([18]). Assume that @ is even and satisfies the (PS)* condi-
tion with respect to {X . }::0 , CI)|X0 is bounded below and satisfies the (2S) con-
dition, and ®(0)=0. If there exists 7, >0 such that for any k €Z", there ex-
ist >0, p,>0 with p, -0, and a symmetric set 4, {U eX|||u||=pk}
such that y(X,N4,)=d,+k and sup, , ®<-¢ for all n>n, then at
least one of the following conclusions holds.

1) There exists a sequence of critical points {u,} satisfying ®(u,)<0 for
all kand ||uk|| —0 as k—>oo.

2) There exists >0 such that for any 0<a <r there exists a critical point
u such that ||u|| =a and ®(u)=0.

Remark 2.2. From Theorem 2.1, it is clear that there exist a sequence of critical
points u, #0 such that ®(u,)<0, ®(u,)—>0 and ||uk || —0 as k—>oo.The
additional information on the norms of the critical points is very important in

the proof of Theorem 1.1.

3. Proof of Theorem 1.1

In this section, we shall use Theorem 2.1 to prove Theorem 1.1.
Proof of theorem 1.1. Let

X = é E(ﬂ[)’ nzoylyzy'”s

n .
i=—n+l
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then {Xn }: is a sequence of infinite dimensional closed subspaces of X,

XycX,cX,c--,and X=U,X,.Let P:X—X, be the orthogonal pro-

jector. The codimension d, of X, in X, is

0 0 0
dn:dlm(i_@mE(yi)j: D dimE ()= Y 1,

i=—n+l i=—n+l

where [, =dimE (). By (£) and the definition of ./, we see that
J, eC' (E.R), Jp(O) 0 and J, is an even functional. Now we prove that
J,, satisfies the other assumptions of Theorem 2.1 into three steps.

Step 1. We prove that the functional J, satisfies the (PS) condition with
respectto {X,}". Let {U_,.} CE bea (PS) sequence such that

U, ean, n; — o, Jp(Uj)isbounded, and (Jp |an) (Uj)—>0asj—>oo. (3.1)

By the definition of F , there exists a constant C >0 such that

|F,(xU)| <, [F(xU)|<C. (3.2)

Then by (2.2), (3.1), H6lder inequality and Sobolev inequality, we have

d +||U.;||)=<(Jplx,y]'<U.,~),U:—U;>=<J;(U_,->»U.:—U;>
=(Lu;, UV - (LU U; ) - [ By (xU,)-(Uf -U; )dx

zelfo [ +Joil )= ol (v ) o o e

e{Jus +fu )l v+ foslex

>e(Jos [+ )= (los L+l )

which implies that {U]*} and {U;} are bounded in E. Next we prove that
{U;)} is also bounded in £. Similarly, one has

ol-{(1, 1o >

(
=2, ([ T - o () v 6.3
>25 (s sl -, |U°|dx

>27 sl Jlesl -l

which implies that {U /0} is also bounded in £ by the definition of y . There-
fore {U j} is bounded in E. Thus there exists a U € E such that up to a sub-

v;

U;

U;

U;

sequence,
U,—~UinE, U,-»U inl (3.4)

By (2.2), (3.1), (3.4) and note that {Uj} is bounded in E, we have
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O:}E<(Jﬂ|xnjj (Uj)_(JpL("j J (U*),U; U +>

=t (U,) =5 (U).v; =R,

=lim (7} (U,)-7; (V").U; U™ (35)
=tlim{L(v; -U)U;-U7)

oL {0 )

U - B (U= Fy (xU7))-(Uf -U™ ) dx.

>clim

Jjow

On the other hand, by (3 2) and (3.4)

U ~F,(xU")): (U;—U**)dx‘

< zch U; - U"+ dx (3.6)

J—oo

1
SC'( UT—U*+2dx)2—>0 as j — o,
Ql J

Then by (3.5) and (3.6) we have that U’ € E, that is U; —>U"™ in E Simi-
larly, we have U; ->U " in E On the other hand, notice that E° is a finite di-
mensional space, we have U; ->U " in E Hence we conclude that U ;U " in
Eand the (PS )* condition is proved.

Step 2. We prove that J | is bounded from below and satisfies the (PS)
condition. Note that X, =E", then by (2.2), for U e X, wehave

7o), (V) =E(LU,U>—J F(x,U) dx2—||U|| -C, (3.7)

which implies that J | is bounded from below. Now we prove that J |
tisfies the (PS) condltlon Assume that { } c X, satisfies that

Jp|X0 (U

n

) is bounded, and (JP|XO) (U,)—0. (3.8)

By (3.7), we see that {U,} isboundedin X, . Then up to a subsequence there
existsaU € X, such that

U,—~UinX,,andU, ->U in . (3.9)

Then by (2.2), (3. 8) (3.9), Holder inequality and Sobolev inequality, we have

< Xn)'w),m—rf}
= (71 7).u,-0)
-{t(u H( v (1U,) = Fy (v0))-(U, ~U)dx

(3.10)
>c|u, —U|| —IQ|FU xU, )= F, (x0)||u, -U]dx
> c|u, -0 ~2c].|u, - Olax
1
>c|v, -0 - (] Jv, -aT |
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Then by (3.9) and (3.10), we have that U, — U in X,. An the (PS) condi-
tion is proved.

Step 3. We prove that there exists 7, >0 such that for any ke€Z", there
existe, >0, p, >0 with p, — 0, and a symmetric set
4, c{UeX||u|=p,} such that y(X,NA4)=d,+k and sup, ., J, <-¢
forall n2n,.

Forany T >0, from (%) and the definition of F,wecanfind C= C(T) >0
such that

F(xU)2T|ul -C(T)lU|', vUeR%. (3.11)

Note that )(p(t)SZZ, Vt20, by the definition of y, . Let m>1 and
Ue®]  E(y), then we have

Jp(U)=%<LU*,U+>+1<LU',U'>—fQF(x,U)dx+;(p (||U°||2)

Mo o[ - o as )] jor acs s, (o] 1)
L
Mo f-rijofecripta

-], |U°| de+C(T j|U| dx+||U°||

Since @, E(4;) and E, are finite dimensional spaces, there exists a suffi-
ciently large 7, >0, such that for every U" e @;”:IE(M.) , U'eE’,

ARSI AN S G.13
Therefore, for Ue®  E(u),
1) =B o Lo )] ot acs o]

> (3.14)
<Dl el

Where b = mln{”L",C,l} and Cl (m) iS a constant that depends on m. If
U @ E d =| ——< ; h ——2
X . <
S i=—o0 (/ul ) Py an ||U|| C ( ) > t en Jp (U) = 1 ( )

C,(m)>m. Recall that for n>1, d, Z I, where [, is the dimension of

=—n+l1
E(4;). For simplicity, we denote d,=0. For each keZ",let m=m, be the
unique integer such that d,_, <k <d .For i>1, we assume that

E(u)= @ \E, ;, where dimE, ; =1. Define

ij?

. Suppose

1

b ) b
Pe\ac (m) ) T 6C (my)

dyy k=d,,_,
4, :{Ue[iGiE(,ui)J@( @ Em’jj|||U||=pk}.

and
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Hence forany k€Z" and n>1, there exist & >0, p, >0 with p, -0,
and a symmetric set 4, {U eX| ||u|| = pk} such thaty (X, N 4,)=d, +k and
SUPy .y J, <

By Theorem 2.1, J, has a sequence of nontrivial critical points {U k} with
||U,c ||—>0 as k—>oo. Then there exists k, €Z" such that "Uk0 "2 <p for all
k>k,, thus {U k} are also nontrivial critical points of Jand therefore nontrivi-
al solutions of (P') for all k >k . By standard regularity theory, we have
||Uk ||L°° —0 as k —oo. Then there exists k, >k, such that ||Uk ||L® <o forall
k>k . Hence {U,} are also nontrivial solutions of (P) for all k >k and the

theorem is proved.
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