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Abstract 
Holder’s inequality, its refinement, and reverse have received considerable 
attention in the theory of mathematical analysis and differential equations. In 
this paper, we give some refinements of Holder’s inequality and its reverse 
using a simple analytical technique of algebra and calculus. Our results show 
many results related to holder’s inequality as special cases of the inequalities 
presented. 
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1. Introduction 

Holder’s inequality is a fundamental inequality in mathematical analysis that 
generalizes the Cauchy-Schwarz inequality to multiple sequences and different 
exponents. It is used in many areas of mathematics such as probability theory, 
functional analysis, and differential equations [1]. The inequality has been re-
fined and reversed in many ways over the years [2]. For example, the reverse 
Holder inequality is used to deal with square (or higher-power) roots of expres-
sions in inequalities since those can be eliminated through successive multiplica-
tion [3]. Both the holder’s inequality and Cauchy play an important role in many 
areas of mathematics [1]. Several authors have studied and obtained the genera-
lization, refinement, sharpening, variation, and application of this inequality in 
the literature. A family of inequalities concerning inner products of vectors and 
functions began with Cauchy [4]. The extension and generalizations later led to 
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inequalities of Schwarz, Minkowski, and Holder. Inequalities appear frequently 
in algebra, geometry, and analysis; they are powerful mathematical tools that 
appear across different areas of mathematics, helping mathematicians and scien-
tists describe relationships, establish limits and bounds, and solve a wide variety 
of problems [2]. Many researchers have worked on generalization of Holder, its 
reverse, and refinement (see for example [1]-[19]).  

At the heart of Holder’s inequality lies a remarkable mathematical relation-

ship. Given real number p, q, and r such that 1 , ,p q r< ≤ ∞  and 
1 1 1
p q r
+ = , 

and measurable functions f and g defined on a measurable space, Holder’s in-
equality can be succinctly stated as follows: 

( ) ( ) ( )( ) ( )( )
1 1

d d d
p qp qf x g x x f x x g x x⋅ ≤ ⋅ ∫∫ ∫            (1) 

Holder’s inequality has significant implications in various branches of ma-
thematics and analysis, including functional analysis, probability theory, and 
partial differential equations [1]. It is particularly useful in proving convergence 
properties of sequences of functions, estimating norms of integral operators, and 
establishing relationships between different function spaces. Holder’s inequality 
is a crucial concept in mathematics, providing a connection between norms, in-
tegrals, and inner products of functions and vectors. Refinements of Holder’s 
inequality involve adjusting the exponents or introducing additional terms to 
obtain more accurate upper bounds for specific situations [3] [5]. These refine-
ments are valuable when dealing with particular types of functions or when extra 
information about the functions is available. By tailoring the inequality, refine-
ments yield sharper estimates and reveal nuanced relationships between func-
tions [5] [6] [7]. On the other hand, reverses of Holder’s inequality focus on es-
tablishing lower bounds for the given expression [1] [5] [8]. While the original 
inequality provides an upper bound, a reverse inequality gives insight into the 
minimum possible value. Reverses contribute to proving the optimality of Hold-
er’s inequality and understanding the tightness of the bounds it establishes. 
They’re especially useful when trying to characterize scenarios in which functions 
are interdependent in specific ways. 

The aim of this paper is achieved through the following objectives: 1) to use 
algebraic and calculus techniques to improve upper bounds by refining Holders 
inequality; 2) to explore lower bounds through the reverse of Holders’ inequali-
ties refinement. The study is of great importance in Mathematical analysis, in-
formation theory, theory of elasticity, and others. In order to prove the main re-
sults, we need the following lemma.  

2. Lemmas 

The following two lemmas will be needed throughout the proof of our theorems.  
Lemma 2.1 Let , 1a b ≥  and ( )0,1λ∈  we have  
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( ) ( ) ( )

( )( ) ( )

2 2 1

2 2

log 1

1 log ,

as a b A a b a b
b

as a b B
b

λ λλ λ λ

λ

− − + ≤ + − − 
 

 ≤ − − +  
 

 

where { }min ,1s λ λ= − , ( ) ( )1
2 4

sA
λ λ

λ
−

= −  and ( ) ( )1 1
2 4

sB
λ λ

λ
− −

= − . 

Lemma 2.2 Let 0 , 1a b< ≤ , and ( )0,1λ∈  we have 

( ) ( ) ( )

( )( ) ( )

2 2 1

2 2

log 1

1 log ,

as a b A ab a b a b
b

as a b B ab
b

λ λλ λ λ

λ

− − + ≤ + − − 
 

 ≤ − − +  
 

 

where ( ) ( ), ,s A Bλ λ  are given in lemma 2.1. 

3. Main Results 

Theorem 2.1. Let 1 p< < ∞ , 1 q< < ∞ , 1 r≤ < ∞ , with 
1 1 1
p q r
+ = . If f and g 

are two positive functions which admit integral on [a, b] for which there exist 

( )db p
a

f x x∫  and ( )db q
a

g x x∫  finite with ( )d 0
b p
a

f x x >∫ , ( )db q
a

g x x∫  and  

( )
( )

( )
( ) [ ]

d
1 , ,

d

b qp
a

b qp
a

g x xf x
M x a b

g xf x x
< ≤ ∀ ∈∫
∫

. 

Then, we have  

( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

( )

11

1 11

2 2

1 1
2 2

2
2

d
1

d d

d2 1
1 1min , d d

1 1 log
2 1 14min ,

b q
p

a

b bp pp q
a a

p q
b

a

b bp q
a a

f x g x x

f x x g x x

f x g x x

p
f x x g x xp p

p M
p p

p p

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 

− + −
  −
  

  

∫

∫ ∫

∫

∫ ∫
         (2) 

Proof: From lemma 2.1, let 1b = , 
1
p

λ = , 
11 1
p

λ− = − , we have 

( )

1

2 2
2

1 11

1 1 1 11 1 1 log
421 1 1 1max , max ,

pa a
p p

pa M
pp p

p p p p

 
+ − − 
 

    
    

−    ≤ − − + − −       − −
       
        

 (3) 
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Substituting 
( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
a

g xf x x
= >∫
∫

 into (3), we get 

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )

( )( )
( )( )
( )

1

1
2

2

1
2 2

2

d d1 11
d d

dd11 2 1
1 1 dmax , d

1 1 11
42 1 1max ,

b b pq qp p
a a

b q b qp p
a a

p bb qqp
aa

b q qp
b pa
a

g x x g x xf x f x
p pg x g xf x x f x x

g x xg x xf x f x
g xp f x x g xf x xp p

p
p p

p p

    + − −      
   
   
   ≤ − − +
    −
    

   




− + − −
  −

 
 

∫ ∫
∫ ∫

∫∫
∫ ∫

( )2log M

 
 
 
 
  
  

 (4) 

Simplifying (4) completely, we have 

( )
( )

( )
( )

( )
( )

( )

( )( )

( )
( )

( ) ( )

( )( ) ( )( )
( )
( )

11

2 2

1 1
2 2

2

1 1

d d d d

11 2
1 1 d dmax , d d

1 1 11
42 1 1max ,

p q q

b b bp q q
b ppa a a
a

p q
p q

b bp q
b bp qa a
a a

f x g x g x f x
p pf x x g x x g x x f x x

f x f x g x g x
p f x x g x xf x x g x xp p

p
p p

p p

−
+ − −

   
   
   ≤ − − +
    −
    

   
  
  

−  + − −   −
   
   

∫ ∫ ∫ ∫

∫ ∫∫ ∫

( ) ( )
( )

2log
d

q

b q
a

g x
M

g x x







∫

 (5) 

By integrating inequality (5), we obtain 

( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

( )

12 1

1 11

2 2

1
2

2
2

d1 11

d d

d11 2 2
1 1max , d d

1 1 11 log
42 1 1max ,

b
p

a

b bp pp q
a a

p q
b

a

b bp q
a a

f x g x x

p p
f x x g x x

f x g x x

p
f x x g x xp p

p M
p p

p p

 
− 

 

−
+ − −

   
   
   ≤ − −
    −
    

   
  
  

−  + − −   −
   
    

∫

∫ ∫

∫

∫ ∫
       (6) 

Using the fact that, 
1 11

1 1 1 1max , min ,p p
p p p p

− =
   − −
   
   

, in (6) to get 
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( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

( )

11

1 11

2 2

1 1
2 2

2
2

d
1

d d

d2 1
1 1min , d d

1 1 log
2 1 14min ,

b q
p

a

b bp pp q
a a

p q
b

a

b bp q
a a

f x g x x

f x x g x x

f x g x x

p
f x x g x xp p

p M
p p

p p

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 

− + −
  −
  

  

∫

∫ ∫

∫

∫ ∫
          (7) 

This completes the proof. 

Theorem 2.2: Let 1 p< < ∞ , 1 q< < ∞ , 1 r≤ < ∞ , with 
1 1 1
p q r
+ = . If f and 

g are two positive functions which admits integral on [a, b] for which there exit 

( )db p
a

f x x∫  and ( )db q
a

g x x∫  finite with ( )d 0
b p
a

f x x >∫ , ( )d 0
b q
a

g x x >∫  

and  

( )
( )

( )
( ) [ ]

d
1, , .

d

b qp
a

b qp
a

g x xf x
m x a b

g xf x x
< < ∀ ∈∫
∫

 

Then we have  

( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

11

1 11

2 2

1 1
2 2

2
2

d
1

d d

d2 1
1 1min , d d

1 1 1log
2 1 14min ,

b q
p

a

b bp pp q
a a

p q
b

a

b bp q
a a

f x g x x

f x x g x x

f x g x x

q
f x x g x xq q

q
mq q

q q

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 

−   + −    −  
  

  

∫

∫ ∫

∫

∫ ∫
          (8) 

Proof: From lemma 2.2 let 
1
q

λ = , 
11 1
q

λ− = −  and 1a =  we get 

( )

1

2 2
2

1 11

1 1 1 1 11 1 1 log
421 1 1 1max , max ,

pb b
q q

qb
mqq q

q q q q

 
+ − − 
 

    
    −     ≤ − − + − −        − −  
      
        

 (9) 
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Substituting 
( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
b

g xf x x
= >∫
∫

 into (9) we get 

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

1

21
2

2

d d1 11
d d

d11 1
1 1 dmax ,

1 1 11
42 1 1max ,

b b pq qp p
a a

b q b qp p
a a

b qp
a

b qp
a

g x x g x xf x f x
q q g x g xf x x f x x

g x xf x
g cq f x x

q q

q
q q

q q

       + − ⋅ − ⋅        
          ≤ − − ⋅     −            

 
 

−  + − −
  −
     

∫ ∫
∫ ∫

∫
∫

2 1log
m

 
 

  
    

   

 (10) 

Simplifying Equation (10) to obtain 

( )
( )

( )
( )

( )
( )

( )

( )( )
( ){ }

( )( )
( )
( )

( ) ( )

( )( ) ( )( )
( )
( )

( )
( )

11

1 11

2 2

1 1
2 2

2

1 1

d d d d d

211
1 1 d dmax , d d

1 1 1
42d

q
pq p p

b b bq p p
b bp pp qa a a
a a

p q
q p

b bq p
b bp qa a
a a

q

b q
a

g xg x f x f x f x
q qg x x f x x f x x f x x g x x

g x f x g x f x
q g x x f x xf x x g x xq q

g x q
qg x x

 
− 

 

−
+ − − ⋅

   
   
   ≤ − − +    −
         

−
+ − −

∫ ∫ ∫ ∫ ∫

∫ ∫∫ ∫

∫
21 1log

1 1max ,
mq

q q

  
  

        −  
        

 (11) 

On integrating inequality (11), then (11) becomes 

( ) ( )

( )( ) ( )( )

( ) ( )

( )( ) ( )( )

12 1

1 11
2

2 2

1 1
2 2

2
2

d1 11

d d

2 d11 1 1
1 1max , d d

1 1 1 11 log
42 1 1max ,

b
p

a

b b pp q
a a

p q

b bp q
a a

f x g x x

q q
f x x g x x

f x g x x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−

  
+ − −

   
   
   ≤ − − +    −
         
  
  

−   + − −   − 
        

∫

∫ ∫

∫ ∫


 



    (12) 

Using the fact that, 
1 11

1 1 1 1max , min ,q q
q q q q

− =
   − −

  
   

, in (12) we have   

https://doi.org/10.4236/apm.2023.139039


M. O. Tijani et al. 
 

 

DOI: 10.4236/apm.2023.139039 603 Advances in Pure Mathematics 
 

( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

11

1 11

2 2

1 1
2 2

2
2

( ) d
1

d d

2 1
1 1min , d d

1 1 1log
2 1 14min ,

qb p
a

b bp pp q
a a

p q

b bp q
a a

f x g x x

f x x g x x

f x g x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 −   + −    −  
  

  

∫

∫ ∫

∫ ∫
         (13) 

This completes the proof. 

Theorem 2.3. Let 1 p< < ∞ , 1 q< < ∞ , 1 r≤ < ∞ , with 
1 1 1
p q r
+ = . If f and 

g are two positive functions which admit integral on [a, b] for which there exist 

( )db p
a

f x x∫  and ( )db q
a

g x x∫  finite with ( )d 0
b p
a

f x x >∫ , and ( )d 0
b q
a

g x x >∫  

( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
m

g xf x x
< <∫
∫

 

( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

11

1 11
2

2 2

1 1
2 2

2
2

d
1

d d

2 d2 1
1 1min , d d

1 1 1log
2 1 14min ,

b q
p

a

b b pp q
a a

p q

b bp q
a a

f x g x x

f x x g x x

f x g x x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 

−   + −    −  
  

  

∫

∫ ∫

∫ ∫
        (14) 

Proof: From lemma 2.2 let 
1
q

λ = , 
11 1
q

λ− = −  and 1a =  we have

 

( )

1

2 2
2

1 11

1 1 1 1 11 1 1 log
421 1 1 1max , max ,

pb b
q q

qb
mqq q

q q q q

 
+ − − 
 

    
    

−      ≤ − − + − −         − −                 

 

Substituting 
( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
b

g xf x x
= >∫
∫

 into (14) we get 
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( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

1

21
2

2

d d1 11
d d

d11 1
1 1 dmax ,

1 1 11
42 1 1max ,

b b pq qp p
a a

p q b qp p
a a

b qp
a

b qp
a

g x x g x xf x f x
q q g x g xf x x f x x

g x xf x
g xq f x x

q q

q
q p

p p

    + − −      
      
    ≤ − −
    −  

        
  
  

−  + − −   −
       

∫ ∫
∫ ∫

∫
∫

2 1log
m

 
 
 

    (15) 

Simplifying (15) completely to have 

( )
( )

( )
( )

( )
( )

( )

( )( )
( )( )

( )( )

( )
( )

( ) ( )

( )( ) ( )( )
( )
( )

( )
( )

11

1 11

2 2

1 1
2 2

1 1

d d d d d

211
1 1 d dmax , d d

d

q
pq p p

b b bq p p
b bp pp qa a a
a a

p q
q p

b bq p
b bp qa a
a a

q

b q
a

g xg x f x f x f x
q qg x x f x x f x x f x x g x x

g x f x g x f x
q g x x f x xf x x g x xq q

g x

g x x

 
− 

 

−

 
 
 + − −
 
 
 

   
   
   ≤ − − +    −
         

+

∫ ∫ ∫ ∫ ∫

∫ ∫∫ ∫

∫
2

2

1 1 1 11 log
42 1 1max ,

q
mq q

q q

  
  

−    − −     −          

 (16) 

On integrating Equation (16) with respect to x, we get 

( ) ( )( )

( )( ) ( )( )

( ) ( )

( )( ) ( )( )

11

1 11
2

2 2

1 1
2 2

2
2

d1 11

d d

2 d11 1 1
1 1max , d d

1 1 1 11 log
42 1 1max ,

b q
p

a

b b pp q
a a

p q

b bp q
a a

f x g x x

q q
f x x g x x

f x g x x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
+ − −

   
   
   ≤ − − +
    −
         

  
  

−    + − −     −          

∫

∫ ∫

∫ ∫
     (17) 

Using the fact that, 
1 11

1 1 1 1max , min ,q q
q q q q

− =
   − −

  
   

, in (17) we have   
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( ) ( )( )

( )( ) ( )( )
( ) ( )

( )( ) ( )( )

11

1 11
2

2 2

1 1
2 2

2
2

d
1

d d

2 d2 1
1 1min , d d

1 1 1log
2 1 14min ,

b q
p

a

b b pp q
a a

p q

b bp q
a a

f x g x x

f x x g x x

f x g x x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
−

 
 
 ≤ −
  −
  
  

 
 

−   + −    −  
     

∫

∫ ∫

∫ ∫
         (18) 

This completes the proof. 

Theorem 2.4. Let 1 p< < ∞ , 1 q< < ∞ , 1 r≤ < ∞  with 
1 1 1
p q r
+ = . If f and 

g are two positive functions which admit integral on [a, b] for which there exist 

( )db p
a

f x x∫  and ( )db q
a

g x x∫  are finite with ( )d 0
b p
a

f x x >∫ , ( )d 0
b q
a

g x x >∫ , 

then 

( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
m k

g xf x x
< <∫
∫

, [ ], , 0x a b k∈ >  

Proof: Taking lemma 2.1, let 1a = , 
1
q

λ = , 
11 1
q

λ− = −  we have 

( )

1

2 2
2

1 11

1 1 1 1 11 1 1 log
421 1 1 1max , max ,

1

pb b
q q

qb
mqq q

q q q

 
+ − − 
 

    
    

−      ≤ − − + − −         − −                 

 (19) 

Substituting 
( )
( )

( )
( )

d
1

d

b qp
a

b qp
a

g x xf x
b

g xf x x
= >∫
∫

 into (19) we get 

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

1

21
2

2

d d1 11
d d

d11 1
1 1 dmax ,

1 1 11
42 1 1max ,

b b pq qp p
a a

b q b qp p
a a

b qp
a

b qp
a

g x x g x xkf x kf x
q q g x g xf x x f x x

g x xkf x
g xq f x x

q q

q
q q

q q

    + − −      
      
    ≤ − −
    −  
         
  
  

−  + − −   −
     

∫ ∫
∫ ∫

∫
∫

2 1log
m




 
     



    (20) 
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Simplifying Equation (20) completely to have 

( )
( )

( )
( )

( )
( )

( )

( )( )
( )( )

( )( )

( )
( )

( )

( )( )
( )

( )( )
( )
( )

( )
( )

11

1 11

2 2

1 1
2 2

1 1

d d d d d

211
1 1 d dmax , d d

d

q
p pq p p

b b bq p p
b bp pp qa a a
a a

p q
q q

b bq q
b bp qa a
a a

q

q
a

g xg x kf x f x k f x
q qg x x f x x f x x f x x g x x

g x k f x g x g x
q g x x g x xf x x g x xq q

g x

g x x

 
− 

 

−

 
 
 + − −
 
 
 
  
  
  ≤ − − +
   −
    

   

+

∫ ∫ ∫ ∫ ∫

∫ ∫∫ ∫

2
2
1 1 1 11 log

42 1 1max ,
b

q
mq q

q q

  
  

−    − −     −  
   
    

∫

 (21) 

On integrating Equation (21) with respect to x, we have 

( )

( )( )
( )( )

( )( )

( ) ( )

( )( ) ( )( )

11

1 11

2 2

1 1
2 2

2
2

d1 1

d d

211 1 1
1 1max , d d

1 1 1 11 log
42 1 1max ,

q
p p

b bp pp q
a a

p q

b bp q
a a

g x xk f x
k

q q
f x x g x x

k f x g x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
+ − −

   
   
   ≤ − − +
    −
    

   
  
  

−    + − −     −         

∫ ∫

∫ ∫
    (22) 

Using the fact that 1 11
1 1 1 1max , min ,q q
q q q q

− =
   − −
   
   

 in Equation (22) we 

have 

( )

( )( )
( )( )

( )( )
( ) ( )

( )( ) ( )( )

11

1 11

2 2

1 1
2 2

2
2

d

d d

d2 1
1 1min , d d

1 1 1log
2 1 1min ,

q
pP

b bp pp q
a a

p q

b bp q
a a

g x xk f x
k

f x x g x x

k f x g x x
q

f x x g x xq q

q
mq q

q q

 
− 

 

−
−

 
 
 ≤ −
  −

   
  

 
 

−   + −    −  
  

  

∫ ∫

∫ ∫
      (23) 
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This completes the proof. 

Theorem 2.5. Let 1 p< < ∞ , 1 q< < ∞ , 1 r≤ < ∞ , with 
1 1 1
p q r
+ = . If f and 

g are two positive function pf L∈ , qg L∈  with 0pf > , 0g >  for which 

there exist 

[ ]1 , , , 0
q

p
q

p q
p

gf M x a b M
gf

< ≤ ∀ ∈ >  

Proof: Taking in theorem 2.2, 1b = , 
1
p

λ = , 
11 1
p

λ− = − , we will obtain  

( )

1

2

2

1 11

1 1 1 11 1 1 log
421 1 1 1max , max ,

pa a
p p

pa M
pp p

p p p p

 
+ − − 
 

    
    

−    ≤ − − + − −       − −
               

 (24) 

Putting 1
q

p
q

p q
p

gfa
gf

= ⋅ >  we will have 

( )

1

21
2

2
2

1 11

11 1
1 1max ,

1 1 11 log
42 1 1max ,

q q pp p
q q

q p q
p

q
p

q
p q
p

g gf f
p f pg gf

gf
gp f

p p

p M
p p

p p

    ⋅ ⋅ + − − ⋅      
          ≤ − ⋅ −     −           
  
  

−  + − −   −
        

              (25) 

Simplifying (25) completely we get 

( )

( )

11

11

2 2

2 2

2
2

1 1

1 21
1 1max ,

1 1 11 log
42 1 1max ,

q
pp q q

p q q
qp pp q q
q

p q
p q

p p q q
p qp g

f g g f g
p p ff g g

g

f f g g
p f gf g

p p

p M
p p

p p

 
− 

 

−

 
 
 + − − ⋅
 
 
 
 

  
  ≤ − − +   −         

  
  

−  + − −   −
        

            (26) 
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On Integrating both sides we have; 

( )

( )

11

11

2 2

2 2

2
2

1 11

2 d
11 1 1

1 1max ,

1 1 11 log
42 1 1max ,

q
p

q p
p q

p q

p q

p g

f g
p p

f g

f g

p f g
p p

p M
p p

p p

µ

 
− 

 

−

Ω

+ − −

  
   
   ≤ − − +
    −
    

    
  
  

−  + − −   −
       

∫
            (27) 

Using the fact that 
1 11

1 1 1 1max , min ,p p
p p p p

− =
   − −
   
   

 in Equation (27) we 

have 

( )

( )

11

11

2 2

2
2

2 2

1

d
2 1 11 log

21 1 1 1min , 4min ,

q
p

q p
p q

p q

p q

p g

f g

f g

f g
p M

pp pf g
p p p p

µ

 
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∫
 

This completes the proof. 
The refinement of Hoders’ inequality explain the fact that 1/∞ means zero. In 

the above proof, if p = ∞ , it means that f
∞

 is equivalent to essential supre-
mum of f ; also, in the Holder’s inequality, 0×∞  and 0∞×  means 0. The 
above mathematical analysis finds application in both algebra and calculus in the 
area of mathematics. 
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