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Abstract

The present paper gives the proof of the set of primes as continuum and eva-
luates the analytical formula for the integral of the inverse of the primes over
the distance. First it starts with the density of the primes, shortly recapitulates
the prime-number-formula and the complete-prime-number-formula, the proof
of the set of primes as continuum. The theoretical evaluation is followed in
annexes by numerical evaluation of the theoretical results and of different con-
stants, which represent inherent properties of the set of primes.
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1. Introduction

For the integrability of the inverse of the primes it is a prerequisite, that the set
of primes represents a continuum, meaning that the difference between adjacent
primes relative to the value of the prime (distance from the origin) approaches
zero.

In order to prove this prerequisite condition all steps starting with the density
of the primes, their number and their distribution is shortly repeated, with ref-
erence to more detailed evaluations.

First the density of the primes as inverse of the logarithm of the distance is
repeated using the fundamental identity of Riemann (see ref. [1]), followed by
the approximation of the integral of the density by summation. The error of
this approximation is compensated by a recursive formula (see ref. [2]). This
involves the evaluation of a constant factor as inherent property of the set of
primes.

The next step is the prime-number-formula and the proof, that this formula
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represents the low limit function of the number of primes, including its disper-
sion around of the exact value, which is evaluated with the recursive formula,
given by the complete-prime-number-formula (see ref. [2]). The standard devia-
tion of the dispersion is proportional to the number of primes present up to the
square root of the distance. The factor of proportionality is again an inherent
property of the set of the primes.

The difference between the exact number of the primes over the distance and
the corresponding value of the prime-number-formula is proportional to the
square of the number of primes present up to the square root of the distance.
The factor of proportionality is a further inherent number of the set of the
primes.

The fact, that the primes represent a continuum is proved by the fact, that
within an interval equal to the square root of the distance, at any distance there
is at least one prime present. This is achieved by reflecting the sets of the primes
over a point at any distance (see ref. [3]), resulting the double density of occupa-
tion by the series of multiples of the primes. This reflection is used in the above
reference to prove Goldbach’s conjecture and the infinity of k-tuples of primes,
including twin primes.

Finally, the integral of the inverse of the primes is achieved using the analogy
of the evaluation of the inverse of integers resulting Euler’s constant. The proof,
that the set of the primes represents a continuum, rendering the integral of the
inverse of the primes as variable is a very important fact in prime number

theory.

2. Density of Primes

For the local density of positions meeting the requirement of the first constrain,
the constrain of non-divisibility, the following lemma is formulated:

Lemma 2.1:

The density of primes at the distance (¢) from the origin corresponds to the
density of positions left free by the union of the series of multiples of the first
(R(c)= 7:(\/; )) primes, for long distances it is approaching the inverse of the
logarithm of the distance: ( 1/ In(c)).

This lemma may be proven two ways:

Proof 1: The series of multiples (arithmetic progression) of any prime (P(n) )

1
covers a subset of all positive integer positions, representing the (—— )-th part

P(n)

of all integer positions. The share of integer positions not covered by the series

of multiples of each of these primes is: (1 —% ). The share of free positions is
n

multiplicative. Therefore, starting with the first prime, up to the (R(c))-th

prime the share, or density of the remaining free positions—which are not cov-

ered by the union of the series of multiples of all the first (R(c)) primes—is

given by the Euler product. For the primes this gives:
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R((?) 1
11— (2.1)
i F

The fundamental identity of Riemann (see ref. [1]) gives, for (s=1) the iden-
tity of Euler, with (n) running though all positive integers and considering, that

at (c= P(n) ) only the first (R(P(”))) primes are covering formerly free positions

. ﬁ) ! 1 . {Zc:l]] ( jldx]
im -S| |Fhmy 2 = = yF) T
e P(n) el =/ g 1 X

1 1 1

“7+In(e) In(e -c) “In(s, )

is:

-1

(2.2)

The constant above is the Euler’s constant (¥ =0.577215664901532). This
gives the product density of free integer positions at the distance (¢ =P(n)),

written with the constant of Mertens ( §, =¢” ) as the Euler-product.

tim| 8, T 1-- :lim[il—yj_lz [La]-— @3
o] 2 e P(/) oo\ S X ln(c)

Proof 2: The Euler-product may be evaluated with the following recursions

formula:

R((‘) 1 1
Dﬁ‘eeiEu (C) = H|:1 __:l H Dﬁ‘ee_Eu(o) =1 > Df’reeiEu(”) = DfreeiEu(”,l) : I:l _P_]

i) ‘ (0
(2.4)

This recursions formula may be written as follows:

d

D
_ _ Jree()
Dﬁ'eé’(,,u) - Dﬁ‘ee(,,) + (al)ﬁee (x)j Ax = Dfree(ﬂ) -

Ax if AXZ}?’H])—P(V‘)

(2.5)

X

The total density of occupation by the union series of multiples (arithmet-
ic progression) of all primes—following the location of the (22 + 1)-th prime—is
equal to the density of occupation by the series of multiples of all primes up
to the location of the (22)-th prime plus the rise of the average density of oc-
cupation by the series of multiples of the (2)-th prime, if the prime ( I’(n+1)) is
reached.

What is the analytical representation of the local density of free positions fol-
lowing the (n)-th prime in explicit form? To answer this question, the above re-
cursions formula must be transformed into a differential equation and solved.

By this transformation the discrete integer variable ( £, ) must be replaced by
the continuous (real) variable (x) covering the set of all positive real numbers.

The density of occupation by the series of multiples of the (z2)-th prime is (1/Xx).

free(, . . .
The density of free positions decreases by (—"L Ax) if the next primes is
x

reached. The transformed recursions formula is the following:
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d D'ree X ’
(aDﬁee(x)j'sz——/ x( ) - Ax (2.6)

The differential equation of the local density of tree positions is herewith:

1 d d -l -1
2 —D ree = (27)
D./'ree (x) [dx ’ (X)j dx Dﬁc'c'( ) X

Integrated, the following solution for the logarithmically distributed “primes”
is obtained:
d -1 -1 1

4 - . p ——— C=1 for best fitti 2.8
() x DTyt €71 forbestfting G

dx D

Equations (2.3) and (2.8) correspond to the lemma, concluding the proof.

3. The Number of Primes

De la Valée Poussin proved 1899, (ref. [1]), that the number of primes up to the
distance (¢) is given by the integral of the logarithmic density, which may be

written as sum over all integers:
ro1 ¢ 1
n(c)=Li(c)+0(c)=|——-dc; 7, (c)=) —— 3.1

(©)=Li(e)+0(e) = [ 5des 7 (S G

This above sum may be written as summing up first over all integers within

the sections of the length (\/Z ) and then summing up over all the (\/Z ) sections

of the length (e). Taking the average value over each section and summing up

over the sections is a first simplification (see Annex 2 and Annex 3), in the fol-
lowing used as sum over all sections:

c 1 c| e 1 e \/Z
72.[1 2 c)= ~
v ( ) nZ;ll'l( ) Z[n (- l)ﬁln(}’l):| ;ln(l\/z)

Jj=2
The well proven prime-number-formula PNF results from a second simplifi-

(3.2)

cation of the above approximation by taking for each of the sections the smallest
value of the density at ( j = Je ):

SV (-3 © _5(0)
Zin(j e) 20 (f ) o)

The difference between the first simplification of the number of primes and

(3.3)

the value resulting from the PNF, (ref. [2] [3]), is proportional to
2
(R(c)2 = S(\/Z) ), the square of the number of primes up to the distance (\/E ):

Vo § Je & i e &
Z(jde) En(lee) Zn(je) ) X

- _‘—)—S(c)=n-R(c>2

(3.4)

because the value (y,) quickly and asymptotically converges to a constant value
(Annex 2):
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__ 1 .(ﬁ In(c) _Je (3.5)
&

Thus, the error of the second simplification resulting the PNF at the distance
(¢) is proportional to (R(c)2 ), the square of the number of primes present at
(\/E ). The factor of proportionality is (., =0.28313 ).

The relation between the error of the PNF at (¢) and the square of the number
of primes up to (e ) is invariant. The constant factor of proportionality (7, ) is
an inherent propriety of the number of primes.

The systematic error of the PNF may be corrected by recursive application of
a correction, resulting the complete-prime-number-formula (CPNF) below, eva-

luated and demonstrated in ref [2]:

el ()

B \/Z Je ¢ o2
B (€)= 2t 2| Ve 2 — 7
In(j-Ve) ()

(3.6)

J=1 ] ' m=1 J=l om+l

In| j-c

This formula converges very fast: two steps with (m=2) are already suffi-
cient.
The factor (y,,, =—0.036765 )—as an inherent property of the set of primes—is

evaluated in Annex 3.

4. The Set of Primes as Continuum

The proof of the fact, that the set of primes represents a continuum is based on
the proof, that within an interval equal to the square root of the distance to the
origin there is always at least on prime present. If this is the case, then the dif-
ference between consecutive primes is smaller than the double value of the in-
terval and—relative to the size of the distance—its value approaches zero with
the distance growing.

For the proof, that within an interval equal to the square root of the distance
there is always a prime present, the double density of occupation by the union of
the series of multiples of the primes (arithmetic progression) is introduced. This
double density of occupation is—as it is explained below—symmetric over the
point of reflection. Consequently, if within the first interval of the length equal
to the square root of the distance (c) there are primes present, then the same
amount is present within the last interval of the same length just below (2-¢ ).

Reflecting the series of multiples of any prime over a point at the distance (c)
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from the origin results the double density of occupation by this prime if the
prime is a relative prime to (c). This, because the positions covered by the
straight and the reflected series of multiples are mutually exclusive, if (¢) is
equal to a prime. The integer positions remaining free by the double density of
occupation represent equidistant primes to the point of reflection, composing
diads (see ref. [2]). If any of the primes is dividend of the distance of the point
of reflection (c¢), then the reflected series of multiples of this specific prime does
not cover additional positions: The double density of occupation—with (c) as a
prime—represents the minimum of positions left free by the double density of
occupation.

The local density of free positions left by the density of occupation by the
straight series of multiples of primes at the distance (d, 2<d <c) below the

1 1
ln(c—a’)

point of reflection is ( ), by the reflected series it is (1— ). The
combined local density of free positions is evaluated in ref. [2] yielding with the

n(c+d)

constant (5, =1.320324) having the double value of the twin prime constant
(C2) defined by G. H. Hardy and John Littlewood, see ref. [4]:
52 52
>
In(c—d)-In(c+d) ln(c)z

Similarly to the evaluation of the number of primes as simplification of the

Dlnml(c’d): (4.1)

integral of the local logarithmic density of primes in (3.1), the best estimate of
the local density of the diads results as simplification of the integral of the above
density by taking the sum over all integers (this same generalization from the
primes to the twins, respectively to the k-tuples was made already by Hardy and
John Littlewood):

c 52

ﬂ.diadsiappr (C) ~ Z

=l 1n(c_d)'ln(c+d) (4.2)

This above sum may be written as summing up first over all integers within
the sections of the length (+/c) and then summing up over all the (+Jc ) sections
analogue to (3.2). Taking the average value over each section and—as a first
simplification—summing over the sections gives the best estimate value of the

number of diads:

J

e 5,
,,:(,.Zl),ﬁ In(c—n)-In(c+n)

5, e
11n(j~\/z)~ln(2-c—j-\/2)

Similarly, to the second simplification in case of the primes in (3.3), the low

M&

ﬂ-diadsiappr (C) = 4

~
o

(4.3)

5

Q

J

limit of the best estimate number of diads results with the density taken for all
sections of the length (<) at the upper limit of the sections at ( j =+/c ) the di-
ads-number-formula (DNF):

S

5, e 5, -c
jads ) = pnr = = 4.4
k- () = o () 2 (Ve o) Inf2c e Ne) m(e)
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This function represents the absolute low limit of the best estimation of the
number of diads at (¢). This corresponds with the fact, that the standard devia-
tion of the dispersion of the effective number of diads around its best estimate
value, divided by ( R(c))—the number of primes up to (Ve )—converges to a

constant value (see ref. [2]):

2
. . 1 7Z-iasarc _ﬂ-iaxec
ll_r)gSDMml(c)=11_r)g\/z-ZC:[ diads_app <R>(c)"’ “’”’“] =0.018035  (4.5)

Therefore, the dispersion of the effective number of diads grows proportional
to (R(c)").

It is known, that at the distance (¢) the difference between the effective num-
ber of primes (7 (c)) and the PNF is proportional to the square of the number
of primes up to (\/E ), see (3.4) and ref. [2]:

2
. (c)-S(c)=7.- i with the constant (¥, =0.28313) (4.6)
o ‘ ln(\/z ) ‘

This identity allows to state, that the difference between the best estimate
number of diads and the DNF is greater, than the distance (¢) divided by the
square of the logarithm of the distance ( ln(c)2 ), multiplied by a constant
(4-6,-4,=1.49524):

ATty (€)= 7C diads _appr (c)- 7L diads _low (c)
& 5, e 5, ¢ (4.7)

> —_
jz_;ln(c)-ln(lc—jw/g) ln(c)2
Because of symmetry of the double density of occupation and with (4.2) follows:
5, & e 5,-c 6, 5, -c

AT, = - = . - 4.8
7 diads (C) ln(c) ; 1n(j \/Z) 111(0)2 ln(c) 7 appr (C) 1n(c)2 (4.8)
With (4.7) follows:
52 . . 2\ 52
Aﬁdiads (C) - 111(6') (S(C)+ 7/0 R(C) ) 1I1(C)2
(4.9)
_ 52'CZ+7L»'52'20 _ 52'02:4_76.52.%
In(c)”  In(c) In(c) In(c)

The DNF (4.4) taken at (% ) gives the number of diads within the first sec-

tion of the length (¢ ). Because of symmetry in case of the double density of
occupation the same amount of diads is present within the last section at

(2-c— %) of the same length and they are growing to infinity:

s e
2'7 _2.52.\/2

In [\/2]2 In (\/Ejz
2 4
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If in case of the double density of occupation at (2~c—\/z ) the number of
free positions within the last section of the length ( Je)is rising without limit to
infinity, then this is certainly the case as well within the larger distance of the
length () and even more in case of the single density of occupation.

The same is the case within the section of the length (\/ﬁ ) following (2-¢ ),
respectively within the section of the length (\/ﬁ ) following (c¢). This, because
the first free position covered by the series of multiples of the smallest possible

prime greater then ( P( #(0)) ), equal to ( P( R(c+1) ) is already greater than (¢ + Je ).
This smallest prime must be (P(R(C)H) >+/c+1) in case (P(R(c))) and (P(R(c)+l))

are twins. In this case (FZ Ry ZNVEF 1) and the square of this smallest possible

)+1)
prime is already over (¢ + Je ):

2 2 2

[P<R<c)+l)J :[P(Rw)“} :[P(R(C)J T4 Ry 4
z(f—1)2+4-(JZ—1)+4 (4.11)
=c-2-Je+l+4-Je—4+4

=c+2-Jc+1>c+e

Herewith the low limit of free positions left within the section of the size ( \/; )
following (¢) is not smaller, than the number of free positions within the last
section of the same size just below (¢).

It follows, that the set of the primes up to (P( #(0) ) normed with this last prime
represent—as limit—is a continuum, since for any prime within the set the fol-

lowing limit is valid:

Roy Ry _Hom *24H) H1I7 Ry 2B *T 3 (w12
P(p) P(p) P(P) P(p)
P(P+1) B P(p)
lim =0 and herewith: lim————==0
poe | P po®© P
(#) (»)

The knowledge of the function of the exact value of the number of the primes
allows for the evaluation of the standard deviation of the effective number of the
primes around the exact function, given in ref [2]. From the constancy of the
relative value of the standard deviation follows the integrability on the inverse of
the primes.

Additionally, the following facts prove the infinity of the number of primes
within the last section:

One of the proofs of the infinity of the number of primes states, that there is
always a new prime, since the product of all known primes plus one is certainly
not divisible by any of the known primes.

But the number equal to the product of all known primes less one is certainly
another prime too. The two neighboring positions to the product of all known

primes are twin primes. Their number is therefore infinite as well.
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5. The Integral of the Inverse of the Primes

With (4.12) the set of the series of multiples of all primes up to (P( 20)) ) normed
with even this last prime represents—as limit—a continuum. As an analogy for
the integrability of the inverse of the primes the integral of the inverse of the in-
tegers giving the formula of Euler may be taken:

1_6

V4

q
jl.dx=1n(e7.q):y+1n(q); 7 =0.5772156649015329  (5.1)
1 X

The value of the Euler constant accounts for the surface difference between
the analytical function and the stair function corresponding to the summation,
as shown in the figure below, with (¢) an integer and (x) a real variable. The
surface below the lower stair function of the harmonic series is obviously always
smaller than the surface below the analytical function (1/x) see Figure 1. This
difference accounts for ( y ).

In case of the primes a similar corresponding relation may be evaluated.
Compared with the harmonic series, the surface between two primes the surface
is smaller:

L% i(r,)-(r, ) 62

(pr) =Ry

1
Thus (—) must be replaced by ( ) in the integral. Relation (5.1) may
r

1
r~1n(r)

be written for the primes—with the constant ( y,, )—as follows:

P 1 [P(l)]yp 1

r-In(r) et ln(ln(P(”)))

el o )

The constant (y, =1.261503) is evaluated in Annex 6, again an inherent

(5.3)

property of the set of primes.

1
)
1
a 1
X
1
F()P+1 )
sz) |?p+1) q

Figure 1. Comparison of the contribution of the surface between two consecutive primes
to the integral of the inverse of the real variables, resp. of the inverse of the primes.
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The sum of the inverse of the primes approaches slowly a final value. The dis-
persion is decreasing with the distance, but for the evaluation of its standard

deviation a larger set of primes should be used, as in the present paper.
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Annexes

Annex A1l: Definition of Vectors and Variables for the Numeric
Evaluation

First some general functions and values are defined: Based on the requirement of
the constrain of non-divisibility by all smaller primes, a set of consecutive primes
is evaluated and written to a file. From this file they are read:
(P =READPRN("Primes _large.pr"), Ry =1).

The number of the primes in the set and their numbering are:
(N, =rows(P)-1, N,=5003713, n=1,2,--,N,).

The complete-prime-number-formula CPNF is evaluated with the following

routine (floor and ceil stand for round down and round up):
exp_(x)=¢"; 7, =-0.036765: c_exp(c,m):= exp(%) (A1.1)

Tappr (¢) := |m « 1 %

ﬂoor(\/_c) ‘\/I:
S « Azl 7—”1 i 1/;
j=
while m < ‘\/_c

floor(c_exp(c,m)) ¢ exp(c.m)
ﬂoor(#)

m
A ) < (Yscc.) In(j -c_exp(c,m))

(m
i=1
break if A(m) <1

SeS—A(m)

me«m+ 1

S « ceil(8)

For the evaluation of the number of the next smaller prime to the distance (¢)
the routine (n,,, (¢,n,, )) resulting the index (n) of the prime next to any integ-
er is needed (P(n) <c< P(n ) ). The evaluation starts either at the last evaluated
index (n,, ), or at the index resulting from the complete-prime-number-for-
mula (see Al.1 and ref. [2]). This, to shorten some of the evaluation processes.
In case (fzn)) is greater than the distance, the index is lowered. In case it is
smaller, the index is risen until the corresponding prime is just smaller, or equal
to the distance:

nnext(c,nlast) = |if =0 .
n < floor(Tappr (¢)) if niast = 1
n < npgst otherwise
Resen if e=P
while P(n) >c if P(n) >c

nen-1

(A1.2)

Res <~ n

while P <c if P <c

(n) (n)

nen+l

Res < n — 1

Res < 0 otherwise
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Further functions are the formula evaluating the index of the next smaller

prime to any distance and to the square root of any distance.

Sy (¢) =1,y (c:1)5 Ry (c)=n,, (\/E,l) ; S(c)= < R(c)= i (A1.3)
§ In (\/Z )
For the visualization of the results of the analysis the functions will be taken at

sparse values, at distances corresponding to multiples of the square root of the

largest prime considered.

P
(Vp)
AA, :ﬂoo”(wlFZN,,) )5 K :‘ﬂOO{E}—ZS

sp

k=12k

limit H csp( k

[ =k-A, (A1.4)

The vectors of the indexes of the primes next smaller to these sparse distances
(P <P
(s ) [”ww)
P <.c, <P
( (nsp ) s [
*) (k1)
They are evaluated once and written to files. They are read from these files:

Ty = Mo [csp(k),l}; L. :nmt[ /csp(k) ,l:l (AL.5)

WRITEPRN ("index_distance_sp.pm") =7, ;

)<C

g ) ), respectively to their square root

)), are evaluated as (n,, (c)) respectively as (n,, («/Z ) ).

7, = REDPRN("index_distance —sp.prn")
WRITEPRN ("index_distance_sqr_sp.prm") =7

sqr_sp
7 = REDPRN(("index_distance —sqr_sp.prn")

sqr_sp

Annex A2: Evaluation of the Number of Primes as Sum over
Sections

The number of primes as sum over sections is evaluated with (3.2) as a first sim-
plification:

ﬂoor(«/;) \/_

c
Tre aor (€)= O (A2.1)

= 2

The number of primes resulting from the second simplification (3.3) results
the PNF. The difference between the first and the second simplification results
the error of the PNF. At the instance (¢) it is proportional to (R(c)2 ), the square
of the number of the series of multiples of primes, which are covering positions
at the distance (¢). The factor of proportionality is evaluated over the distance as

follows:
Zooe e (€)=5(¢)
Rc)2
& c c ln(\/Z) 1
Zin(je) W@ | Ve R

Ve _appr_ (c) =

~
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o [l ln(\/% ) 1

ycia r = . Z - CS (A22)
PPr_ (k) R(Csp(k)) = ln(j- e, ) 2\ P

The factors are evaluated once and written to a file. They are read from this
file:

(%)

WRITEPRN("gamma_c_appr_sp.prm")

= 7(‘7{1ppr7

=REDPRN("gamma_c_appr_sp.prn")

yciappri

The factors are approaching a constant value:

=0.28313

e ¢ appr — 7 c_appr _(Kjipiy )

as illustrated in Figure A2.1.
The approximating function is evaluated at sparse distances, respectively at

the next smaller prime to these distances (P( ) < Coy <FE ) ) with (2.2).
"sp (k) "sp(k+1)

They are evaluated as well at the square roots of these distances. The evaluation
at the next smaller prime corresponding to each distance assures, that the eva-

luated numbers of the primes correspond exactly to the distances considered:

7sec_appf(k) = Vsee_appr_ B > Vsqr_sec_appr_ P (A2.3)
”Sp(k)

[”»“I’,W(k) :|
They are evaluated once and written to files. They are read from these files:
WRITEPRN("pr_sec_appr_sp_t.pm")=7,, ...

7, = REDPRN("index_distance —sp.prn")

WRITEPRN("pr_sqr_sec_appr_sp_t.prn") =7

sqr _sec _appr

Zogr see apr = REDPRN("pr_sqr_sec_appr_sp_t.prn")
| |

0.4 ]

"fc_appr_(k)oj .

Nc¢_appr 0.2 B

TTr 0.1 ]
0 ] |

0 4 x10° 8 x 10°

k

Figure A2.1. Relation of the error of the prime-number-formula to the square of the
number of the series of multiples of primes, which are covering positions, over the dis-
tance.
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Annex A3: Evaluation of the Factor of Correction of the First
Simplification

The result of the first simplification (3.2) giving the sum over the sections of the
density of primes has an error. This error is proportional to the number of
primes up to (+Jc). The error relative to (7[(\/; )) results the factor of correc-
tion. Assuming the factor of correction (y,, ) is constant over the distance (¢), it
may be evaluated as relation of the average error to the effective number of

primes ( 7[(\/; ) =T ). The average error is:

A

k
sec() = ﬂ’xeciappr(k) _ﬂ-sp(k) 5 Aﬂsecia\/(,‘.) = .

- Z[Mm(k) } (A3.1)

j=

x| -

The value of the factor of correction is herewith:

Aﬂsec w\C \/E'Aﬂ-xeciav,
o)z 2t .

> Ve N Ysee = Vsee - =-0.036765
ﬂ'(\/g) —(k) ﬂsq;~7sec'7app;ﬂ(k) —(k.imit)

(A3.2)

Figure A3.1 shows the independence of the factor of correction (y,, ) from
the distance. The averaging process (A3.1) to evaluate the factor of correction is
therefore justified. This factor (y,,, =—0.036765) is invariant, an inherent prop-
erty of the prime numbers. It is important because it is applied in the recursive

formula of the complete-prime-number-formula CPNF.

0.4 -
An sec(iy 0.2 Vseci(k)*y sec. 0.2 -
YV sec. —_— 0
nsqr_sec_appr(k) 02 0 ook ]
-0.4C | | -
-0.6
0] TPk

Figure A3.1. Convergence of the relation of the average relative error of the first simpli-
fication (3.2) to the final constant value (., ).

Annex A4: Evaluation of the CPNF and the Error of the Second
Simplification
The results of the CPNF are evaluated with (Al.1) once at sparse values of the

distance ( Cons ), written to a file are read from this file:

T =T | P (A4.1)
PPI{k) pp _{ [”W(k)]:l

WRITEPRN("Pi_appr_sp.prn") = 7, = REDPRN("Pi_appr —sp.prm")

appr > Tappr

Figure A4.1 indicates that the standard deviation of the dispersion of the ef-
fective number of primes around its approximation is rising proportionally to
(R(c)), the number of the series of multiples of primes, which are covering in-
teger positions at this distance (¢). The dispersion of the evaluated values relative
to the effective number of primes at (\/E ) is about constant over the distances

up to (¢): There is no systematic error.
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T T T T
1 T T T T 0.4k |
0.5— 7 Yci(k)()}__; -
&mprﬁrel(k) 0 Ye 02F -
—0sf 1 oI n
¥ | { ! { 0 I I I I
k k

Figure A4.1. The relative dispersion of the difference between the effective number of
primes and its value evaluated with the complete-prime-number-formula (CPNF) and the

relation of the error of the PNF to ( R(C)2 ).

A _ Ty ™ P
s appr_rely
(k) R
eff Csp(k)

With the results of the CPNF the factor of the proportionality (y, ,,,. ) of the
error of the PNF relative to the square of the number of primes present up to
(\/E ) evaluated in (A1.2) with (3.4), is reevaluated with the more exact differ-

ence as illustrated in Figure A4.1:

(A4.2)

)
-8 PP k) g
):M M =0.28313 (A4.3)

’ yc(k) - R{ 2 T :}/c*(klimit)
”-vp(k)}

Annex A5: Evaluation of the Standard Deviation of the Dispersion
of the Effective Number of Primes around the CPNF

The standard deviation SD of the relative dispersion (4.5) is evaluated as follows:

2
1< [ﬂ“PP’(/) BT J
SDAﬂ_appr_rel(k) = _Z

k — 2
Jj=1 Rgﬂ |: csp(j) :|

The results are evaluated once and written to a file. They are read from this
file:

(A5.1)

WRITEPRN("SD_Aprime_sqr_appr_rel.prn") = SD,

Az _appr _rel

SD

Ar _appr_rel

= REDPRN("SD_Aprime_sqr_appr_rel.prn")

The average of the relation of the standard deviation converges to a final val-

ue, to the factor of proportionality (). This factor is evaluated as follows:

SD

1 k
Az _appr_rel _avy = ; : ;SDAﬂiapprfrel(k) (ASZ)

The results are evaluated once and written to a file. They are read from this
file:

WRITEPRN( "SD_Aprime sqr appr_rel av.pm ") =SD av

Az _appr_rel —

SD

Az _appr_rel —

av=REDPRN ("SD_Aprime_sqr_appr_rel_av.prn")

The constant factor is equal to the final average value of the standard devia-
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tion at large distances. The figure below illustrates that the standard deviation is
about constant over the distance. This fact rectifies taking the average over the

whole distance for the evaluation:

Fy 4, =SD =0.160989 (A5.3)

Az _appr_rel _aviy, . 1)

Figure A5.1 indicates that the standard deviation of the dispersion of the ef-
fective number of primes around its approximation is rising proportionally to
(R(c)), the number of the series of multiples of primes, which are covering in-
teger positions at this distance (). The factor of proportionality ( Fy, ,,) is

again an inherent property of the prime numbers.

SDAn_appr_rel (k)0-2 —

FSD An 0.1F -

0

Figure A5.1. Dispersion of the standard deviation of the dispersion of the number of
primes around its average, the resulting constant value ( £, )

Annex A6: Evaluation of the Constant of Integration and of the
Dispersion of the Sum of the Inverse of the Primes around Its
Approximation

The value of the constant (y, ) is evaluated the following way with the sum of

the inverse of the primes:

LN
ﬂinverse(n) = Z P > SsumiPiinverse(o) = 1’ SsumiPiinverse(") = SsumiPiinverse(nil) + P
p=1

(r) (n)
(A6.1)

The results are evaluated once and written to a file. They are read from this file:

WRITEPRN("sum_prime_inverse.prn") = S

sum_ P _inverse

S

sum _P_inverse

=REDPRN("sum_prime_inverse.prn")

The sum of the inverse of the primes gives for the largest prime considered

(P(Np) ) the value of the constant ( ¥, ):
7P = SsumiPiinverse(NP) - 1n|:ln |:P(NP) :|:| = 1261503 (A62)

For the graphical representation the evolution over the distance of the con-

stant at sparse indexes is:

=202 Ny3 yp =S - ln[ln[P(m) ﬂ (A6.3)

nn) - sumiPiinverse(m)

The value of the constant ( y, ) converges in fact to a final value, as illustrated
in the Figure A6.1 below.
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5 T T T T
Y = 1.264[ —
S“mfP_inverse(nnB—‘ ________________________ A4 TP ()l 2631 .
wp T 2F 1 e 1262 .
1+ . 1.261f —
0 l | 126 | 1
2410° 4x10° 2¢10° 4x10°
nn nn

Figure A6.1. The difference of the sum of the inverse of the primes and its approxima-
tion, resulting the constant of the integral.
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