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Abstract

The union of the straight and over the point of reflection—reflected series of
the arithmetic progression of primes results in the double density of occupa-
tion of integer positions. It is shown that the number of free positions left by
the double density of occupation has a lower limit function, which is growing
to infinity. The free positions represent equidistant primes to the point of
reflection: in case the point of reflection is an even number, they satisfy
Goldbach’s conjecture. The double density allows proving as well that at any
distance from the origin large enough—the distance between primes is small-
er, than the square root of the distance to the origin. Therefore, the series of
primes represent a continuum and may be integrated. Furthermore, it allows
proving that the largest gap between primes is growing to infinity with the dis-
tance and that the number of any two primes, with a given even number as
the distance between them, is unlimited. Thus, the number of twin primes is
unlimited as well.
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1.

Introduction

Some of the unsolved problems of number theory are related to the equidistance
to a central point. Such are the twin primes equidistantly placed around the series
of multiples of six and the union of primes equidistantly placed around an even
number. Reflecting the union of the series of multiples of primes around a point
creates symmetric assembly. This allows analyzing and solving these unsolved
problems.

Two equidistant primes around a prime at the point of reflection compose a
triad. The evaluation of the number of triads follows the same procedure, as the
evaluation of the number of primes in the case of the simple density of occupa-

tion (see Ref. [1]). This procedure is the summation of all sections of the number
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of primes within each section. The length of the sections is equal to the square
root of the distance of the point of reflection to the origin. The number of primes
within each section is evaluated with the local density. The simplification in the
case of the double density of occupation results in the triads-number-formula,
similarly to the simplification resulting in the prime-number-formula in the case
of the simple density of occupation (see Ref. [1]).

As the prime-number-formula represents the low limit of the number of
primes, the triads-number-formula gives the low limit of the number of triads. If
the point of reflection is not a prime, the equidistant primes compose diads. The
low limit of the number of diads is growing to infinity as well, proving Goldbach’s
conjecture.

The number of diads with any given difference between the primes composing
the diads grows to infinity, allowing proving the infinity of the number of twin
primes.

Because of the symmetry condition, the number of primes within the first sec-
tion of the summation procedure is equal to the number of primes within the last
section. Therefore, the number of primes within the last section is given by the
number of primes up to the square root of the distance of the point of reflection.
Since this number—given by the triads-number-formula—is certainly smaller than
the corresponding number within the same section in the case of the simple den-
sity of occupation, this proves that there are primes in the last section, and there-
fore, the set of the number of primes represents a continuum.

The present paper starts with the analysis of the symmetric, double density of
occupation of integer positions by the union of the straight and the reflected se-
ries of multiples of primes. The evaluation of the low limit of the integer posi-
tions left free by this arrangement proves Goldbach’s conjecture. The analysis of
other effects of the double density arrangement follows: the presence of primes
within the section of the size equal to the square root of the distance to the origin,
the infinitely growing prime gaps, the infinity of the number of primes with a giv-
en size of the distance between them, proving the infinity of the number of twin
primes.

The most important results are checked in the annexes with numeric results. First
in Annex 1, general data and vectors are given, together with definitions of func-

tions used in the following annexes.

2. The Number of Free Positions Left in Case of the Double
Density of Occupation

The series of multiples (arithmetic progression) of any prime (P(n)) in union
with the same series reflected over a point at the distance (¢, mod (c, F’(n)) >0)
from the origin, cover a subset of all integer positions. The positions covered by
the straight and by the reflected series of multiples of any prime are mutually ex-
clusive: They cover (2/ P(n) )-th part of all integer positions. The union of the
first (R(c)= Jc / In (\/E ) ) series of multiples of primes and of their reflected se-
ries results the double density of occupation. Each of the pairs of free posi-
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tions—left by the double density of occupation—compose with the prime at the
point of reflection the set of central triads. This method may be regarded as a
special case of the sieve proposed in Ref. [2] [3].

The share of the integer positions left free by the double density of occupation
of each of the series of multiples of primes is: (1— 2/ P )- The density of free po-
sitions left by the series of multiples of the first prime is (1/2). The density of free
positions is multiplicative, therefore the density of free positions left by the

double density of occupation of the first (R (c) ) primes, at the distance (¢) from

1 R(c) 2
EH[l—P—} (1.1)

(n)

the origin is:

This under the condition, that the distance of the point of reflection to the ori-
gin is relative prime to all ( P(n) ) primes.

If the distance of the point of reflection (¢) is divisible by any of the primes
( P(K)) with (2 < K < R(c)), then the reflected series of multiples of this prime
do not cover any additional positions over the number already covered by the sin-
gle, straight series of multiples of the same prime. The local density of free posi-

tions is in this case:

K-1 R(c) R(c)
l 1_i 1_i H 1_i >1H 1_i (1.2)
Znz\ R U R el Ry ) 20200 Ro)

Lemma 1.1:

The density of free positions left by the double density of occupation has a mini-
mum in case the distance of the point of reflection to the origin is equal to a prime
(c=Ry).

Proof: The series of multiples of any prime ( P(n) ) together with its reflected se-
ries, occupy the ( 2/ P(n) )-th part of all integer positions, if the distance of the point
of reflection is relative prime to all primes up to: ( P(R(C)) ). Otherwise, the series of
multiples of the prime dividends of the distance (¢) occupy only a share of the
(]/ P(n) )-th part of all integer positions. Therefore, the share of the remaining free
positions left by the double density of occupation has a minimum, if the point of
reflection is relative prime to all primes, meaning it is a prime itself, as stated in the
lemma and concluding the proof.

Definition of triads and diads

If the point of reflection is a prime, then the positions left free by the double
density of occupation represent primes, which are equidistantly placed around the
prime at the point of reflection. Two primes equidistantly placed around the prime
at the point of reflection compose a central triad. The distance to the origin of the
prime at the center of the triads is the mean value of the distances to the origin of
the two other primes. In case the point of reflection is not a prime, then the equi-
distant primes compose diads.

The local density of free positions left at the distance (d, 2 <d <c) from the

point of reflection by the straight series of multiples is ( I ), by the reflect-

n(c—d)
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ed series is ( |

_1 ). The combined local density of free positions is:
n(c+d) s 5
Dyiaa (C, d ) = .

_In(c—d)ln(c+d)>|n(<2;)2 (13)

Here the factor of correction ( J, ) had to be introduced. It accounts for the re-

placement of the double density (1.2) by the product of the local single densities:

2
R(2¢c) S.(c R(2¢c)
l“mH 1_i zﬁnmn 1_i
2 co» N2 P(n) 4 cow e P(n)

) R(Zc)[ 1 ]2
=5, (c)lim []|1-— (1.4)

The factor quickly converges to a constant value, because of the following conver-

gencies:
—=-2+P
P -2 P (nn) | Py INLR
lim (nn+1) (nn) -1 with lim (nn+1) ( (”n)) -1,
" Fm2 1 oy Py "\ Rony (R

(nn+1)

The factor (9, =1.320324 ) is evaluated in Annex 2. Replacing the distance of the
point of the local density to the center of reflection in (1.3) by the distance to the ori-
gin ( j/c ), respectively to the point at the double distance to the origin of the center
of the reflection ( 2c — j/c ) gives the density of diads, respectively—with the densi-
ty of the prime at the point of reflection—the density of triads:

0, : 0,
In( e )in(2c- jve) > Duas (¢:1) In(c)in(jve)in(2c- jc)

Similarly, to the evaluation of the number of primes as the integral of the local

Diiad (C: J) = (1.5)

logarithmic density of primes by Riemann (see Ref. [1]), the total number of tri-
ads results of the integral of the density (1.5). The approximation of the integral
by the sum of the logarithmic densities over all integers gives the best estimate num-
ber of triads, evaluated in Annex 3:

C 52

T (€)= 20, (¢)in(n)in(2c-n)

(1.6)

This above sum may be written as summing up first over all integers within the
sections of the length (\/E ) and then summing up over all the (\/E ) sections of
the length (Vo). Taking the average value over each section and—as a first sim-

plification—summing up over the sections gives:

©-3 % ’
T, c)=
T EH e n(c)In(n)In(2c—n) )
& 5 |
j:lln(c)ln(j\/E)ln(Zc—j\/E)
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With Lemma 1.1 the number of triads corresponds to the minimum of the num-
ber of diads. Therefore, in the following the minimum, the number of triads will
be evaluated. The lower limit of the best estimate number of triads results with the
density taken for all sections of the length (+Jc ) with ( j =+/c) at the upper limit
of the distance, the triads-number-formula (TNF):

Je Ve
Tappr low (C)= 262\/E = 52\/53 1=
- iIn(c)"In(2c—c) In(c) =

T(e)= |n5(zcc)3 ZTZTn((Cc)) (8

The method replacing the local density in the formula by the density at the

upper limit of the distance in the formula of the best estimate number of triads is
the same, which results the prime-number-formula as low limit of the best esti-
mate number of primes. The fact, that the PNF is well proven, proves the TNF as
well since it is evaluated the same way.

The best estimate number of central triads with one component within the first
section (/¢ ) is equal to the number of free positions within the last section to
(20). It is evaluated with (1.7) as:

G
Trast_appr (€) = Toppr (\/E ) =y 52\/$

-1 In(c)ln(j\/ﬁ)ln(ZC— j\/ﬁ)

The lower limit of the approximating function results—similarly the lower lim-

(1.9)

it of the approximating function results with the density taken at its upper limit

(j= \/\/E ) for all sections of the length (\/x/E ), yielding the triads-number-for-
mula-last (TNFL):

& 5\
Tlast_appr_low (C) - JZ:; 21In (\/E)m (\/E)In(ZC—\/E)
_ 522@ \/gl (1.10)
2In(<c) In(2c-+e) =
_ S,c
2In(\/5)2 In(2c—x/6)

The effective number of triads (74 (¢)) and (7, o (C)) is evaluated in Annex

3. The dispersion of the effective values of the number of triads around the ap-
proximating function (1.9) divided by the number of primes at the square root of
the distance ( R(c) ) results the relative dispersion, evaluated in Annex 4. It is found,
that for large distances the standard deviation of the relative dispersion asymptot-

ically approaches a constant value:

2
C)— C
SD,. o (c)=J1-Z[M] ; Fipuw=001803  (L11)

c < R(c)

The constancy of the standard deviation of the relative dispersion of the primes

over the distance results from the fact, that the dispersion increases proportional-

ly to the number of primes (R(c) ), see Ref. [1]. The same is valid for the reflect-
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ed union of series of multiples of primes and therefore for the double density of
occupation as well. Therefore the relation of the relative dispersion between adja-

cent primes approaches unity for large distances:

“onrn) Tetl)  R(Pes)

lim
n—oo -
R(Bo)  Talua) () (112)
T -7
| Ron) Pote) “Tea) |
n—oo -
R(Ro) o) et )

The density of primes decreases with the inverse of the logarithmic of the dis-
tance. Herewith the distance between the primes—on the average—increases with
the logarithm of the distance. With the standard deviation of the dispersion in-
creasing monotonously to infinity, the largest difference between consecutive primes
—the gap—is increases similarly (see Ref. [4] and [5]).

From the constancy of the standard deviation of the relative dispersion follows
the congruency of the relative dispersion of the effective number of primes around
their best estimate value (1.7), over the distance.

The above constant factor (1.11) represents an inherent property of the double
density of occupation, respectively of the prime numbers.

It is known that at the distance (¢) the difference between the effective number
of primes (7(c)) and the value resulting from the PNF is proportional to the
square of the number of the series of multiples of primes:

7.R (C )2
(1]).

; 7. =0.28298, which are covering positions at this distance (see Ref.

T appr (c)-S(c)= IL_L:%R(C)Z =7

Zin(j6) n(e)

'3

e
In(«/E)

(1.13)

This identity allows to state, that the difference between the effective number of
triads and the TNF is greater than the distance divided by the fourth power of the
logarithm of the distance, multiplied by a constant (k = 49,7, =1.495):

e A
Tappr (C)_T(C)_jziln(c)ln(jx/g)ln(ZC—j\/E)

S I
jz_lln(c)zln(jﬁ) Te)

= o (€) =T (C) (1.14)

=T(c)
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3. The Low Limit of the Number of Triads

Up to now basically the phenomenology of the double density of occupation by
the union of series of multiples of primes was analyzed. Now the consequences
will be summarized. First the following lemmas may be stated:

Lemma 2.1:

The difference between the best estimate value of the number of triads and the
value of the TNF—over large distances—is always greater than the local value of
the dispersion of the effective number of triads around the best estimate value:
The TNF represents the low limit of the effective number of triads.

Proof: The difference between the value of the best estimate of the effective
number of triads and the value of the (TNF) is with (1.14) proportional to

(k—°

). The standard deviation and therefore the width of the dispersion of

In(c)
the number of triads is growing proportionally to the number of the series of
multiples (R (C) ), which are covering integer positions at the distance ().

For any sufficiently large distance (c;,,, (K)<c) the difference between the
value of the effective number of triads and the value of the (TNF) outgrows the
width of the dispersion (K ,zR(c) ), for any value of the constant (K g ):

K C C
4 4
Tappr(c)_T(C)_ In(c) _ In(c) 1 I Je
= = ; im 3
KABR(C) KABR(C) K 2/c 2K g e |n(C)
*In(c)

From this follows, that the effective number of central triads has a lower limit
function, the TNF, which is growing to infinity, as stated in the lemma, and con-
cluding the proof.

Lemma 2.2:

The number of free positions left by the double density of occupation by the
series of multiples of primes, within each of the first and last sections of the
length (Je) up to (2¢), is proportional to the number of the series of multiples
of primes (R(c) ), which cover positions at (c), multiplied by the square of the
density of primes at the distance (¢). It is growing without limit with the dis-
tance.

Proof: The triads-number-formula-last TNFL (1.10) gives the low limit of the
approximation of the number of triads at (¢), evaluated up to (+/c) and equal to

the same number evaluated over the last section up to (2¢):
s,c
Tlastfapprﬁlow (C) = 22

2In(JE)In(20—~JE)

_ N2c-c S,lc

In( 20—«/6) ain(Ve) Voo

_OR(2ee) R(e)
In(c)2 In(c)2
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The prime-number-formula PNF for the distance (2C - ) from the origin is
( R(Zc —Jc ) ). It gives the number of primes Vzvithin the last section up to (2¢) and
is growing without limit. Divic}ed by (In (\/E ) ) and multiplied by ( &, ), has a low
limit function (R(c)/In (\/E ) ), which is growing without limit as stated in the
lemma and concluding the proof.

The congruency of the relative dispersion—the dispersion of the number of
central triads around its best estimate value, divided by (R (C) )—over the distance
is an important property of the set of primes.

The number of central triads up to the distance (c) grows with the distance to
infinity, since it has a monotonously and continuously to infinity growing lower
limit function.

In case the central element of a triad is not a prime, but any positive even number,
then with Lemma 1.1 the number of equidistant primes around it is greater, then
with a prime as central element. Thus, the low limit of the number of triads is the
low limit of the diads as well and grows to infinity (see Ref. [6]). With Lemma 2.1
the monotonously growing low limit of the number of the triads proves Goldbach’s
conjecture.

Replacing (¢) by (¢/2) in the triads-number-formula (1.8) allows formulating
the following lemma:

Lemma 2.3:

In case of the union of the series of multiples of the first ( R[%j) primes the

low limit of free positions left within the section of the length (\/g ) following

any distance (¢) is greater than zero.
Proof: With Lemma 2.1 and 2.2, in case of the double density of occupation,

at the distance (¢/2), within the last section of the length (\/g ), the low limit of

the number of free positions left is equal to:

o5 ) 062[2 -5
R

But this is certainly the case within the section of the same length, at the same

distance, in case of the single density of occupation by the straight series of mul-

tiples alone, because of the lower density of occupation:

\F
¢ 2 c
0< Tlastfapprilow [Ej < W =R [Ej
In| -
2
Further, this is certainly the case within the next larger section just below (¢) of

the size (\/E > \/g ) as well.
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And the same low limit is valid for the section of the size (\/E ) above (¢) as
well, because the first free position covered by the series of multiples of the smal-
lest possible prime greater then ( P(R(C)) )—equal to ( P(R(c)+1) )—is already greater
then (c++/c ):

The smallest prime, the series of multiples of which is covering positions fol-
lowing (¢) is:

( P(R(c)+1) = P(R(c)) +2),in case ( P(R(C))) and ( P(R(c)+1)) are twin primes.

In this case is:

(P(R(c)+1) >./c-1) and the square of this smallest prime is already over

(c++/e):

2 2 2

[P(F«c)u)} :[P(R(c))”} :[P(R@))J *+ 4Ry T4
>(Ve-1) +4(ve-1)+4
=c+2Jc+1>c++/c

Herewith the low limit of free positions left within the section of the size ( Je )
following (¢) is the same, as within the last section of the size ( \/g ) just below

(0), as stated in the lemma and concluding the proof.

4. Consequences of the Double Density of Occupation

Based on Lemma 2.3 the following law may be formulated:

Prime distance law:
Taking the arbitrary integer (m > 4), then the series of multiples of all primes
up to (P(s(m))) are not able to occupy all integer positions within the interval

(m?--+(m +l)2 ): there remains at least one position free, representing a prime
number.
Proof: Within the interval of the length ((m +l)2 —m?) there is one section of
the length (m+1), because:
(m+1)" —m? _2m+l o oom

>1
m+1 m+1 m+1

With Lemma 2.3 within this section there is at least a position left free by the
union of the series of multiples of the first (S(m +1)2 P(S(m+1))) primes, with

(S(m+1)= R[(m +1)2J, which are covering positions up to ((m +1)2 ), as stated

in the prime distance law and concluding the proof.

With Lemma 2.3 within each of the sections of the length (\/ﬁ )upto (n+ Jn )
there is a position free from the double coverage of the union of the series of mul-
tiples of the first (R(n) ) primes. This is valid for the larger distance of the length
(me ) above (1) too. This fact has far reaching consequences: The set of the se-
ries of multiples of all primes up to ( P(R(n)) ), represents—as limit—a continuum,

since the difference between any two consecutive primes within the set, divided
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by the prime is approaching zero:

PP [P +2.[p +1] P 2/ =y 2R
P( p+1) ( p+1) P( p+1) P( p+1)
lim =0 (3.1)
p—ow P

(p+1)

5. Density of Occupation of Subsets of All Integers by the
Union of the Series of Multiples of Primes

There is another interesting consequence of the double density of occupation by
the reflected series of multiples of primes: it is the proof of the infinity of the number
of diads with any given even number as the distance between their components
(see Ref. [6]).

Definition of subsets of all integers:

With the infinite number of integers (Z>m, Z=1,2,3,---,0 ) all integers are

part of one of the following infinite subsets:

Nu,,,, = {a+MRyPyia=-101234] (4.1)

All integers in the subsets for (a=0,2,3,4 ) are divisible either by ( F’(l) ), and/or
by ( P(z) ). Therefore, all primes ( P(n),{n =3,4,5, 6,---} ) are members of one of the

infinite subsets (a=-1) or (a =1), having the distance (% =1) to the members

of theset (a=0).
Members of the subset (& = 0) with one of their neighboring positions equal to

a prime compose the infinite subsets of the following subsets:

={a+mPy Ry =R, ;

:{a+mP(1)P(2) =R, pa=L7Z> m,nz}

NSUb(m.—l,nl) a=-LZ>m, nl} )

NS”b(m-l‘ﬂz)

The section of the above sets defines an infinite subset of the subset (a=0),
with primes at both neighboring positions having the distance between them
equal to (N =2 ), meaning they are twin primes:

The distance (¢) of the center point of the diads to the origin is named in the
following the distance of the diads. The distance between the primes composing
the diads (V) is named in the following the distance of the components. The dis-
tance of the components may be any even number. The only condition is, that the
half-distance of the components must be smaller than the distance of the diad
(N/2 <c). In the following it is listed, which values may take the distances of the
components (V) of the diads to any given distances of the diads, belonging to one
of the subsets (a =0,1,2,3,4,5) corresponding to (4.1).

In case of the point of reflection at the distance (¢), corresponding to the sub-
sets (a), the following distances of the diads and of the components of the diads

are possible, with the parameters (Z > m,n ):
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a N/2 N(a,m) c(n,a)

0 1,7,13,19,-- (m-1)6+1 né (4.3)
0 5,11,17,23,-- (m-1)6+5 (n+1)6 (4.4)
1 6,12,18,24,--- mé6 1+(m-1)6+1 (4.5)
2 3,9,15,21,--- m6 +3 2+(m-1)6+1 (4.6)
3 4,10,16,22,--- m6 + 4 3+(m-1)6+1 (4.7)
3 2,8,14,20,-- mé + 2 3+(m-1)6+1 (4.8)
4 3,9,15,21,--- m6 +3 2+(m-1)6+1 (4.9
5 6,12,18,24,- mé 1+(m-1)6+1 (4.10)

The union of all half distances of the components (MV/2) as well as the distan-
ces of the diads (¢) listed in (4.3) through (4.10) include all integers. Therefore, the
set of distances (V) between the primes composing diads includes all even num-
bers and grows to infinity with the distance of the center point of the diads (¢).
Differently expressed the number of diads—at a growing distance, with the corres-
ponding even number as the distance of their components—is unlimited. With (1.8),
the low limit of the number of diads—including twin primes—is given by the diads-

number-formula and grows to infinity.

C%a) S, c(n,a)
ﬂia appr(na) 5
dadeppr(n2) j=1 In(j c(n,a))ln(Zc(n,a)—' c(n,a))
0.
”diad_appr_low(n,a) ZTZR(C(naa))Z (4.11)

As an example, for the diads the twin primes are evaluated as a special case of

(4.3), with (% =1). For (¢(n) = n6) the density of occupation of twins is:

0.

(1 1)in( VG +1)

The approximating function of the total number of twins up to (¢), with densi-

(4.12)

th_free (C, J) =

ty in case of the double occupation by the union of the series of multiples of the

primes and with the factor of correction gives the twin-number-formula as well:

J J S
TWappr (C) = 52 \/EZ th free(c, j) = 52 \/EZ : 2 >TW (C) = ZC 2
- =i i1 In(j«/E) In(c)

The evaluation and the comparison with the effective number twins are carried

(4.13)

out in Annex 5.
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n

next_P_(c.ng )

Annexes

All above formula are checked in the following annexes with numeric results. The
annexes together compose executable files in MATHCAD from PTC. The syntax
corresponds to the MATHCAD syntax. Especially the symbols (ceil(c)) and
(floor(c) ) stand for rounding up or down a real value to the next larger respec-
tively to the next smaller integer.

General Data, Vectors, and Functions used in the following annexes are given
in Annex 1. The set of primes and the listed known formula given in Annex 1 as
well. They are used for the checking. Some vectors of the results of the known
formula, which are often used, are evaluated and the results are saved. All above

formula are checked with numeric examples in the following annexes.

Annex 1: General Data, Vectors, and Functions

The set of primes is read from a file: ( P := READPRN ("Primes_large.prn™)).
The number of primes in the set and their numbering are:
(Np =rows(P)-1=5003713, n=12,3,---,N;)

The number of primes up to (¢) is approximated with the prime-number-for-
mula (S(c)). At (¢) only the multiples of the primes up to ( Je ) are covering free
integral positions ( P n<R (c)=S (\/E ) ). The numbers of these primes are giv-

en as well:

c c
Fse) <€ <Fsiepys 7(c)>S(c)= f'OOV(—J ~——  (A01)

In(c)) In(c)

e | Ve
In(\/E) In(\/E)

P(R(C)

ﬁ(\/E) > S(ﬁ): R(c) = floor

) <VC <Ry

For the evaluation of the number of primes and twins up to the distance (¢) the
routines (n ) ) resulting the index (1) of the prime, respectively of the twin

) ) respectively (TW(n) <c< TW(M) ).

next_P_(¢, Mgt
next to any integer is needed ( F’(n) <c< P(n+1
The evaluation starts either at the last evaluated index (N, ), or at the index
resulting from the prime-number-formula, respectively twin-number-formu-
la (4.15).

This, to shorten some of the evaluation processes. Further functions are the
formula evaluating the index of the next smaller prime to any distance and to the

square of any distance:

if c=0 if c>0

° j if njast = 1 mn (_ﬂoor(ﬁ]
2
In(c)

n <« ﬂoor(
In(c)

n <« Njast Ootherwise

while P <c 3 Mnext TW_(cTw) = while TW ., <¢ (A0.2)
nn «nn+1
nen+1
Res < O otherwise
Res «n-1

Res < nn—1

Res « O otherwise
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Seff (C) = nnext_P_(c,l); Reff (C) = nnext_P_(JE,l)

In the following all functions, which are listed above, are evaluated at sparse
distances for illustration, equal to multiples of the square root of the largest dis-
tance considered ( Copyy = k /P(NP) ), resp. at the next smaller prime

(P

(nsp(k)) <C <P

% o)
sp \[ (Np) kllmlt ﬂOOI’[

klml
”(C) = Seff (C) > nSP(k) = Seff (Csp(k) ); kklimlt ﬂoor( I2 : j 1=4637 5

kk =1,2,---,kk

] 1=9277; ¢, =k-Ac, (A0.3)

timit
The values are evaluated once at sparse distances and written to a file. They are
read from this file:

WRITEPRN (“index_sparse_primes.prn*) = Ny

n,, = READPRN ("index_sparse_primes.prn")

Annex 2: Evaluation of the Constant of the Density of Diads

The constant in (1.4) is evaluated the following way: The factor (4, ) respectively
(9,) expressed from (1.4), the relation below quickly converges to a constant
value as limit, resulting the factor of correction. Its graphical representation for

the sparse values ( nsp(k) ) is shown below:

1 g 2 2
1- - - -2
P H( j P

5 P s .
w_- W2 =2tim| [[—25 | (AL

5([1) - Sli—rll 1 2 s 1 2 S—Hw ne2 1 2
Fo ) n={ R P
Rin —2
M =2,3-Nps Gy =25 O = 5<MW; 9% = O =1320328

Annex 3: The Effective Number of Central Triads and of Their
Approximation

The approximate values of the number of triads (1.8) are evaluated once for sparse

distances:

(c=P
(

J < Cop ), with the center of the triads being equal to the next small-
)

er prime to the sparse distances. The results are written to a file and are read from
this file:

\/— el|(\/g 5
T o = T | P (A2.1)
fa) “n(c) 4 |n(1f)|n(2c—1f) g 5| Mg )
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WRITEPRN (“triades_appr_sp.prn”) =z

appr_sp ;

T = READPRN (“triades_appr_sp.prn™)

appr_sp

Similarly, the total number of triads around the center point at (c) with com-
ponents within the last section before (2¢) is given by (1.9). It is evaluated for
sparse distances with the center of the triads being equal to the next smaller prime

to the sparse distances. The results are written to a file and are read from this file:

T :\/%ceil(zx/:ﬁ) 3, .
last_appr_(c) |n(c) i1 |n(j\/$)|n(2C—j\/$))

T|ast_appr_sp(kk) = T|ast_aPPF_ {P(nsp( )JJ
kk

WRITEPRN (“triades_last_appr_sp.prn " (A2.2)

) = Z-Iast_appr_sp >

= READPRN (“triades_last_appr_sp.prn™)

z-I ast_appr_sp

The routine evaluating the effective number of triads at (¢) checks for each
prime ( P(z) < P(kk) < C), if the integer at de distance (d =2c— P(kk)) were a prime
too. If it is a prime, then the sum of the diads around the central point is risen by
one. The checking is made by control of the equality of the prime next to the dis-
tance (d) to the distance itself. Similarly, the diads within the last section are eva-
luated. For the evaluation of the index of the next smaller prime to a given dis-
tance the routine (A0.2) is used. The results are written to files and are read from
these files:

S«0 S«0
Klast < 1 Klast « 1
n« nnext_P_(C:kIast) -1 n« nnext_P_(\/_C,klast) -1
while n>1 while n>1
d«2c-P de«2c-P
(n) (n)
1:Eff_Sp_(C) - k « nnext_P_(d,kIast) i TlﬁSt_eff_Sp_(C) h K« nnext_P_(d,kIast)
SeS+1|fd:P(k) SeS+1|fd:P(k)
Klast < k Klast < k
nen-1 nen-1
S « S S « >
In(c) In(c)

Teff sp, = Tef P 5 Tlast_eff Sp, = Tias_teff P (A2‘3)
- B (”Sr«kk)] B T (”Sp(km)

WRITEPRN (“triades_c_eff_sp_.prn™) =

eff _sp 5

WRITEPRN ("triades_last_eff_sp.prn")

= Z'| ast_eff_sp

Ty » = READPRN (“"triades_c_eff_sp_.pm™);

eff_sp

= READPRN ("triades_last_eff_sp.prn™)

TI ast_eff_sp
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Annex 4: Evaluation of the Properties of the Dispersion of Triads
and of Diads

The dispersion of both, of the free positions left by both, by the straight and by
the reflected series of multiples of primes are proportional to the number of primes
(R(c)), the series of multiples of primes, which are covering free positions at (c).
Therefore, this is the case by the dispersion of the number of triads around its best
estimate approximation as well. In case of the number of diads within the last sec-
tion the width of the dispersion is proportional to the number of primes up to the
square root of the distance.

The relative dispersion with reference to (R (C) ) respectively ( R(\/E ) ) are eva-
luated and shown in the figure below. The dispersion is equal in both cases, as
expected Figure Al:

A rsp( "

appr_sp(i) ° ATTE'_SP(kk) -
Reff P(n )
SP(kk)

A q ast_spkk)

AT T (A3.1)

SP(kk) = TefLSP(kk) -

P

(g jj
The estimated width of the dispersion of the triads is:
K 20.1; AB(c)=0.1-R(c) (A3.2)

ATIastfsp(kk) = Tlastfefffsp(kk) _Tlastfapprfsp(kk) > Arlast_rel_sp(kk) =
Reff

The standard deviation SD of the dispersion (A3.1)—relative to ( R(c) )—must

be constant for large distances. It is evaluated below:

Az’(c) ’

1 ¥ 2
E; Reff (C) > SDATJ€|(kk) = \/W;(ATWISPU)) (A33)

The factor of proportionality for the standard deviation of the triads and of the

triads in the last section are constants and about equal:

Fep s, = SD | =0.0180357 (A3.4)

AT_Tel it

Annex 5: The Effective Number of Twin Primes and Its Dispersion

The evaluation procedure of the best estimate number of twin primes corres-

ponding to (4.13) is given below. The routine returns the best estimate value:

0.2 T T 1 0.2 T T 1
0.1 " 0.1 .
Aoy OV 2oy ofO
— ~0.1F 1 ~0.1F =
_0.2 | | | | 0.2 | | | |
kk Kk

Figure Al. The relative dispersion of the number of triads and of triads with their above
components in the last section, around their best estimate approximation.
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sqrew/?:
S« 0
j«1

while j < sqr
TWappr_ (c) = L (A4.1)

tnj 4/c - 1) n(j 4/c + 1)

S« S+

jej+l
S « S-Opsqr

The approximate number of twins at sparse distances is evaluated once and the
results are written to a file, and they are read from it. The vector of the effective
number of twin primes (TW,; ) is evaluated elsewhere and the results are written

to a file. They are read from this file:

Wag i, =W (G, ) (A4.2)

appr_spk appr_

WRITEPRN (“tw_appr_sp.prn ™) =TW,

appr_sp ;

TW, = READPRN ("tw_appr_sp.prn")

appr_sp

TW = READPRN ("number_TW_eff_sp.prm™)

To evaluate the variables at sparse distances, first the indexes of the next small-
er twins to the sparse distances are evaluated and written to a file for later read-
ing:

TWSp(k) = Moexi_w,_ (Csp(k) :TW) (A4.3)

WRITEPRN ("k_TW_eff_sp.prn") =TW,, ;
TW,, = READPRN ("k_TW_eff_sp.prn")

The difference between the effective number of twins and their approximating

function is:

limit = length (Twappr_sp )

C); ATWSP(k) :TWSP(k) _TWaPPLSP(k)

-1; k=1---limit-1 (A4.4)

ATW (c) =TW (c)-TW,

appr (

The relative dispersion around the approximating function (TW,,, (c)) and
=5450 )—are illu-

strated in the figures below. The start value is chosen, in order to avoid the larger

around the number of primes (R(c))—starting with (K,

initial deviation in case of smaller distances.
ATW (c)

—_— (A4.5)
TWoper ()

AT\NreI_TW (C) =

The standard deviation of the relative dispersion of the number of twin primes
around its approximating function and around the number of primes (R(c)) are
in the range (k = (Kyor —1)-+- (Kjpmie —1)):

SDATW_reI_TW(k) = \/ K

1 k 2
> (AW, ) (A4.6)

~ Rstart J=Kstart
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The factor of proportionality for the standard deviation of the twin primes is

approaching a constant value Figure A2:
=0.000171 (A4.7)

FSD ATW TW — SDATW rel_TW,,. . .
- - == Y(Kiimit-1)

The standard deviation of the dispersion of the number of twins is therefore
about 0.02% of the value of the approximating function.

Conjecture:
Reflecting the union of the series of multiples of the primes additionally over

the ails of triads define five equidistant primes, pentides. Continuing this way, sep-
tides and so on may be defined. The number of all these multiple equidistant primes

is unlimited.

_3 T T T

4x10 -3

10_3 3 1«10 T T T T
2x10"

D SDATW _rel_TW (1, ~FSD_ATW_TW

ATW rel_TWy) o] NPT WV PN - - - - obe—

- _ 0

1578 2407 —

—_ — 3| 1 1 | |
~4207% : : ~1.10 -

R{C
Figure A2. Dispersion of the effective number of twins around its approximating function and its limiting

boundaries at sparse distances and its standard deviation.

Advances in Pure Mathematics

DOI: 10.4236/apm.2022.123014 177


https://doi.org/10.4236/apm.2022.123014

	The Symmetric Series of Multiples of Primes
	Abstract
	Keywords
	1. Introduction
	2. The Number of Free Positions Left in Case of the Double Density of Occupation
	3. The Low Limit of the Number of Triads
	4. Consequences of the Double Density of Occupation
	5. Density of Occupation of Subsets of All Integers by the Union of the Series of Multiples of Primes
	Conflicts of Interest
	References
	Annexes
	Annex 1: General Data, Vectors, and Functions
	Annex 2: Evaluation of the Constant of the Density of Diads
	Annex 3: The Effective Number of Central Triads and of Their Approximation
	Annex 4: Evaluation of the Properties of the Dispersion of Triads and of Diads
	Annex 5: The Effective Number of Twin Primes and Its Dispersion 


