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Abstract 
This paper focuses on the reducibility of two-dimensional almost periodic 
system with small perturbation. We use the KAM iterative method to get the 
reducibility by an almost periodic transformation. The system has been re-
duced to a simple form. So we have dealt with the small perturbation problem 
of the almost periodic system. 
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1. Introduction 

The classical KAM theory which is developed in the last century by Kolmogorov, 
Arnold and Moser is the landmark of the development of Hamiltonian systems. 
The normal form theory is the earliest reducibility for linear ordinary differential 
equations by Poincaré. From then on, many people use KAM iterative method to 
study the reducibility of differential equations. In the last years, establishing the 
reducibility of finite-dimensional systems by the KAM tools is an active field of 
research, see [1] [2] [3] [4] [5] etc. 

Junxiang Xu [6] considered the following quasi-periodic system: 

( ) ( )
( ) ( )

1 1

3
2 2

, , , ,

, , , ,

x y h x y t f x y t

y x h x y t f x y t

= Ω + +


= + +





                (1) 

With the Diophantine condition and most of the sufficiently small parameters 
ε , the system can be changed to a suitable norm form by a real analytic qua-
si-periodic transformation. Similar, regular splitting and the general restricted 
linear equation are researched by the iterative method in [7] [8]. The existence 
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of almost periodic solutions has also been widely attention, the small denomi-
nator condition is different from quasi-periodic system. However, relative to the 
rich results of quasi-periodic systems, the results of almost periodic systems are 
less, see [9] [10] etc. 

In this paper, we consider the following almost periodic differential equation 

( )
1 1

2 2,
x y h f
y M x y h f
= Ω + +

 = + +





                      (2) 

where 

( ) ( )3 2 2
30 20 10 21 11 01

3 2

0 1
1 0

,

.

M x y m x m x m x m x m x m y

m x m x yµ µ
µ µ

µ µ= =

= + + + + +

= +∑ ∑
 

Our purpose is the reducibility of (2) with the almost periodic transformation. 
If 

,, r sm
f ε

∆
≤  with ( )T

1 2,f f f= , there exists a real analytic almost-periodic 
transformation Φ :  

( )
( )

, , ,
, ,

x x x y t
y y x y t

ξ
η

+ + +

+ + +

 = +
 = +

 

The system (2) can be changed to  

( )
( ) ( )

*
1

* *
2

, ,

, , , .

x y h x y t

y M x y h x y t

 = Ω +


= +





 

where ( )* ,M x y  and ( )* , ,h x y t  have the same form as M and h. 

2. Some Definitions and Main Result 

We introduce some useful definitions. 
Definition 2.1. The function ( )f t  is called a quasi-periodic function of t 

with frequencies 1 2, , , mω ω ω , if there is a function ( ) ( )1 2, , , mF Fθ θ θ θ=  , 
which is 2π -periodic in all its arguments ( )1, ,i i mθ =  , such that  
( ) ( ) ( )1 2, , , mf t F t F t t tω ω ω ω= =  .  
Write ( ) ( ){ }20, , | ,D r x y C x r y r= ∈ ≤ ≤ ,  

{ }2 | Im , 1,2, ,m m
s jT C Z s j mθ θ ≤ =π= ∈  , and ( ), 0,r s sD r T∆ = × . 
Let ( ), ,f x y t  be real analytic in ,x y  and t on ,r s∆ , and ( ), ,f x y t  be 

quasi-periodic with respect to t with the frequency ω . Then f can be expanded 
as a Fourier series as follows: 

( ) ( ) ,, , , e .
m

i k
k

k Z

f x y t f x y θ

∈

= ∑  

We define the norm 

,
e ,

r s m

k s
k r

k Z

f f
∆

∈

= ∑  

where ( )
,

, l m
k lmk

l m
f x y f x y= ∑ , and 

( ) ( ), 0, ,
sup l m

k lmkr
x y D r l m

f f x y
∈

= ∑ . 

Definition 2.2. N is the natural number set, τ  is a set which is composed by 
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the subset of N. 
1) τ∅∈ , if 1 2, τΛ Λ ∈ , then 1 2 τΛ Λ ∈ ;  
2) [ ], 0N

τΛ∈

Λ = ∅ =


 and [ ] [ ] [ ]1 2 1 2Λ Λ ≤ Λ + Λ  ( [ ]⋅  will be defined by 

next definition). 
If τ  satisfies the conditions above, we say that [ ]( ),τ ⋅  is the finite spatial 

structure on N. 
Definition 2.3. A function ∆  is called an approximation function, if it satis-

fies: 
1) [ ) [ ): 0, 1,∆ +∞ → +∞ , ( )0 1∆ = , and ∆  is a nondecreasing function,  
2) ( )log t t∆  is a decreasing function in [ )0,+∞ ,  
3) ( ) 2

0
log t t

∞
∆ < +∞∫ . 

Definition 2.4. Let ( ) ( ), , , ,f x y t f x y t
τ

Λ
Λ∈

= ∑  with the frequency  

( )1 2, ,ω ω ω=  . We define the weight norm of ( ), ,f x y t  in the finite spatial 
structure [ ]( ),τ ⋅  as follows: 

For 0, 0m s≥ ≥ ,  

( ) [ ] ( )
,,,

, , e , , .
r sr s

m

m
f x y t f x y t

τ

Λ
Λ ∆∆

Λ∈

= ∑  

Let 

{ },
, ,

| .
r s

m
r s m

f f
∆

= < ∞  

Now we state the main result of this paper. 
Theorem 2.5. We consider system (2), ( )T

1 2,h h h=  and ( )T
1 2,f f f=  are 

analytic almost-periodic in t with the frequency vector ( )1 2, ,ω ω ω=  , h are 
higher order terms with  

( ) ( )
2 or 4

, , ,h x y t h t x yµ ν
µν

ν µ ν≥ + ≥

= ∑  

and f are lower order terms with  

( ) ( )
1, 3

, , .f x y t f t x yµ ν
µν

ν µ ν≤ + ≤

= ∑  

Suppose  

( ) [ ]( ) { }4 4, , \ 0 ,k k Z
k k
αω ∞≥ ∈

∆ ∆
 

where 0α >  is a constant and ∆  is an approximation function. 
Then there exists 0ε > , such that if 

,, r sm
f ε

∆
≤ , there exists a real analytic 

almost-periodic transformation Φ :  

( )
( )

, , ,
, ,

x x x y t
y y x y t

ξ
η

+ + +

+ + +

 = +
 = +

 

( ) ( ) ( ) ( ), , : , 0, , 0,
2
rt x y D x y D r+ +

 Φ ⋅ ⋅ ∈ → ∈ 
 

, so system (2) is changed to 

( )
( ) ( )

*
1

* *
2

, ,

, , ,

x y h x y t

y M x y h x y t

 = Ω +


= +





                    (3) 
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where ( ) ( )* * 3 * 2 * * 2 * *
30 20 10 21 11 01,M x y m x m x m x m x m x m y= + + + + + , and  

( ) ( ) ( )( )T* * *
1 2, , , , , , ,h x y t h x y t h x y t=  has the same form as h.  

3. Solving Homological Equations 

We will use the modified KAM iteration to proof Theorem 2.5. In this section, 
We will solve the homological equations, which is in any step. 

Let  

( ) ( ) ( )0 1, , , , ,x y t x t x t yξ ξ ξ= +  

( ) ( ) ( )0 1, , , , ,x y t x t x t yη η η= +  

where  

( ) ( ) ( ) ( )0 0 1 1
3 2

, , , , , ,x y t t x x y t t xµ µ
µ µ

µ µ
ξ ξ ξ ξ

≤ ≤

= =∑ ∑  

and 0 1,η η  have the same form as 0 1,ξ ξ . 

Let 
( )
( )

,
,

D
x y
ξ η∂

=
∂

 be the Jacobian matrix. Define the almost-periodic trans-

formation ( ) ( ) ( ), , : , ,t x y x y+ +′Φ ⋅ ⋅ →  by 

( )
( )

, , ,

, , ,

x x x y t

y y x y t

ξ

η
+ + +

+ + +

= +


= +
 

Then the system is transformed into  

( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 1

2 2 2

, , , , , ,
, , , , , , , , ,

x y G x y t f x y t P x y t
y M x y t G x y t f x y t P x y t
+ + + + + + + +

+ + + + + + + + +

 = Ω + + +
 = + + +









      (4) 

and 

( ) ( )1 0 0 1 1

0 0 1
2 1 0 0 0 1 1 1 0 1

,

,

t t

t t

G y

M M MG M M y
x x x

η ξ η ξ

η ξ η η ξ ξ η

+

+
+ + +

 = Ω −∂ + Ω −∂


    ∂ ∂ ∂
= + − ∂ + + + − ∂    ∂ ∂ ∂   

   (5) 

where 

( ) ( ) ( )
T 1

1 2 1 2 3, ,P P P I D DL Df DF DF F f f h− ′ ′= = + − − − + + + Φ − + Φ    

   

and 

( ) ,
,

y
L

M x y
+

+ +

Ω 
=  
 

 

( )1 0 1
1

,d d
,

d d
F M M M x t

x x

η

ξ ξη η+
+ +

Ω 
 =  + +
  

 

2 ,t

t

F
ξ
η

∂ 
=  ∂ 

 

3

0
F

F
 

=  
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with 

( ) ( ) ( ) ( )
2 2

2 2 20 1 1 1
12 2

1 1, , , , ,
2 2

M M M MF x t x t x t x t y
x xx x

ξ ξ ξη ξ+ + + +
+ ++ +

∂ ∂ ∂ ∂′ ′ ′ ′= + + +
∂ ∂∂ ∂

 

here x+′  between x and x+ . F are the remainders of Taylor. 
Our aim is that ( )T

1 1 2 2,y G f M G f+Ω + + + +  will be a new normal form and 

( )T

1 2,P P   will be much smaller perturbation. So, the system will converge to a 
suitable normal form by iterated infinitely. Note that below we use ( ),x y  in 
place of ( ),x y+ +  to simplify the formulas. 

Let ( ) ( ) ( )0 1, , , , ,i i if x y t f x t f x t y= +  where  

( ) ( )
3

0 , 0
0

,i if x t f t xµ
µ

µ=
= ∑  

and 

( ) ( )
2

1 , 1
0

, .i if x t f t xµ
µ

µ=
= ∑  

From (4) and (5), we will solve the following homological equations, we hope 
to find 0 1 0 1, , ,ξ ξ η η  and 0 1

ˆ ˆ,M M .  

0 0 1,0

1 1 1,1

0
1 0 0 0 2,0 0 0

0 1
1 1 1 0 1 2,1 1 1

,
,

ˆ ,

ˆ

t

t

t

t

f
f

M
M f g M

x
M MM f g M
x x

η ξ
η ξ

η ξ η

η ξ ξ η

Ω −∂ = −
Ω −∂ = −
 ∂
 + − ∂ = − + +

∂
 ∂ ∂

+ + − ∂ = − + +
∂ ∂

           (6) 

and 

( ) ( ) ( )0 1 0 0 1 0
, , 3

, , 1 ,j j
j j

g x y t m j m xµ
µ µ

µ µ µ µ µ
η ξ′ ′′ ′+

′ ′′ ′+ = + = ≥

 ′= + + ∑  

( ) ( ) ( )

( ) ( )

1 1 1 11 0
, , , 2

01 1

, , 1

1 .

l l nn
l l n n

g x y t m n m

m x

µ µ µ µ µ µ

µ
µµ

η ξ

µ ξ

′ ′+
′ ′ ′ ′′+ = + = + = ≥

′′′+

= + +

′+ + 

∑
 

Then ( ) ( )0 1, ,g g x t g x t y= + , and 0 1,g g  are high-order terms of ,x y . 
They will be put into the new perturbation. 

Now, we can compare the coefficients of xµ  in the equations, and we get 

( ) ( )

( ) ( )

( ) ( )

0 0 1, 0

1 1 1, 1

1 0 0 0 2, 0 01 0

1 1 1 1 0

0 1 2, 1 11 1

,
,

ˆ1 ,

1

ˆ1 .

t

t

t

t

f
f

m m f m

m m

m f m

µ µ µ

µ µ µ

µ µ µ µ µ µµ
µ µ µ µ µ µ

µ µ µ µ
µ µ µ µ µ µ

µ µ µ µµ
µ µ µ

η ξ
η ξ

η µ ξ η

η µ ξ

µ ξ η

′ ′′ ′ ′′+
′ ′′ ′ ′′+ = + =

′ ′′ ′ ′′+
′ ′′ ′ ′′+ = + =

′ ′′+
′ ′′+ =

Ω − ∂ = −
Ω −∂ = −
 ′′+ + − ∂ = − +



′′+ +

 ′′+ + − ∂ = − +

∑ ∑

∑ ∑

∑

   (7) 

Note that 00 0m = , we take the first and third equations of (7) with 0µ = , so 
we get 
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00 00 1,00

01 00 00 10 00 2,00 00

,
ˆ .

t

t

f
m m f m
η ξ

η ξ η

Ω −∂ = −
 + − ∂ = − +

              (8) 

Let 
,

,00 ,00 ,00 ,00
supp

, e , 1, 2,i k t
i i i i k

k
f f f f iω

τ
Λ Λ Λ

Λ∈ ⊂Λ

= = =∑ ∑  

and  
,

00 00 00 00
supp

, e ,i k t
k

k

ω

τ
ξ ξ ξ ξΛ Λ Λ

Λ∈ ⊂Λ

= =∑ ∑  

,
00 00 00 00

supp
, e .i k t

k
k

ω

τ
η η η ηΛ Λ Λ

Λ∈ ⊂Λ

= =∑ ∑  

Then we have 

00 00 1,00

01 00 00 10 00 2,00 00

,
ˆ

k k k

k k k k

f
m m f m
η λξ

η ξ λη
Λ Λ Λ

Λ Λ Λ Λ

Ω + = −
 + + = − +

             (9) 

with ,i kλ ω= − . 
If 0k = , we get  

00 0 1,00 0

00 01 00 0 00 0 10 2,00 0

,
ˆ .

f
m m m f
η

η ξ
Λ Λ

Λ Λ Λ

= − Ω
 = + +

               (10) 

Then the solution can be got. 
If 0k ≠ , we have Hz d=  with  

( ) ( )TT
00 00 1,00 2,00, , , .k k k kz d f fξ ηΛ Λ Λ Λ= = −  

So  

10 01

.H
m m
λ

λ
Ω 

=  + 
 

And  

( ) ( )22
01 10 01 10det , , .H m m i k m k mλ λ ω ω= + − Ω = − + Ω  

So we have  

( ) ( ) [ ]( )
2

2
10 8 8det ,H k m

k k
αω≥ + Ω ≥

∆ ∆
 

with 10 0, 0m ≥ Ω ≥ . Thus the Equations (9) are solved with 1z H d−= , and z 
has the same finite spatial structure with f. 

So 

( ) [ ]( ) ( )

( ) [ ]( )

( ) [ ]( )

8 8
2

00 00 ,0023 2
supp

28
8

,002
supp

2 8

,002

e

e
e

.

k
i k

k

k
k

i k
k

i

k k
f

k
k f

f

δ ρ
δ ρ δ ρ

ρ
δ

δ

ξ ξ
α

α

ρ

α

−
Λ Λ Λ− −

⊂Λ

−

Λ
⊂Λ

Λ

∆ ∆
≤ ≤

∆
= ∆

Γ ∆ Λ
≤

∑

∑  
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where ( ) ( )( )4
0sup e t

t t ρρ −
≥Γ = ∆ . 

It follows that  
( )[ ]

( ) [ ]( ) [ ]
[ ]

( ) ( )

( ) ( )

2
00 00 23 , 3

22 8

,002

2 2

,002 ,

2 2

2

e

e
e

,

m m
m m

m
m

i

i m

f

m
f

m

δ ρδ ρ
τ

δ
τ

δ

ξ ξ

ρ

α
ρ

α
ρ

ε
α

− Λ
Λ −− −

Λ∈

− Λ
Λ

Λ
Λ∈

≤

Γ ∆ Λ
≤

Γ Γ
≤

Γ Γ
≤

∑

∑
 

We can also get 

( ) ( )2 2

00 23 , 3
.

m m

m
δ ρ

ρ
η ε

α− −

Γ Γ
≤  

Now we replace µ  with 1µ +  in the first, third equations of (7) and then 
obtain  

( ) ( )

( ) ( ) ( ) ( )

11 0 1 0

1 1 2

01 10 31 0 1 0 1 0 1 0

1 01 1 10 1 4 1

,

,
ˆ ,

ˆ .

t

t

t

t

d

d
m m d m

m m d m

µ µ

µ µ

µ µ µ µ

µ µ µ µ

η ξ

η ξ
η ξ η

η ξ η

+ +

+ + + +

Ω − ∂ =

Ω −∂ =
 + − ∂ = +
 + − ∂ = +

          (11) 

where 0,1, 2l = , and 

( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 1, 1 0

2 1, 1

3 11 21 002, 1 0 0 1 0 1 1

0 20 30 001 0 2 0

4 2, 1 11 21 01 11 1 2 1

20 30 011 1 2 1 1 0

0 1 1

,

,

2 3 2 ,

2 3 1

1 .

d f

d f
d f m m m

m m m

d f m m m

m m m

m

µ

µ

µ µ µ µ

µ µ µ

µ µµ µ

µ µ µ

µ µ
µ µ µ

η η η

ξ ξ µ ξ

η η η

ξ ξ µ ξ

µ ξ

+

+ − +

− +

− −

− − +

′ ′′+
′ ′′+ =

= −


= −
 = − − − − −
 − − − − +

 = − − − − −


− − − − +

′′− +


∑











       (12) 

Let ( )T
1 2 3 4, , ,d d d d d= , 

( ) ( )( )T

1 11 0 1 0, , , .z µ µµ µξ ξ η η+ +=  

Let 
,

supp
, e , 1, 2,3, 4,i k t

i i i i k
k

d d d d iω

τ
Λ Λ Λ

Λ∈ ⊂Λ

= = =∑ ∑  

and 

( ) ( ) ( ) ( )
,

1 0 1 0 1 0 1 0
supp

, e ,i k t
k

k

ω
µ µ µ µ

τ
ξ ξ ξ ξ+ + Λ + Λ + Λ

Λ∈ ⊂Λ

= =∑ ∑  

,
1 1 1 1

supp
, e ,i k t

k
k

ω
µ µ µ µ

τ
ξ ξ ξ ξΛ Λ Λ

Λ∈ ⊂Λ

= =∑ ∑  

( ) ( ) ( ) ( )
,

1 0 1 0 1 0 1 0
supp

, e .i k t
k

k

ω
µ µ µ µ

τ
η η η η+ + Λ + Λ + Λ

Λ∈ ⊂Λ

= =∑ ∑  
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,
1 1 1 1

supp
, e .i k t

k
k

ω
µ µ µ µ

τ
η η η ηΛ Λ Λ

Λ∈ ⊂Λ

= =∑ ∑  

Then the coefficient matrix  

10 01

10 01

0 0
0 0

0 0
0 0

H
m m

m m

λ
λ

λ
λ

Ω 
 Ω =
 +
 

+ 

 

with ,i kλ ω= − . 

( ) ( )4 2 2 2 2 3
01 10 10 01 10det 2 2 2 .H m m m m mλ λ λ λ= + − Ω +Ω − Ω  

The second part is the imaginary part of ( )det H , so  

( ) ( ) [ ]( )
3

3
01 01 10 12 12Im det 2 , 2 ,H m k m m k

k k
αω ω= + Ω ≥

∆ ∆
 

with 01 100, 0m m≥ ≥ . 
Thus,  

( )
( ) [ ]( ) ( )

( ) [ ]( )

( ) [ ]( )

12 12
3

1 0 33 supp

312
12

3
supp

3 12

3

e

e
e

.

k
i k

k

k
k

i k
k

i

k k
d

k
k d

d

δ ρ
µ δ ρ

ρ
δ

δ

ξ
α

α

ρ

α

−
Λ+ Λ − ⊂Λ

−

Λ
⊂Λ

Λ

∆ ∆
≤

∆
= ∆

Γ ∆ Λ
≤

∑

∑  

It follows that  

( ) ( )
( )[ ]

( ) [ ]( ) [ ]
[ ]

( ) ( )

( ) ( )

3
1 0 1 0 33 , 3

33 12

3

3 3

3 ,

3 3

3

e

e
e

,

m m

m m

m
m

i

i m

d

m
d

m

µ µ δ ρδ ρ τ

δ
τ

δ

ξ ξ

ρ

α
ρ

α
ρ

ε
α

− Λ
+ + Λ −− − Λ∈

− Λ
Λ

Λ
Λ∈

=

Γ ∆ Λ
≤

Γ Γ
≤

Γ Γ
≤

∑

∑
 

For 0k = , 0,1, 2µ = , we let  

( ) 1 01 0 0 0, 0,µµξ ξ Λ+ Λ = =  

and 

( ) ( ) 1 0 1, 1 01 0 0 1, 1 0 0 ,f fµ µµ µη η Λ Λ+ Λ + Λ= − Ω = − Ω  

( ) ( )01 3 01 0 1 0 0ˆ ,m m dµ µη Λ+ + Λ= −  

1 01 1 0 4 0ˆ .m m dµ µη Λ Λ= −                      (13) 

So (11) are solved with 

( ) ( )3 3

33 , 3
.

m m

m
z

δ ρ

ρ
ε

α− −

Γ Γ
≤  
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When we have solved (7) which the order of x and y is no more than µ , the 
system can be solved inductively for 1µ + . So we can solve system (7) and ob-
tain ,µν µνξ η  with 

( ) ( ) ( ) ( )3 3 3 3

3 33 , 3 3 , 3
, ,

m m m m

m m
c cµν µνδ ρ δ ρ

ρ ρ
ξ ε η ε

α α− − − −

Γ Γ Γ Γ
≤ ≤  

Noting that 3µ ν+ ≤ , we have  

( )
( ) ( )

( )
( ) ( )3 3 3 3

3 33 , , 3 3 , , 3
, .

m m r m m r

m m
c c

δ ρ δ ρ

ρ ρ
ξ ε η ε

α α− ∆ − − ∆ −

Γ Γ Γ Γ
≤ ≤   (14) 

Furthermore, by (14) it follows that 

( )
( ) ( )3 3

33 , , 3
.

m m r

m
D c

δ ρ

ρ
ε

α− ∆ −

Γ Γ
≤                 (15) 

Now we consider ( ) ( ) ( )0 1
ˆ ˆ ˆ,M x y M x M x y= +  with  

( ) ( )0 0 1 1
1 3 2

ˆ ˆˆ ˆ, .M x m x M x m xµ µ
µ µ

µ µ≤ ≤ ≤

= =∑ ∑  

Let 

( ) ( ) ( ) ( ) ( )0 1 2
ˆ, , , ,M x y M x y M x y M x M x y= + = +    

( ) ( ) ( )0 0 0 0 0
1 3 1 3

ˆ ˆ ,M x M x M x m x m xµ µ
µ µ

µ µ≤ ≤ ≤ ≤

= + = +∑ ∑  

( ) ( ) ( )1 1 1 1 1
2 2

ˆ ˆ .M x M x M x m x m xµ µ
µ µ

µ µ≤ ≤

= + = +∑ ∑  

Now we want to change ( ),M x y  to normal form with zero as an equili-
brium point. Actually, this problem is the stability of ( )0M x  under small per-
turbations. From Theorem 2.2 in [8], we know that ( )0M x  has a real root ( )0x ,  
such that ( )0x cε≤ . In the KAM iterations, ( )0M x  and ( )0M̂ x  correspond 

to jf  and ˆ
jf  in Theorem 2.2 [8]. 

Let ( )0: ,x x x y y+ +′′Φ = + =  then we have  

( ) ( ) ( )( ) 0 10, , ,M x y M x y M x x y M M y+ + +′′= Φ = + = + 

  

with 0 0
1 3

M m xµ
µ

µ

+ +

≤ ≤

= ∑ . Moreover we have  

.
r

M M cε+ − ≤                         (16) 

Let 

( ) ( ), , , ,x y t x y t′ ′′Φ = Φ Φ , 

( ) ( )( )
( )( )

0 0

0

, , ,

, , .

x x x x x y t

y y x x y t

ξ

η

+ + +

+ + +

 = + + +


= + +

                 (17) 

Then system (2) can be transformed into  

( )
( ) ( )

1

2

, , ,
, , , ,

x y P x y t
y M x y P x y t

+

+ +

 = Ω +


= +





                   (18) 
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where P P g+ ′′ ′′= Φ + Φ

  . By the express of P , we get  

( )
( ) ]

1

1 2 3

,

P I D DL Df DF DF F

f f h g

−+  ′′ ′′ ′′ ′′ ′′= + − Φ − Φ − Φ + Φ + Φ
′ ′′ ′′ ′ ′′ ′′+ Φ Φ − Φ + Φ Φ + Φ

    

    

     

 

with D D ′′= Φ

 . 
Let 

( ) ( )3 3

3
ˆ, 4 , 3 , 3 .

m
r r r m m m

ρ
ε ε δ δ ρ

α+ + + +

Γ Γ
= = − = − = −  

Hh P+ +=  are higher order terms of P+ ,  

( ) ( )
1 and 4 2

.h h t x y h t x yµ ν µ ν
µν µν

ν µ ν ν

+ + +

≤ + ≥ ≥

= +∑ ∑  

Lf P+ +=  are lower order terms of P+ ,  

( ) ( )
1, 3

, , .f x y t f t x yµ ν
µν

ν µ ν

+ +

≤ + ≤

= ∑  

From above estimation of the transformation and the similar method in [8], 
we can have  

( ), ,
.

m r
f

δ
ε

+ + +

+
+∆

≤                       (19) 

( ), ,
.

m r
h h

δ
ε

+ + +

+
+∆

− ≤                      (20) 

Now the system of differential equations becomes  

( ) ( )
( ) ( ) ( )

1 1

2 2

, , , , ,

, , , , , .

x y h x y t f x y t

y M x y h x y t f x y t

+ +

+ + +

 = Ω + +


= + +





             (21) 

4. Proof of Theorem 2.5 

Now we consider system (2):  

( )
1 1

2 2,
x y h f
y M x y h f
= Ω + +

 = + +





 

We will transform this system to (3) by iterative infinitely. First of all, we 
choose the following parameters as initial values: 

0 0 0 0ˆ, 16, , 10,r r r r δ δ ρ δ= = = =  

and  

0 0 04, 16, .m mδ δ ε ε= = =  

The j-th step as follows:  

1 1 1 1 1 1ˆ ˆ ˆ4 , 2, 3 , 2,j j j j j j j j j jr r r r r δ δ ρ ρ ρ− − − − − −= − = = − =  

( ) ( )3 3

1 1 1 1 33 , 2, .j j
j j j j j j j

m
m m m m m

ρ
ε ε

α− − − +

Γ Γ
= − = =  

From Section 3, we can get a sequence of almost-periodic transformations 
( ), ,j tΦ ⋅ ⋅  with t on , 1, 2,

j
T jδ =  , such that  
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( ) ( ) ( ) ( )1 1 1ˆ, , : 0, 0, 0, .j j j j jt D r D r r D r− − −Φ ⋅ ⋅ → − ⊂  

( ) ( )( )
( )( )

1

1

, , ,

, ,

j j j j jj j

j j j j jj

x x x x x y t

y y x x y t

ξ

η

−

−

 = + + +


= + +

 

Let 1
j

jΦ = Φ Φ . Then transformations jΦ  are defined on ( )0, jD r . By 
the transformation jΦ , system (2) becomes  

( ) ( )
( ) ( ) ( )

1 1

2 2

, , , , ,

, , , , , ,

j j
j j j j j j

j j
j j j j j j j

x y h x y t f x y t

y M x y h x y t f x y t+

 = Ω + +


= + +





 

where ( ),j
j jM x y  is a normal term, ( )T

1 2,j j jh h h=  is higher order term, and 

( )T

1 2,j j jf f f=  is a small perturbation term. Moreover, by (16), (19) and (20) 
we can get  

( )
1

, ,
,

j j j

j j
jm r

M M c
δ

ε+

∆
− ≤                 (22) 

( )1 1 1

1

, ,
,

j j j

j j
jm r

h h
δ

ε
+ + +

+

∆
− ≤                 (23) 

( ), ,
.

j j j

j
jm r

f
δ

ε
∆

≤                     (24) 

Let ( ) ( )0 1
ˆ ˆ ˆj j j j j j

j j jM M M M M x M x y= + = + + . We apply Theorem 2.2 [8] 
with ( )0 0 0,f M x y=  and { }ˆ

jf , where 0
ˆ ˆ j

jf M= , and have ( ){ }jx  and { }jf   

with ( )

4
3
jjx cε≤ . Then we have ( ) ( )( )1

1 1, ,j j
j j j jjM x y M x x y+
+ + = + ,  

( ) ( )1
0 1 1 1
j

j j jM x f x+
+ + += . 

The domain ( )0, jD r  converges to the domain 0,
2
rD  

 
 

 with 
2j
δδ → , 

0

2j
m

m → . Our work is to verify that all the concerned sequence can be conver-

gent under the norm 0 , ,
2 2 2

m r δ⋅ . 

( ) ( ) ( )
( )

1

0 1, , , ,, , 0
1 .

j j j j j jj j j

j
j

j im r m rm r i
D D D c c

δ δδ
ε

−

−∆ ∆∆ =

Φ ≤ Φ Φ ≤ + ≤∏  

( ) ( ) ( )
1

, ,, , , ,
.

j j jj j j j j j

j j j
j jm rm r m r

D I c
δδ δ

ε+

∆∆ ∆
Φ −Φ ≤ Φ Φ − ≤  

Thus, jΦ  is convergent under the norm 0 , ,
2 2 2

m r δ⋅ . Let j ∗Φ →Φ , j →∞ . 
Then we can get  

0 0, ,
2 2 2

.m rid cδ ε∗
 ∆ 
 

Φ − ≤  

Using (22), it follows that jM  converges to M ∗  with  

.M M cε∗ − ≤  

From (24), we can get that  

0 , ,
2 2 2

0.j
m rf δ →  
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By (23), { }jh  is convergent on 0,
2
rD  

 
 

 with j →∞ , and 

jh h∗→  

under the norm 0 , ,
2 2 2

m r δ⋅ . 

Then, by the transformation ( ), , t∗Φ ⋅ ⋅ , system (2) changes to the following 
system  

( )
( ) ( )

*
1

* *
2

, ,

, , ,

x y h x y t

y M x y h x y t

 = Ω +


= +





 

( ) ( )* *, , , ,M x y h x y t  has the same form as ,M h . 
Thus, Theorem 2.5 is proved. 
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