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1. Introduction

In today’s rapidly progressing science and technology, the field of control theory
is at the forefront of the creative interplay of mathematics, engineering, and
computer science.

Control theory has two objectives:

To understand the fundamental principle of control, and to characterize them
mathematically.

The control problem is to choose the control space U to minimize an energy
functional f(u), subject to constraints on the control such as U4 (set of admissi-
ble control) is a closed convex subset of U.

Various optimal control problems, of systems governed by finite order elliptic,

parabolic and hyperbolic operators with finite number of variables have been in-

DOI: 10.4236/apm.2021.115032 May 25, 2021 457 Advances in Pure Mathematics


https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2021.115032
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/apm.2021.115032
http://creativecommons.org/licenses/by/4.0/

H. M. Serag et al.

troduced by Lions [1]. These problems have been extended to non-cooperative
systems in [2] [3] and cooperative systems in [4] [5] [6] [7]. The control prob-
lems for infinite order hyperbolic operators have been studied in [8] [9].

Some existence results have been established for nonlinear systems in [10]
[11] [12] [13] [14].

Some applications for control problems were introduced for example in [2]
[15].

New optimal control problems of distributed systems described by an elliptic,
parabolic and hyperbolic operators with conjugation conditions and by a qua-
dratic cost functional have been studied by Sergienko and Deineka [16] [17]
[18].

In the present work, using the theory of Lions [1], Sergienko and Deineka [16]

[17] [18], the boundary control for some cooperative elliptic systems of the form

J

—-Ah =>ah +f  inQ, i,j=123:-n, (1)
j=1

under conjugation conditions is discussed, where

a; >0 Vi# j. 2)

System (1), where (2) is satisfied is called cooperative system. Such systems
appear in some biological and physical problems [19].

Our paper is organized as follows: In Section 2, we first prove the existence
and uniqueness of the state for 2 x 2 Dirichlet cooperative system under conju-
gation conditions, then we study the optimal boundary control of this system.
Section 3 is devoted to discuss the boundary control for 2 x 2 Neumann cooper-
ative elliptic system under conjugation conditions. In Section 4, we generalize
the discussion which has been introduced in Section 2, to n x n Dirichlet coop-
erative system with conjugation conditions. Finally in Section 5, we generalize
the problem which has been established in Section 3 to 1 x n Neumann coopera-

tive elliptic system under conjugation conditions.

2. Boundary Control for 2 x 2 Dirichlet Elliptic Systems
In this section, we study the boundary control for the following 2 x 2 coopera-
tive Dirichlet elliptic system
—Ah =ah +bh, + f, inQ,
—-Ah, =ch +dh, + f, inQ, (3)
h=h,=0 onT,

under conjugation conditions:

Ri{ﬂ} R, {ﬂ} =[h]+5  ony,

ov ov
A ) A ) (4)
oh, oh
—2t +R,{—%¢ =[h,]+5 ony,
Ri{avA} z{avA} [2] e
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ﬂ} — {iilg—gcos (v, % )} =w, on y,

)
oh, n
— | = COS |V, X; W. on y,
g
where
a, b, cand dare given numbers such that b, ¢> 0,
and
R.R,,w,6€C(»),R,R, 20,R +R, >R, >0, R, =constant. (6)
We first prove the existence of the state of systems (3) under the following
conditions:
a<u, d<y,
)
(n—a)(u—d)>hc,
where g isa positive constant determined by Friedrich inequality:
pf [h[*dx < [ [vh]" dx. (8)

Then, we prove the existence of boundary control for this system and we find
the set of equations and inequalities that characterizes this boundary control.

Existence and uniqueness of the state

By Cartesian product, we have the following chain of Sobolev spaces:

2

2 2
(Hs (@) =((Q) c(H ().
2
On (Hé (Q)) , we define the bilinear form:
a(h,y)=[ VhVydx+ [ VhVy,dx
_Jg(ahil//l +bhyy, +chy, +dhyy, )dx ©)

(Bl e,

R +R, R +R,

Then, we have
2
Lemma 2.1 The bilinear form (9) is coercive on (Hé (Q)) ; that is, there ex-

ists a positive constant C such that

2
a(hhy=Clh ., vh={h,h}e(Hs(Q)). (10)
[HO(Q)]
Proof.
Asin [19], we choose m is large enough such that a+m>0 and d+m>0.
Then,

a(h,h) =ljﬂ(|Vh1|2 +m|m|2)dx+1j9(|vh2|2 +m|h2|2)dx

a”"j Ihy[* dx —d”“j Ihy[? dx— 2] hyh,dx
[hl [‘/’1 [2][‘/’2]
L R +R, +J., R +R, dr
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From (6), we get
1 1
a(h,h) szQ(Wth +m|hl|2)dx+EJQ(|Vh2|2 +m|h2|2)dx

2 d+m
e

a+m
b

2
[ o[ dx—2] hh,dx.
By Cauchy Schwartz inequality

a(h,h) z%jﬁ(wmz +m|m|2)dx+%jg(|Vh2|2 +m|h2|2)dx
a+m

b
=2(J I ox)? ([, I, ax ).

From (8), we deduce

2 d 2 2
a()2 5[ 1-2 20 i 1S 2

b M+m c M+m L+m

d+m
c

Jolfil" ox-

jﬂ|hz|2 dx

Therefore (7) implies
2
a(hh)=C (|’ +||hz||2)=C||h||EH%(Q)T vhe(Ho (@)

which proves the coerciveness condition of the bilinear form (2.7). Then using
Lax-Milgram lemma, we can prove the following theorem:

Theorem 2.1 Fora given f =(f,f,)e (L2 (Q))Z there exists a unique solu-
tion h=(h,h))e (Hé (Q))z for systems (3) with conjugation conditions (4)
and (5) if conditions (7) are satistied.

Formulation of the control problem

The space U = (L2 (F ))2 is the space of controls. For a control
u={u,u,}e (L2 (F))z, the state h(u)={h (u),h,(u)} of the system is given
by the solution of

—Ah (u)=ah (u)+bh, (u)+f, inQ,
—Ah, (u)=ch (u)+dh, (u)+f, inQ, (11)
h (u)=uy,h, (u)=u, onT,

under conjugation conditions

Rl{ahl(U)}—’_Rz{ahl(U)}+ ~[h(u)]+& on .

N, v, 1)
oh, (u oh, (u)]”
Rl{ 82v(A )} +R2{ 62V(A )} =[h,(u)]+5 ony,
{6*‘1(@}:{2”: ahl(u)COS(V,X.):l—Wl on 7,
8VA ij=1 8Xj (13)
ohy(u) | | & oh,(u) B
{ o, }—l;;l o cos(v,x ) [=w, ony
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The observation equation is given by:
2(u) ={2(u) 2 (u)} = Ch(u) = C{h (u),h; (u)j = {hy (u). hy (u)}
Foragiven 7y ={2,,2,4}¢€ (L2 (T )) , the cost functional is given by

oh (v) oh, (v)
= - Tl 2
aVA aVA

2

‘ +(Nv,v)(L2(r))z , (14)
2(r)

L(r)
where Nis a hermitian positive definite operator such that:

(NV’V)(B(r))2 2 Q"VHZ

2 0. 1
(20 Q> (15)

The control problem then is to:
Find u = {u,,u,} €U, (closed convex subset of (L (1“))2) such that : (6
J(u)=infJ(v) VveU,

The cost functional (14) can be written as

)= [oh(v) _on(0) ah(0)
|| vy, v, v,

2

L3(r)
2

h
(v)_ () MmO
aVA aVA

L(r)

If we let:

and

f(v){zld () am(v)_ahl(m] |
L2(r)

aVA , aVA avA

aVA , aVA aVA

+{22d _oh,(0) dhy(v) oh, (o)j |
2(r)

Then

2 2

on, (0)
Ny

o (0)
ov

A

J(v)=z(v,v)-2f(v)+

+
L2(r)

Ly — Zyg —

(r)
From (15), z(v,v)=M ||V||(2L2(r))2 . Using the theory of Lions [1], there exists a

unique optimal control of problem (16), moreover it is characterized by

Theorem 2.2 Let us suppose that (10) holds and the cost functional is given
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by (14), then the boundary control u is characterized by

—Ap; (u)—ap, (u)—cp,(u)=0 in Q,
—Ap, (u)—bp, (u)—dp, (u)=0 in Q,
pl(U):_[agv(Au)—zldJ, pz(u):—(ar]gv—ilj)—ZZdJ onT,
LG]: a%X(_u)cos(v,xi )} {an“ P, ( )cos(v, X, ):I:O on 7,

{a%V(AU)}i L0 {5psng)}i:RiiRz[pz(u)} on 7,
(o) )20
2(r)

Vy Ny

J{pz(u),ahz(v—u) ah, (0)

- +(Nu,v—u) 2.2 =0,
ov, o, L(F) (2(n)

together with(11), (12) and (13), where p(u):{pl(u), pz(u)} is the adjoint
state.
Proof.

The optimal control u is characterized by [1]
z(uv-u)-L(v-u)=0 VueU,.
Then
[ﬂh(u) oh, (0) ah,(v-u) _GM(O)J
L(r)

Ny OV, Ny Ny

oh, oh, _ahy (0

ov
_on(0) on(v-u) o (0)

8VA aVA A

D
>
—
~
D
=)
N

—~~
<
[
~
Q)

(0)

—| 2,4 — , ] >0.
aVA aVA A 12(r)

So

aVA o aVA aVA

[ahl(u)_z ahl(v—u)_ahl(O)]
()

(17)

+(ah2 (W) _, oh(v-u) oh,(0)

—7,, +(Nu,v—u) 22 2
v, M ov, v, L o (e(r)
Since the model A of the system is given by
Ah(x)= A(hy,h,)=(-Ah, —ah, —bh,,—Ah, —ch —dh, ),
and since

(A"p,h)=(p, An),

DOI: 10.4236/apm.2021.115032

462 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.115032

H. M. Serag et al.

then
(p(u), Ah(u))
(py(u),—Ah (u)—ahy, (u)=bh, (u))+(p, (u),~Ah, (u)~ch, (u)-dh, (u))
:(_Apl (u)—ap, (u)-cp, (U),hl(u))+(—Ap2 (u)—bp, (u)—dp, (u),h, (u))

and since the adjoint state is defined by:

—Ap, (u)—ap, (u)—cp,(u)=0 in Q,
—Ap, (u)—bp, (u)—dp, (u)=0 in Q,
pl(u)z_[aglv(;)_zld} onT,
P, (u)z_(ar]azviU)_ZZdJ onT,
L
) e leel { B et o

hence (17) implies

B <u>'6”(v_”)—a“(°)]g(r)

N, N,

{DZ(U),ahzg_u)‘aE\,(O)j +(NU’V_U)(L2(r))2 >0.
A A Lz(l")

3. Boundary Control for 2 x 2 Neumann Elliptic Systems

In this section, we study the boundary control for 2 x 2 cooperative Neumann

elliptic system in the form
—Ah =ah +bh +f, in QcR",
—Ah, =ch +dh,+ f, in Q< R",

0 oh
_hl:glv_zzgz onT,
OV, OV

(18)

with conjugation conditions (4) and (5), where ¢, € (L2 (F))Z , 1=12. For this,
we introduce again the bilinear form (9) which is coercive on (H ! (Q))2 , since
2 2

(H: (@) c(H' ()

Then, by Lax-Milgram lemma, there exists a unique solution h=(h;h,) for
system (18) such that:

a(hy)=L(y) Vye(H'(Q)), (19)

where
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)=, fl(x)y/l(x)dx+jQ f, (X)w, (x)dx

(x)dl“+.[ —(szl _5)[Wl]d7

+j g; (x dF+.[ g, (x e
1 2

+J‘ (szz _5)[‘//2]
7 R +R,

is a continuous linear form defined on (H1 (Q))2 . Then, applying Green’s for-

dy— _[W1V/1d7 jwzl//zd%

mula, we get

j (—Ah, —ah, —bh, )y, (x)dx + _[Q(—Ahz
ol oh,
ra:lA ( )dr__[rm‘//z(
oh,

_ ya_%( )dy+a(hy) =] fyadx+ [ fp,dx,
Va

—ch, —dh, )y, (x)dx

x)dr—jy%wl(x)dy

using (19), the state h(u)=(h, (u),h,(u)) of the system is given by the solu-
tion of

—Ah, (u)=ah (u)+bh, (u)+f, InQ=0Q,UQ,,
h

—Ah, (u)=ch, (u)+dh, (u)+f, InQ=0QUQ,,
ahl(u):gﬁul onT, (20)
ov,

oh, (u)

=g, +U, onT,

oV,

under conjugation conditions (12), (13). For a given 7, =(z,4,2,4) € (L2 (F))2 ,
the cost functional is again given by (14), then there exists a unique optimal
control ueU,, for (16) and we deduce:

Theorem 3.1 If the cost functional is given by (14), there exists a unique
boundary control

u=(u,,)e(L3(I))", such that:

I(u)<3(v) wel, c((N)),

moreover it is characterized by the following equations and inequalities

—Ap, (u)-ap, (u)—cp,(u)=0 in Q,
—Ap, (u)—bp, (u)—dp, (u)=0 in Q,
agi/—iij)zhl(u)_zm onT,
agil(u) =h, (u)-z, onT,

A d

A

81 * 1 6p2(u) +
] et (3 gl s
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Ji (P (W) + Nuy) (v, g )dr+ [ (p, (u)+ Nu, ) (v, —u, )dr >0,

Together with (20), (12) and (13).

4. Boundary Control for n x n Cooperative Dirichlet Systems

In this section, we generalize the discussion which has been introduced in sec-

tion 2 to nn x 11 cooperative Dirichlet system of the form

—Ah, +ZJl N=f inQ, (1)
h =0 onl, i=12,---,n,
under conjugation conditions
R o +R, o =[h]+5 ony, (22)
aVA aVA
and
h, n, oh, .
M za cos(v,x)[=w, ony, i=12--,n (23)
oV, =1 OX;
To prove the existence of the state of system (21), we assume that:
the matrex (,u— MI ) is a non-singular M -matrix which means (24)
that all the principal minors extracted from it are positive,

where, /is identity matrix and g is a positive constant determined by Frie-
drich inequality(8).
By Cartesian product, we have the following chain of Sobolev spaces:

n

(H:(@) <((@) c(H* (@) -

On (Hé (Q))n , the bilinear form is defined by:
o bl
a(h,y)= Zj VhV ydx+ Zj ' Iw,dx+ZJ'y%dy. (25)
i=1 1 2

As in lemma 2.1, (24), implies

a(hh)zCSIA ~CIf,

et vhe(H)(Q)). (26)

Now, let

L(v)= ZI (v X)O'“ZI

RW—6)[w;]
R +R,

be a continuous linear form on (HO(Q))n , then using Lax-Milgram lemma,

dy = [ wyidy, (27)
i=1

there exists a unique solution he (Hé (Q))n such that:

a(hy)=L(y) Vy=(),<(Hi(Q)"

Then, we have
Theorem 4.1 For f ={f}

n

iy € (L2 (Q))n there exists a unique solution
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he (Hé (Q))n for cooperative Dirichlet system (21) with conjugation condi-
tions (22) and (23) if condition (24) is satisfied.
So, we can formulate the corresponding control problem:

The space U = (L2 (F ))n is the space of controls. For a control

u={u,U,,-,u,} € (L2(I)), the state h(u)={h (u).h,(u),h, (u)} of the

system is given by the solution of

{_Ahi (u)+ 2 ayh; (u)=fi(u) inQ, (28)
hi(u)=u, onT, i=12,--,n,

under conjugation conditions:

0] (B s o

(29)
()| Zahi(u)cos(v,xi) =w, ony, i=12,---n
GVA ij=1 6Xj
The observation may be takes as
2(u) ={z,(u),2; (u)-++,2, (u)} = Ch(u) = C{hy (u), by (u). by (u)}
={h (u).y (0. (W)},
the cost functional is given by
n oh (v ’
J(v)= le %— Z +(Nv,v)(L2(r))n , (30)
= A L(r)
where Nis a hermitian positive definite operator such that:
2
(Nv,v)(Lz(r))n >M "V”(Lz(r))" , M>0, VveU. (31)
The control problem then is to find:
u:{ul,yz,---,un}euad such that : (32)
J(u)=infJ(v)  VvveU,,

where U, is closed convex subset of (L2 (F))n. The cost functional (30) can

be written as

-3 al (Av) i agv(Am . ar;V(Ao> . ;r) (N -
if we let
(V)= Z[ahav( ) 6*;V(A0> i (AV) _oh <A0>L(r) (V) -
and

DOI: 10.4236/apm.2021.115032
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then

n

J(v)=z(v,v)=2L(V)+ D[ zq

i=1

o (o)

A

(r)
From (31),
7Z'(V,V) 2N ”V”(2 2

()"

using the theory of Lions [1], there exists a unique optimal control of prob-
lem(32); moreover it is characterized by

Theorem 4.2 Let us suppose that (26) holds and the cost functional is given
by (13), then the boundary control u is characterized by

—Ap, (u)+2 ;i (u) =0 in Q,
[} (u):—(ahaiv—(;)—zidj on T,
op; (u)
{S’V—N}O' o (33)
{02;2‘)} )
o rap, (v; —u;)dr >0,

together with (28) and (29) where p(u)={p, (u), p,(u),---, p,(u)} is the ad-
joint state.

Proof. The optimal control u={u}' ( (T ))n is characterized by:
z(uv-u)=L(v-u)  YW={v,V,,-V,} €U,

(o (u) an(0) ah(v—u) ah(0)
‘Z( N, v, v, ]
n 0) oh (v—u)
+§(Nu' Vi_Ui)Lz(r)_[Zid ( ) ‘gVA ( )JLZ(LZ(F))

then

Zn:(agv(u)—zid,ahi (v=u) o (O)J +Zn:(Nui,vi—ui)L2(r) >0, (34)
A 2(r)

i=1 aVA aVA i=1

since the adjoint state is defined by (33), (34) implies

Z( o (u), oh (v—u) o (0)j +Zn)(NUi'Vi )z, 20.
()

i=1 aVA aVA i=1

Applying Green’s formula, we obtain
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Since
(p,Ah)=(A"p,h)=a(p,h) and A'p=0,

we obtain by using equation (28),

n(op. (u n
Z[%:Vﬁui] +Z(Nui,vi—ui)L2(r)20,
2(r)

i=1 A

hence

Z”:J-F op; (U) N, (Vi —Ui)dFZO.

i1 OV,
5. Boundary Control for n x n Cooperative Neumann

Systems

We generalize here, the results which have been established in section (3) to the

following n x n Neumann elliptic system

—Ah, +ZJ Lgh =1 inQ,

_ (35)
N =0, onT, i=12,--n,
ov,

with conjugation conditions (22) and (23), where ¢ = {gl, g, gn} IS (L2 (F))n
are given functions. Since

n

(H3 (@) =(H'(@),
the bilinear form (25) is coercive on (H ! (Q))n .

Then using Lax-Milgram lemma, there exists a unique solution y for system
(35) such that:

a(hy)=L,(y)., Vye(H'(Q),

where

ZJ'Q f, (X)w; (x)dx + ZI gi (

(Ryw—5)[wi]

ZI WW ZI wy'dy,

is a continuous linear form defined on (H ' (Q) . Let us multiply both sides of

first equation of (35) by w € (H ! (Q))n and integrate over (), we get
ZJ' [ —Ah +ZaIJ JJ i (x )dx:ZJ'Q f.y,dx.
i=1 i=1

Applying Green’s formula,
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anlj( v dx— Zj ,J ,W.dx—ijrgv—hwidr
_Z"‘J J‘ [h]lwi] ] l//.
= .Zzlljr giWidF+§IQ fiydx

n

g.[[ —Ah, — Za” JJ )dx—gjr[%]wi(x)dr
_iznlljy[ﬁ}//i(x)d;/-kijy%d
:éfrgiwidr+§f0 i dx,

then from
a(hy)=Ly(v),

we obtain the Neumann conditions
oh,

AN

=g; onT.
Then, we have the corresponding control problem:
The space U = (L2 (F))n is the space of controls, the state

h(u)={h (u),h,(u),---,h, (u)} of the system is given by the solution of

—Ahi(u)+z h(u)=f(u) inQ,
oh; (u) (36)
———t =g, +y onT,

oV,

under conjugation conditions (29), where u = {u u,, -‘,un} is a given control
in (L2 (F))n. Foragiven zy ={Z)4,2,4, "2y} € (LZ( )) , the cost functional is
again given by (30). As in theorem (4.2), we can prove:

Theorem 5.1 Let us suppose that (26) holds and the cost functional is given

by (30), there exists a unique optimal control u, such that.
J(u)=infI(v)  VveU, c(Lz(l"))n,
moreover it is characterized by the following equations and inequalities
n
—Ap, (u)+ 2.2 p; (u) =0 in Q,
1
op; (u oh; (u
(B0 ,) g

op; (u
ov,.

{agil(ii)} R1+R[pl ()] ony,

A

on y,

> —
~
| E—|
Il
o
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n - RRTAN ; N V- , nZO, -21,2,"'1 ,
iZZIZ(pI (u),v; —u )(L ) +(Nu,v u)(L ) i n
together with(36) and (29), where p(u)= { p(u), P (U)o, Py (u)} is the ad-

joint state.

6. Conclusion

In the present work, we concentrated on optimal control problems for coopera-
tive elliptic systems under conjugation conditions. We proved the existence and
uniqueness of the state for 2 x 2 Dirichlet cooperative elliptic system. Then we
discussed the existence and uniqueness of the optimal control of boundary type
for this system and we gave the set of equations and inequalities that characte-
rizes this control. Also, we studied the problem with Neumann condition. At
last, we generalized the discussion to n x 1 cooperative elliptic systems under

conjugation conditions.
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