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Abstract
Let pbe an odd prime, the harmonic congruence such as

1
- = —2Bp_3 (mod p),
i+j+k=p l]k
and many different variations and generalizations have been studied inten-
sively. In this note, we consider the congruences involving the combination of
alternating harmonic sums,
(-1’
> T
i iy etiy=p” Bl L
i by ey <P,

(_1)i1+i2

(_1)i1+i2+~-+i[%} |

lllz...l

n

2

N iy iy ety =
by iy €,

2

n ittty =p”
ip 0y iy GPp

o by

where P denotes the set of positive integers which are prime to p. And we

establish the combinational congruences involving alternating harmonic sums
for positive integer n=3,4,5.
Keywords

Bernoulli Numbers, Alternating Harmonic Sums, Congruences, Modulo Prime
Powers

1. Introduction

At the beginning of the 21™ century, Zhao (Cf. [1]) first announced the following

curious congruence involving multiple harmonic sums for any odd prime p >3,

1
e ij—kE—zBp_3 (modp),
i+j+k=p

(1)

which holds when p=3 evidently. Here, Bernoulli numbers B, are defined

by the recursive relation:
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i["ﬂja —0,n>1.

i=0\ !

A simple proof of (1) was presented in [2]. This congruence has been genera-
lized along several directions. First, Zhou and Cai [3] established the following

harmonic congruence for prime p >3 andinteger n< p-2

—(n-1)!B,_,(mod p), if2/n,

1
= n(n! .
11+12+-Z;1":p L -1 —ﬁpBM1 (mod pz), if 2| n.

(2)

Later, Xia and Cai [4] generalized (1) to
1 _I12B,, 3B, (mod )
iwjh=pijk  p=3  p-4 '

where p>35 isaprime.

Recently, Wang and Cai [5] proved for every prime p>3 and positive in-

teger r,
1 r-1 r
> —=-2p"B,, (mOdP ) (3)
i+j+k=p" Uk
i,j,keP,

where P, denotes the set of positive integers which are prime to p.
Let n=2 or 4, for every positive integer r 2% and prime p > n, Zhao [6]
extended (3) to

1 n!

l‘l:#i;‘*’"“fi/]:pr Ll L, n+l
iy 50y iy E’Pp

P'B,.,., (mod p ) (4)

For any prime p>5 andinteger r >1, Wang [7] proved that

L. —%p”'Bp_5 (mod p’).

iy +iy oot =p" Ll els
itsip e is €P),

We consider the following alternating harmonic sums

B

i iy
Z 0,0, '~°0,

iy +ip+eetiy=p” Ly,
i by ey €P,

where o, € {1,—1} ,i=1,2,---,n. Given n, we only need to consider the following
alternating harmonic sums,

Z (_1)[1 Z (_I)M[z Z (_l)ll+lz+m+m

> > B

iy iy 4oty =p" hly 1, iy +iy ety =p" Ll L, iy ety =p"
itsip i €Fp ity i €, itsip i €

iy i,
where [x] denotes the largest integer less than or equal to x.
In this paper, we consider the congruences involving the combination of al-

ternating harmonic sums,
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(_1)i1+i2+~~-+i[ﬂ '

lll2 ool

Z (_l)i]. , Z (_1)l‘]+‘iz e z

i1+il2+»-<fi,,:p" Ly, i14+i42+-~-4.ri,,:pr Ly 1, i1+i2+~--fi,,:p"

B0y iy EPp i,y iy e’Pp B0y iy E”Pp

n

We obtain the following theorems. Among them, Theorem 1 and Theorem 2
have been proved by Wang [8] using different method.

Theorem 1. Let p be an odd prime and r a positive integer, then

Y )
QE P'B, (modp )
i+j+k=2p" Uk
i,j,ke’P[,
Remark 1. There is no solution (i, j,k) for the equation i+ j+k=2p"
with i,j,keB,.

Theorem 2. Let p be an odd prime and r a positive integer, then

() _1 - :
. Z " l]k Ezp IBp*S (mOdp )
g

Theorem 3. Let p>5 be a prime and r a positive integer, then

i i+

(=1) (=1)
4 3 43 Y
i+ riyrig=2p” Wbl ey =2yt Wbl
il g <P, 2y i3, 14 P,

ﬁpoﬁ5 (modpz),ifr =1,

?p’Bp_5 (modp”l ), ifr>1.

Theorem 4. Let p >5 be a prime and r a positive integer, then

i i+
(-1) (-1)
D A
ity +igrigris=2p” Wallals i vipvigvig=2p" Whalalals
iy fysigis€ P, it iy, fysigsis <P

12B, ((mod p),if r =1,
6p""'B, s(mod p"),if r>1.

2. Preliminaries

In order to prove the theorems, we need the following lemmas.

Lemma 1 ([5]) Let p be an odd prime and r, m positive integers, then

; =-2mp""'B,_, (mod P )

i+j+k=mp" lfk
i,j,kEPp

Lemma 2. Let p be an odd prime and r, m positive integers, then

1 6 1

7 , T
i+ j+k=mp" Uk mp 1< j<I<mp” jl
i,j,keP, Jil,1-jeP,

Proof It is easy to see that
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1 1 i+j+k 3 1
z . k - r z . k - r z o
i+ j+k=mp" y mp i+j+k=mp” y mp i+j+k=mp” y
i,j,keP, i,j,keP, i,j.keP,

Let /=j+k, then 1<j</<mp" and j,I,I-jeP,. By symmetry, we
have
1 3

3 li+j 6 1
r Z == r z ;_ R Z _l
mp i+j+k=mp” y mp i+j<mp” y mp 1< j<I<mp” J
i,j,keP, i,j,1€P, Jl,1-j€P,

This completes the proof of Lemma 2.

Lemma 3. Let p >4 be a prime and r, m positive integers, then

1 24 1

PR r ‘
iy +iy +i3 +ig =mp” l1121314 mp 1<uy <uy <uz <mp” u1u2u3

iy, 13,i4€P, uy, 3, uy —uy, u3—uy €F,

Proof. The proof of Lemma 3 is similar to the proof of Lemma 2. O
Lemma 4 ([3]) Let r,c,,--,a, be positive integers, r=a,+---+a, <p-3,
then
| r(r + 1)
2(r+2)

L e

B, ,,p’(mod p),if 2/ r,

a) ja: a,
1<l l,<p-1 11 l122 el

10y i " (=) (n-1)'—B,_, ,p(mod p*).if 2| r.

r+1

Lemma 5 ([7]). Let p be an odd prime, and «,,---,q, positive integers,

where r=a,+---+a, < p-3, then

1 (=)' (n-1)! 12

ay jon . ay, =
},,illl;:l‘;énézp l] 'lz ln (_l)nfl (n _ 1)! rz_:l Bpirilp (mod p2 ), 1f 2 | .

2y (mod o). 2

Lemma 6. Let p >4 be a prime, then

1 240

__ = 2
DTy pofS(modp )
i+ +iy+ig=2p 112834
122,13, €P,

Proof. By Lemma 3, we have

1 24 1 5)

I+ +iy+ig=2p L1, 217 1<uy <up <u3<2p Uy Uy
I,ip, 03,04 E’Pp Uy, U3, Uy —uy, U3~y GPP

It is easy to see that

1 1 1
= > + .
1<uy <upy <u3<2p uu,u, 1Suy<uy<uz<2p Ui,y 1<uy<p<u3<2p u, pu,
ul,u3,u27ul,u3fu2e77p u],uz,u3,uzfu1,u3fu2e73p ul,l.l:;EPp

By Lemma 4, we have
1 1 1 1
=— Y — > —=0(modp’). (6)
1<uj<p<uz<2p MIP% P I<u;<p ul p<u3<2p u3
up,u3€P,

Hence
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1 1

1<uj<upy<u3<2p u1u2u3 1<uj<up<u3<2p u1u2u3
Uy, U3, Uy~ U3 Uy ePp Uy, Uy, Uz, Uy —ly U3~y ePp

1 Z 1
1<uy<upy<uz<2p u1u2u3 1<uy <up+p<uy<2p u[ (u| + P)u3
ul,uz,u3e77p ul,MSEPp

1 3
- > —(mod )4 )
1<uj<up<up +p<2p ”1”2 (uz +p)
ul,uze'Pp

Replace u; =u, + p, then

1 1

1<uy <uy+p<uy <2 p u] (ul + p)u3 1<uy <up+p<uy+p<2p u] (u| + p)(uz + p)
up,u3€P, up,uy €P,

1 p . p p P ;
= 1P P 11— L P |(mod p?).
2 2 ( u1+uzj[ u2+ 2j(m0 p)

I<uy<uy<p Uy Uy 1 U
and
1 1 :
_—= Y - 1_£+p_2 (modp3).
1<uy <up <uy +p<2p uluz (uz + p) 1Suj<up <p uluz uz uz
up,uy €P,
Thus

1

1<uy <up <u3<2p U,y
Uy, U3, Uy =y, U3~y EPP

1 1 1 1 1 1
N 2 TP 3 22 3
1<uy<uy<us<2p WilUy  i<uy<uy<p\ Uply Uyl Uy Uy, U,

Uy, Uy, U3 e’Pp

+p2(1+1+1+1] (7)

4 3 2.3 14
U, uu, ul, Ul

1 1 1 1 1 1
= ; Z - Z > TP 5t E 22
Mgy uy<2p YilgUs 1<y <p\ Uy Uy U,y U,

wp#u;,u; €P,

1 1
+ 2 —_—t— mod 3 .
g ”14”2 ”13”2 ( g )

Using Lemma 5 in the first sum of the right hand in (7) and using Lemma 4 in

the second sum, we have

1 1 24 12
= 602, (7 25,
1<uy <up <uz<2p U, Uy 3! 5 10
Uy, U3y, Uy —Uy, U3~y ePp
3 4 30
+7p(—g3pspj—pz HBHPZ (8)
20

= —?szp_S (modp3).

Combining (5) with (8), we complete the proof of Lemma 6. [

Lemma 7. Let p >4 beaprimeand r>1 a positive integer, then
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1 48 .
=——p'B __(modp™).
cibii, 5 P'B s (mod p)

i) +iy +iy+ig=2p’
i,i3,03,i4€P,

Proof. The proof of Lemma 7 is similar to the proof method of (4) in [6]. O

Lemma 8 ([7]). Let p>5 beaprimeand r,m positive integers, (m, p)=1,
then

1 —4(5m+m3)Bp75 (mod p),if r =1,

iy i libslals | —20mp™ B, (mod p”),if r>1.

il,iz,---,t567>p

Lemma 9. Let p>5 beaprimeand r,m positive integers, then

1 120 Z 1
e e e e I3 N
iy +ip +-eis=mp” hhhkiyls mp 1<uy <uy <us <ug <mp" u,uzu,
iy, s ePp Uy, Uy, Uy —Up, U3 —UY , Uy —U3 ePp

Proof. The proof of Lemma 9 is similar to the proof of Lemma 2. O

3. Proofs of the Theorems

Proof of Theorem 1. It is easy to see that

5 ﬂ_L > (—l)i(i+j+k)

P - r .y
i+j+k=2p" ijk  2p i+j+k=2p" ijk

i,j,keP, i,j,kePy,

1) 2(-1) ®
BRI (uu]

2pr i+j+k=2p" Jk U

i,j,keP,
Let /=j+k then 1<j</<2p" and j,I,I-jeP,, hence

¥ N _ 5 (1) (J+K) 2(-1)

= , = > —— (10)
Sj<l§2prl Jk

1 Jjl
1.~ jep, J

i+j+k=2p" ]k

1 <j<I<2
i,jkeP, J . €

o
i.1-jem,

Let /'"=i+j,then 1<i</'<2p" and i,I',l'-i e P,, hence

3 ﬂ: > lw: Z [ﬂJrﬂ] (11)

i I i il il'
ivjrk=2p Y 1<i<l'<2p" Yy J
i.j.keP, LI 1'%ieP, LI 1'%ieP,

Noting that i=/"-j, (—l)l,_j :(—1)“’- and we rename /' to /,then

2(-1) 2(-1)"
LY.y 200 (12)
I<i<I'<2p’ Jl 1< j<l<2p” Jl
—ieP, J:1,1-j€P,
Rename 7to jand /" to /,then
2(-1) 2(-1)
Z ( ): Z u (13)

o ;
l<i<l'<2p" il 1<j<i<2p” Jjl
i,l',I'=ieP, Jil,1=j€P,

Combining (9)-(13), we have
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-1) -1 (=) (=1
s GV 1 (G607 e
it j+k=2p" ijk D oicjasey Jl Jl Jl
i.j.keP, ol i-jeP,
i
B (1+(—1) )(H(_l)])_L L
r 1<j<I<2p" Jl P 1<j<I<2p" Jl
J.1,1-j€P, ji1,1-j€P,
1 4 1 1
= r z 7_ r _l
p 1<j<I<2p” JE P gjasop J
j,l,l—jePp.jeven,leven j,l,l—je’Pp

Let j=2j',1=2l" in the first sum of (14) and noting that

1 1

I
1<j<r<p” J 1<j<i<p” J
JLI=jep, JLI=jeP,

(14) is equal to

_1i 1
y Lty Ly L as)
it jrk=2p" ijk P o<jasy jl p 1<j<I<2p" Jjl

i,j,kepp j,l,lfjePp j,l,lfjepp
By Lemma 1, Lemma 2 and (15), we obtain

s .1 5 1L
i+jrk=2p" ijk ) 1< j<i<p” Jjl p 1<j<I<2p” Jjl

iLj.keP, J.L1=jep, Jli=jen,

This completes the proof of Theorem 1.

Proof of Theorem 2. For every triple (i, j,k) of positive integers which satis-
fies i+ j+k=2p",i,j,k €P,, wetakeit to 3 cases.

Cases 1. Let A(pr>:{(i,j,k)|13i,j,k£p’ —landi, j,k e73p}.
(i, J, k) © (p" —-i,p —j,p —k) is a bijection between the solutions of
i+j+k=2p",(i,j,k)e A(p’) and i+ j+k=p",i,j,keP,, wehave

(1) _ (0"
T B )

i+j+k=2p" l".i'j:+k:pr
(i0e(r) AT (16)
Y
= > %(modp’).
i+j+k=p"
i,j,kePp

Cases 2. Let
B(p")={(i.j.k) | p +1<i<2p" —1,1< j, k< p" —landi,j,keP,}.
(i, j,k)(—)(p’ +1, j,k) is a bijection between the solutions of
i+j+k:2p’,(i,j,k)eB(pr) and i+j+k=p',i,j,keP,, wehave

_1y )y -1) ‘
s oy B0 v D) ay
i+ jrk=2p" ijk i+ j+k=p" (P 'H)Jk i+jth=p" ijk
(i’jyk)eg(pr) i,j.keP, i,j:keP,

Cases 3. Let
C(p")={(i.jk) | p +1<j<2p ~1,1<i, k< p" ~landi,j,keP,}
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and
D(p")={(i.jk) | p +1<k<2p" ~1,1<i, j< p’ ~landi, j.k P, }.
(i,j,k)<—>(i,pr+j,k) in the former and (i’jak)e(i,j,p’+k) in the
later are the bijections between the solutions of
i+j+k:2p’,(i,j,k)eC(p”)or(i,j,k)eD(pr) and
l+]+k :prsiaj9k E’I)p , We haVe
y oy GO

i+j+k=2p" l.]k i+j+k=2p" l.]k
(i,j,k)ec(p’) (i,j,k)eD(p’)

= 2 &““ 2 (_—l) (18)

iy e g )
HEFp /€ p
(=) ,
=2 d
i )

Combining (16)-(18), we have

(-1) (-1 ()

Y —r= Y E ¥
ivjrk=2p" Y i+jrk=2p" Y i+ j+k=2p"
i) ke, ([,j,k)eA(pr) (i,j,k)eB(pr)

N C) S|

i+j+k=2p" Uk i+j+k=2p" ljk
(i,j,k)ec(p’) (i,j,k)eD(p")
(=1
=2 ——(mod p" ).
i+j§:pr Uk ( )
i,j,keP,

By Theorem 1, we complete the proof of Theorem 2. [
Proof of Theorem 3. By symmetry, it is easy to see that

) I 3 (=)' Gy +is +iy)

iyiy 150,

R B
ij+iy+iz+ig=2p" hlalaly 2p i iy +iy +ig =2 p"
il,iz,i3,i4€73p 1'1,52,!'3,54677;7

. . (19)

1 _1 Ul —l Ul

S L= i
2p" iy eieig=2pr | Dl Ll
i1y, 13.i4€P,
Let u, =1, +1, +i, in the first sum of the last equation in (19), then
iy =2p" —u,, (19) equals to
2p"—uz . . . i . . .
_ 1 5 (-1) (12+13+z4)+3 5 (=1)" (4 +i5 +14,)
2p' wy=iy +iy +ig <2 p b3y wy=iy +iy iy <2 p LTS

L u3,i2,i3,i4ePp u3,i|,i3,i4e’Pp (20)

u3 i i
1 (=1) (=1 (=1
=s—[3 X 3 Y 6 3
2p" | wpciyririg<ap Balals wy=iy+iz+ig<2p” L3lalls wy=iy +iy +ig<2p” U3
u3,i2,i3,i4ePp u3,i|,i3,i4epp u3,i|,i3,i4e73p
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Let u, =i, +1, inthe second sum of the last equation in (20), since

uy =i +i, +i,, then i =u; —u,, (20) equals to

1
=3 —
2P" | iy <2y LUy
u3,u37u2,i3,i4e’Pp
i
(=)' (i +4)
+6 Y 2
wy=i+iy<uz<ap” Wbl
uz, u3—uy, i, i3€P,

! (1"
= - 6 —+
2p O<uy<uy<uy<2p”  HilalUs
uy,uz, u3 =iy, iy~ €F,

(_1)“271{1
o 0y Y

O<uy<uy<uz<2p’  Wilhlly
uy, U3, Uy =iy Uy —ulePp

3

(_l)u3 (is +i4)+3

(_l)uruz (i3 + i4)

Ll Uy

2

Uy =iy +ig<uy<2p”
uz, u3—uy, i3, i4€Pp

(1

U, Uy

6

2

O<uy <up<uz<2p”
uy,uz, u3 =iy, iy~ €F,

(G

O<uy<uy<uy<2p’  thithalUs

uy,uz, uy =iy iy~ €F,

(P + ()™ 4 () 4 ()

2

O<uy <upy<uz3<2p”
uy,u3,u3—uy, up —u €F,

r

p

Similarly, we have

UjUyUy

Iy +i U uy +uy +u Uy +u
Z (_1)1 2 _ 4 Z (_1) 2 +(_1) 1 Tuptus +(_1) 1Tu3
PP r .
i+iy+iy+ig=2p" hlalaly P ocu<uy<uz<ap” U,y Uy
i1y, 13,14 €P, Uy 3, u3 =ity iy~ €F,
Hence
i i+
_1 1 _1 1702
4 (SR )y e
i+iriyrig=2p" Whlla i rivig=2pt Wil
iy,ip,i3,i4€Pp if,ip.i3,i4€P,
u u u
= [1+(—1)‘][1+(—1)2}[1+(—1)3]—1
=— 2
p O<uy <ty <uz<2p” UjiyUy
ul,u3,u37u2,u27ule'Pp
12 1 12 1
- r - r :
P ocap<up<uy<pt WilhUs P ocy<uy<up<2pt WilalUs

up,u3,u3 =iy, uy —u €P),

By Lemma 3, we have

up,uy,u3 =ty uy —u P,

i i
(_1 1 _l)l 2
4 X —...). +3 ) —(....
itiprisrig=2p" Whalsla  iiitivi=2p7 hlalla
| +ip +i3+iyg =2 p iy +ip +i3+ig =2 p
i by issig P, it.ysi3,ig P,
S L — X =
i+ +ig+ig=2p" Wbty iy iy vig=2pr Wbl
i ig,i3,i4 P, i) iy, i3,i4€P,
By (2) and Lemma 6, we have
i iy +i-
&) (-n"™
4 ——+3 —

i+ +i3+ig=2p Ll
iy,ip,i3,i4€P,

it +i3+ig=2p Ll
ij,ip,13,i3€P),

24 240 216
= PB,; +?po_5 =——7rB,; (mOdpz)'
619 Advances in Pure Mathematics
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By (4) and Lemma 7, if » > 2, then

4 z (_l)il 13 z (_l)il+i2

iriyriprig=2p” hhalals  inaieig=2pt Bl

i1y, 13,i4€P, i1y, 13,14 €P,
12, 48 36 .
s, By, =L n, (ot )

This completes the proof of Theorem 3.
Proof of Theorem 4. Similar to the proofs of Theorem 1 and Theorem 3, we

have

i
(-1)" 12 1 "
Y == )y —|(-1)
ity iy rigris=2p” Whallals P O<uy<up<uz<ug<2p”  WillaUslUy
if,ip.03,04,i5€P, Uy, g, uy —uy, u3 Uy, Uy —U3 P,

N ()T ()

and

i+
2 )
iy iy +ig+is=2p" hlalilals
it iy, fysigis< P

- >

p 0<uy <uy <uz<uy<2p”
Uy g, Uy U, U3 Uy Uiy —U3 €,

+ (_1)u1+u3 + (_1)u1+u4 + (_1)u2+u4 + (_1)u1+u2+u3
+ (_1)MI+L¢2+L{4 + (_1)u1+u3+u4 + (_1)u2+u3+u4 + (_1)u1+u2+u3+u4 j|

1

U, Us U,

[0+ (-

Hence

2 (_l)il ) z (_l)i]+iz

itig+is+igris=2p” Wlablals g v ris=2p” hlalilals

i 1, i3,13,i5€P, itsi2,03,i4,15€P,

u iy u3 iy

= 5 [1+(—1) J[H(—l) J[H(—l) J[H(—l) J—l
T

p O<uy <ty <uz<uy<2p" U, usuy

Uy, Uy, Uy —Up, U3~ U, Uy —U3 ePp

12 2 1 12 2 1
Ty T e

p 0<uy <ty <uz<ug<p” huusuy  p O<uy <uy <uz<uy<2p” Uyu,Usuy

Uy, Uy, iy Uy, U3 =iy, Uy —u3€P, Uy, Uy, Uy —Uy, U3 =ty Uy —U3 €P),

By Lemma 9, we have

z (_l)il ) z (_1)i]+i2

itip+iyvigvis=2p” Whalslals i vivigvis=2p” Wlalalals
oIy i, 15 <P 0y i3sig,i5 <P
Loy L2y !
10 ity iy i +is=p” 2 lalals 10 i iy iy +ig vis=2p" il lslals

AN, i1y, i3.14,i5€P,

By (2) and Lemma 8 (1), we have
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Z (_l)il ) Z (_1)i1+i2

i) +ip +iy+ig+is=2p l1lzl3l4l5 i) +ip +iy +ig +is=2p 1112131415
i1,02,13,i4,i5€P, i1, 13,1415 €Py
24 144
= ——Bp_5 +—Bp_5 = IZBp_5 (mod p).
10 10

By Lemma 8 (2),if » =2, then

it ij+ip
(-1) &)
D et D D T
iy +ip +iy+ig +is=2p" hhyllyls i +iy iy +ig +is =2 p" hhalslyls
i,1y,13,i4,i5€P, i,12,13,14,15€P),

=-2p"'B, ;+8p""'B, ;=6p""'B, ;(mod p").
This completes the proof of Theorem 4. [J

4. Conclusions

Let p be an odd prime and r,m positive integers, (m, p) =1, using Lemma 1

and Lemma 2, similar to the proof of Theorem 1, we can prove that

1Y )
Z ( ) =mp ]BIF3 (modp )
i+j+k=2mp" l]k
i,j,keP,
In particular, if m =1, it becomes Theorem 1.
Let p be odd prime and r,m positive integers, (m,p)=1, similar to the

proof of Theorem 2, we can prove that

1) 1 -1 m .
> () = > () =—p lB[H(modp )
i+ j+k=mp” Uk 2 i+j+k=2mp" Uk 2

i,j,ke'Pp i,j,ke'PI,
In particular, if m =1, it becomes Theorem 2.

Let p>4 beaprimeand r,m positive integers, (m,p)=1, we can deduce

the congruence (mod p”l) for

i i+
(-1) (-1)
4 Y 3 Y
i+iy+iy+ig=2mp” Whalala iy vy rig=2mpt hihal3ly
ij,iy,13,i4€P), ityip,13,14€P,

Let p>5 beaprimeand r,m positive integers, (m,p)=1, we can deduce

the congruence (mod p’) for

i i+
(-1) (1)
e VA )
i iy iy +ig +is=2mp” Wlalalals i vivigvig=amp” Wl l3lals
s, 13,1415 <Py Qs i3 igsi5 Py

Similarly, we can consider the congruence (mod p"*') for

hgh .. gh
o-l 0-2 o-n
.. . 2
iy +ip +eetiy=p" Ly -1,
iy iy €P,

where o, € {l,—l} ,i=1,2,---,n, but it seems much more complicated.
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