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Abstract

The Cauchy integral formula expresses the value of a function f (Z) , which

is analytic in a simply connected domain D, at any point z, interior to a

f(z)

simple closed contour Csituated in Din terms of the values of on C

ZO
We deal in this paper with the question whether C can be the boundary 0Q
of a fundamental domain Q of f (Z) . At the first look the answer appears

to be negative since 0C) contains singular points of the function and it can
be unbounded. However, the extension of Cauchy integral formula to some of

these unbounded curves, respectively arcs ending in singular points of f (Z)
is possible due to the fact that they can be obtained at the limitas r — o of

some bounded curves contained in the pre-image of the circle |Z| =r and

of some circles |Z - a| =1/r for which the formula is valid.

Keywords

Fundamental Domain, Dirichlet Functions, Modular Function, Weierstrass
¢ Function

1. Introduction

We make reference to [1] for elementary knowledge in complex analysis used
below. It is known (see [2]) that for every rational function R(Z) of degree n
the complex plane can be partitioned into n sets whose interior are fundamental
domains of R(Z), Le. they are mapped conformally (hence bijectively) by
R(Z) onto the whole complex plane with some slits. A similar partition takes

place for transcendental functions (see [3]), except that for those functions the
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number of fundamental domains is infinite. Every fundamental domain Q of
an analytic function f (Z) is either unbounded or QUdQ contains singular
points of f(z), or both.

Although integrals on unbounded contours have been used frequently in
complex analysis (see [1], page 214), they have never appeared in the context of
Cauchy integral formula. The main novelty of this paper is that it makes possible
such an undertaking. The famous Cauchy integral formula is in this way upgraded
from a rather local instrument to a more global one. Moreover, it shows that the
functions we are studying are completely determined by the values on the
boundaries of their fundamental domains.

f(z)

The integral on 0Q of shall be treated as an improper integral the

Zy

convergence of what remains to be investigated. This can be accomplished in
different ways which apply to particular classes of functions; hence instead of
trying to prove theorems valid for any analytic function, we must treat separately
those classes of functions. However, the techniques used are in general similar;
namely they consist in isolating the singular points and zZ =00 by the pre-image
of some circles whose radii are let tend to zero, respectively to infinity, then in
applying the Cauchy integral formula to the bounded sub-domains of Q

obtained in this way and making sure that the integrals on the boundaries of the
complementary domains tend to zero when the radii tend to zero or to infinity.
As f(z) isinjective in every fundamental domain, if such a domain is mapped
conformally by the function onto the complex plane with a slit; then for some
values r >0 there is a function (p(rem) corresponding to that fundamental
domain such that f ((p(rem)) =re", 0<0<2n. The function ga(rem) is
injective in the interval [0,27) and maps this interval onto an arc y included
in that fundamental domain. Making the change of variable z = gp(rei‘g) in the
f(2)

-1,

integral J.y ZZ dz it becomes an integral on the interval [0,27) and it is
possible that it tends to zero as r > o or r — 0. This assertion should be
checked for every particular class of functions.

The contours we used for integration needed to be illustrated and most of the
graphics are computer generated by the software Mathematica. When this was
not possible, we used illustration by hand made drawings. However, they are
pictures of known fundamental domains (see [1], page 268 and 282). One of the
most studied classes of meromorphic functions is that of Dirichlet functions and it

can be considered as a prototype in many aspects. Let us start then with this class.

2. General Properties of Dirichlet Functions

The Dirichlet functions are obtained by analytic continuation of general Dirichlet
series across the line of convergence. The family of general Dirichlet series
includes that of well known Dirichlet L-series defined by Dirichlet characters.

These last series can be all extended as meromorphic functions in the whole

DOI: 10.4236/apm.2020.104012

182 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2020.104012

D. Ghisa

complex plane. The extended functions are called Dirichlet L-functions. They
are implemented in Mathematica and some affirmations about general Dirichlet
functions are illustrated by using Dirichlet L-functions. However, the interest in
more general functions is obvious and we have recently devoted to them a lot of
publications (see [2]-[15]). An account of recent advances in this field can be
found in [8].

A general Dirichlet series ¢, A(S) is defined by an arbitrary sequence of
complex numbers A:(al,az,---), the coefficients of the series and by a non
decreasing sequence of non negative numbers A = (ﬂl, Ay ) , the exponents of

the series. It is given by the formula
Can(s)=2 2™ (1)

We will deal only with normalized general Dirichlet series in which a =1
and 4, = 0. For such a series we have lim__ ¢, (o+it)=1 uniformly with
respect to ¢ (see [8], Theorem 3). There is a number o, called the abscissa of
convergence of (), , (S) ,—0 < o, <+o such that the series (1) converges for
Res> o, and it diverges for Res<o,. The series converges uniformly on
compact subsets of Res> o, and therefore it is an analytic function in that half
plane. Denoting by ¢, . (s)= z:;lane'eﬂns we have proved in [8] that if the
abscissa of convergence of (), , (S) is finite then the abscissa of convergence of
por (s) iszero and if $por (s) has only isolated singular points on Res=0,
then ¢, , (S) can be continued across the line Res=o¢, to a meromorphic
function in the whole complex plane. We keep the notation £, , (S) for the
extended function when it exists and we call it Dirichlet function. Following
Speiser [16], who studied the Riemann Zeta function, we have used in [2]-[15]
the pre-image of the real axis by ¢, , (S) . This is the set of points in the s-plane
where () , (S) takes real values. For every Dirichlet function it is a family of
analytic curves whose structure has very profound implications on the value
distribution of that function. Figure 1(a) illustrates the pre-image of the real axis
by a Dirichlet L-function defined by a complex Dirichlet character and Figure
1(b) by a real one. Details about Figure 1(c) are found in Section 3.

We have proved (see for example [8]) that for any Dirichlet function ¢, , (S)
this pre-image is formed with unbounded curves (components) which fall into
three categories. Namely, there are infinitely many curves T',,k € Z, which do
not intersect each other and consecutive I', and I, (I, below T, ) form
infinite strips S, extending for Res going from —oo to +oo. The counting
is such that 0e€S,. Every curve I', is mapped homeomorphycally by
Can (S) onto the interval (1,+00) of the real axis and therefore every S,
-strip is mapped (not necessarily one to one) onto the whole complex plane with
a slit alongside this interval. For k#0 every strip S, contains a unique
component I',, of the pre-image of the real axis which is mapped
homeomorphycally by ¢, , (S) onto the interval (—oo,l) of the real axis and
a finite number of components I';,j#0 which are mapped each one

homeomorphycally by ¢, , (S) onto the whole real axis. The component T’ ,

DOI: 10.4236/apm.2020.104012

183 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2020.104012

D. Ghisa

20

—
—y
10F :
S
\—'

:

\]

R\ st |

20— — i

: sU \\}

4 20 2 4 4270 4 2 0 2 4

C) (b) (©)

Figure 1. The pre-image of the real axis by Dirichlet L-functions.

extends for Res going from —oo to +oo, while I',;,j#0 are parabola
shaped curves with a finite supremum of Res, therefore we can distinguish the
interiorand the exterior of such a curve.

In the case of a strip S,k #0,if £}, (Vk,j ) =0 then connecting ¢, , (Vk'j )
with z=1 by a Jordan arc 7, ; the component of the pre-image of 7 ;
passing through V, ; can be an unbounded curve 7, ;, when for o +itey,
we have lim__, ¢, , (o +it)=1. On the other hand the origin of such a curve
must be a point U,; on a curve I'y; such that £, , (uk‘j ) =1. The curve
Vx.j is bounded when its ends belong to different curves I'y ; and T, ;.. This
is the case when I, ; and I ; are embraced curves (see [8]) and when k=0.
The curve 7, ; is mapped 2 to 1 by {,, (S) onto 7}, ;. Then we can form
fundamental domains using parts of the curves T’y ;, the curves y, ; (and T},
when is the case, as in Figure 2). These are strips unbounded to the right and to
the left when 7, ; is unbounded and they are bounded to the right when 7, ;
is bounded. They are mapped conformally by ¢, , (S) onto the whole complex
plane with some slits alongside the interval [1, +00) of real axis and some other
slits alongside 7, ;.

In the case of the strip S,, when the zeros of ¢}, (S) are complex, the

curves 7, ; are all bounded for j#0 and together with I', they form the

DOI: 10.4236/apm.2020.104012

184 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2020.104012

D. Ghisa

. . . . . ;
0.04f 2 ]
av,,)
L P N e
002t e 4 ° 4
24 3 TR
0.00
22
0.02f L 1
6
20
0.04f 1
18k . ‘ . ) : : : . \
4 ) 0 5 4 09 092 094 09 09 100 1.02

Figure 2. Conformal mapping of fundamental domains by ¢ ().

boundaries of fundamental domains bounded to the right. It is known (see, for
example [13]) that every S, -strip, k#0 of {,, (S) can be partitioned into a
finite number of sets whose interior are fundamental domains of ¢, , (S) . The
S, -strip contains infinitely many fundamental domains. The way they are
mapped conformally onto the complex plane with some slits by the Riemann
Zeta function is illustrated in Figure 2 (see [13], Figure 6).

3. Cauchy Integral Formula for Fundamental Domains and
Sk-Strips of the Function ¢, , (s)

The Cauchy integral formula has the form:

f(2,) 1 LZ)dz

2ni g 2-1,

2

where the function f (Z) is analytic in a simply connected domain D
containing the simple closed contour Cand 1z, is an arbitrary point inside C.

We would like f(S) to be a Dirichlet function ¢, ,(S) and Cto be the
boundary 0Q of a fundamental domain Q of ¢, (S) or the boundary
0S, ofan S, -strip. The problem is that 02 and &S, are not simple closed
contours. However, we can show that the formula (2) can be extended to these
curves.

The shape of the fundamental domains of ¢, , (S) depends on the
pre-image of the real axis and on the zeros of {j, (S) Since ¢, 5 (S) is
injective in every fundamental domain the zeros of ¢ . (S) must be located on
the boundaries of these domains. Figure 3 portrays a fundamental domain Q
of {px (S) bounded by a curve T ,, the part of the last curve I',; from S,
onwhich Res varyfrom —o to Reu,, where wehave ¢, , (Uy)=1, as well
as the pre-image of the segment determined by z=1 and z=¢,, (51) where
s, is the zero of {j, (S) the closest to u,. The pre-image 7, of the circle
7 :|Z| =TI and the pre-image 77;+7, of the circle y;+y; :|Z—1| =¢ are also
drawn, where r is big enough and € is small enough. Figure 1(c) illustrates
computer generated pre-images of these circles for r =10 (the orange curve)
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Figure 3. A fundamental domain of ¢, , (S) and its conformal mapping.

and €=1/10 (the green curve). It has been worked by Florin Alan Muscutar.
Due to the continuity of {,,(S) at s=u, and to the fact that {,,(s) isa
normalized Dirichlet series, the arc 7, squeezes to the point u, and Res
with son 77, tendsto +oo as € —0.Also Res withson 7 tendsto —o©
as r— +o.

The domain Q is mapped conformally by ¢, , (S) onto the complex plane
with a slit alongside the subinterval [1,+OO) of the real axis and alongside the
segment determined by z=1 and Z=(,, (Sl) . Also, the domain Q_ is
mapped conformally onto the ring domain D_, determined by the two circles
with the corresponding slit (see Figure 3). The function ¢, , (S) is analytic in
a domain containing Q_ U0Q, , and therefore the Cauchy integral formula is
valid for 0Q,_, .

Theorem 1. If we denote by Q. the infinite strip obtained from Q_, as
€ — 0, then for every seQ, we have

d
Lon(s)=—i ] Saa(W)du 4

2w Y% u-s

Proof Let us take ¢ <e. Then the pre-image of the circle |Z—1|=6'
intersected with Q is formed with two arcs 7, inside 7, and 7; at the

right of 7. The arcs 7;,7; and the curves I'; and I}, determine a
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curvilinear quadrilateral whose conformal module is the same as that of the
quadrilateral determined by y,7; , the real axis and the segment from z=1 to
Z=Cp (Sl) , which in turn is less than the conformal module of the ring
domain €' < |Z —1| <e. It is known (see [17], page 31) that the value of this last

module is |Og£,. If we take €' =% then this module is log2, which shows
€

that the length of 7, remains bounded as € — 0, since otherwise the

respective module would tend to o, contrary to the fact that it remains

u)du .
constant log2. Let us evaluate L San ( ) .Since limg,, .. {an (u) =1 we
s U-—$ ’
. Can (u) _ . .
have that limg,, ., =0 and since the length of 7, remains bounded
u-s
_ $an(u)du
we have limg,, ... .[76 BT 0.
$an(u)du
On the other hand, by Cauchy theorem J. . does not depend on
e U—S§
u)du
€ since M =0.Thenwecanlet e >0 in
.\, y_s
1 Can (u )du .
— ’ and we obtain (3).
Ean(8)= 2mi ‘0 u-—s ®
$an(u)du

It is not clear what happens with _[ as I —>oo. Making the
m

u-s

change of variable u= q)<rei9), where £, . ((p(re”)) =re'’, which is allowed
since é’ A A ( ) is injective on 7,, we get

J' é’A N i ireiﬂ ZiH d 9

e e T

Although the integrand tends to zero as r — oo, a limitation of the initial

integral is problematic, due to the factor r? in the last term. So, as long as we

i o (u)du

u-s

cannot make sure that tends to zero as  — o, the problem of

extending the Cauchy integral formula to the whole fundamental domain
remains unsolved.

Theorem 2. Let S, be an arbitrary strip of the function ¢, , (S) as defined
in Section 2 and for r big enough let ﬂ(r) be the part of the pre-image by
$an () of the circle |Z| =1 included in S,. We denote by S,(r) the part
of the strip S, bounded at the left by 7, ( I’) . Then for every S5, (I’) we have:

Canl(s)= iLSk( )M

2mi o u-s

4)

Proof For an arbitrary € >0 and for the given r, let us build the domains
Q.. as in Theorem 1 corresponding to every fundamental domain QcS,.
The sum of the corresponding arcs 7, from these domains is 77(!’) and the
sum of the corresponding arcs 7, is an arc 77(6) connecting I, and T7},,.

The arcs 7, squeeze each one to the respective points u, when e — 0, where
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Can (uo) =1
u)du
Since for each arc 7, we have limg,, .. L M:o it results that
u-s
u)du
iMeey o J‘q( )M:O. Denoting by S, (6,!’) the domain bounded by
€ u-s

[, T17(r),7(e) and the arcs 7, we see that this domain becomes S, (r)
when ¢ =0. On the other hand, the Cauchy integral formula is applicable to

1 Can (u)du

S, (6, r) , e for every seS, (e, r) we have ¢, ,(9) = s u—s
and then at the limit as ¢ — 0 this equality becomes (4) and the theorem is
proved.

We notice that this theorem says that the values of ¢, , (S) are completely
determined by its values greater than 1 and those taken on an arbitrary circle of
radius big enough. Moreover, the integral of the formula (4) is always convergent.

If s=s, (X), X1 is the parametric equation of T, such that
Can(5.(x))=x then the formula (4) becomes
1 r){ sa(®) si(x) jdx+.[ Can (U)du -

" 2min S (X)—8y s (X)—s,

I](I’) u — S
We notice that lim ., S, (X) =, hence the first integral in (5) is an improper

C:A‘A (5)

integral. By Theorem 1 this integral is always convergent.

The function £, , (S) is not injective in S, , hence the integrals (4) and (5)
give us the same value for different points sin S, . If we would like to have a
unique point corresponding to a given value, then we need to use the formula
(3).

Also, taking into account the fact that the domain interior to every curve I, ;,
which is not embracing curve, is mapped conformally and therefore injectively
by ana (S) onto the upper or the lower half plane, a unique point s from that
domain corresponds to every given value from the respective half plane. Then

the following formula is true for every rbig enough:

1 u)du
Can(8) =5~ rk,j(,)—g’*fj(_ g (©6)
where I’y ; (I’) is the boundary of the domain bounded by I'y; and the pre-
image of the circle |Z| =r.
If the equation of the curve I'y ; is S=5; (x),xeR such that

Can (Sk,j (X)) =X then the formula (6) becomes
1o XS (X)dx r? 2n @27 de

é/A,/\ (S):Z_ni _rm-‘rz_ﬁ 0 CD(reig)—S QVA,A (¢(rei9)) 7

where £, , ((o(rem)) =re’,0<0<2n.

4. The Distribution of the Values of a Dirichlet Function

The contour of integration in Theorem 2 is simpler than that appearing in

Theorem 1. However, (3) has the advantage of representing a univalent function
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in €, ;. The pre-image of the circle |Z| =TI intersects several components of
the pre-image of the interval (1,+oo) of the real axis situated in S, , more
exactly if £, (S) has m zeros in S, , then this pre-image intersects exactly
m+1 such components, hence it traverses m fundamental domains. Each one
of these domains contains a unique point S(j), j=1,2,---,m such that
$an (S(j)) =Caa (S). A point on the circle |z|=r should turn m times around
the origin for its pre-image to traverse the m fundamental domains going from
I, to T, .Atevery turn it assigns a unique point s where Can (S) takes
the same value. Since ¢, A(S) is univalent in €, ; that value is completely

determined by the valueson T',,, and T,.

5. Extension of Cauchy Integral Formula for the Derivatives
of Dirichlet Functions

. 1
Following the known technique of computing lim,_,, F[é’ AA ( Sp + h) —Can (SO )]

we find that

, 1 Sanls)ds
G (s0) == ], 220

= IATL e 8
27[i (r) (S_SO)Z ( )

Thus, as for ¢, (S) the values of ¢, (S) are completely determined in
every strip S, by the real values greater than 1 of ¢, , (S) By recursive
computation we find that:

- _nl Caa(s)ds
gA, (So)—% 6Skm )
for every natural number 2.

It is known (see [4] and Figure 4) that if a Dirichlet L-function L( ;(;S) has
m zeros in the strip S, then L (7;8),n>1 has m-1 zerosin S, (which
are all simple zeros).

This figure illustrates the following:

Theorem 3. If £, , (S) has m fundamental domains in S, then every
derivative ¢\\ (s) hasexactly m—1 zerosin S,.

Proof. The pre-image by ¢, , (S) of a circle |Z| =T has m components in
S, which are disjoint if r is small enough. By letting r increase these
components expand and after two of them touch each other, they fuse into a
unique component including the corresponding zeros. When r=1 a unique
component becomes unbounded with branches tending to o with Res— +o.
The remaining bounded components are outside this unbounded one and none
of them can intersect 0S, . Increasing rpast 1 the unbounded components from
all the strips S, fuse into a unique unbounded component crossing these strips.
After touching bounded components of the pre-image of the circle |Z| =r with
r>1 (if such components exist in a given S, ), these last components are

absorbed into the unbounded one and the corresponding zeros of £, , (S) pass
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Figure 4. The zeros of { (S) and those of its first two derivatives for te (0,100) .

to the right of it. For r big enough all the zeros of £, , (S) from the strip S,
will be at the right of the unbounded component of the pre-image of the circle
|Z| =T . That value of rdepends on S, .

The points where two components of the pre-image of a circle |Z| =T touch
each other are the zeros of ¢, (S) A complete binary tree can be formed
having as leaves the zeros of {,, (S) and as internal nodes these touching
points. It is known from the graph theory that if a complete binary tree has m
leaves then it has exactly m—1 internal nodes. This proves that { , (S) has
m-—1 zerosin S, . The zeros of the second derivative are obtained in a similar
way, yet since lim__ . ¢}, (o+it)=0, there will be m components of the
pre-image by (. (S) of the circle |Z| =r for rsmall enough, even if there are
only m-1 zerosof ¢, (S) . One of these components contains no such a zero.
These components touch each other at the zeros of ¢, (S) and by the
previous analysis there should be m—1 zeros of {j , (S) . The same procedure
can be applied to derivatives of any higher order and the theorem is completely
proved.

Figure 5 portraying the pre-image of the real axis by the Riemann Zeta
function and by its derivative shows that their S, -strips and their fundamental

domains overlap, but they do not completely coincide (see [11]). However, the
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Figure 5. The pre-image of the real axis by ¢(s) and ¢'(s).

integral (8) gives the same value for ¢, , (SO) as

A (S)ds
_ L G (10)
2mi 78 s—s;

San (o)

since if X, is the corresponding strip of ¢, , (S) the integral on
a(sk (rnz, (r)) is zero, by Cauchy Theorem. The same is true for the integrals
on the boundaries of the corresponding fundamental domains of the two

functions.

6. Extension of Cauchy Integral Formula to Fundamental
Domains of Modular Function

By the Riemann mapping theorem there is a unique analytic function zZ = l(s)

mapping conformally the domain D bounded by the half lines Res=0,

Res=1, Ims>0 and the half circle s =%(1+ ei"g),OS 6 <m onto the upper

half plane Rez>0 such that /1(0)21 , ﬂ,(l):oo and l(w)zo . The
function /1(8) can be continued by symmetry into the upper half plane as in
Figure 6.

The symmetric domain D’ of D with respect to the imaginary axis is mapped
conformally by A4 (S) onto the lower half plane and
Q=DUD'U {S| Res=0,Ims> 0} is mapped conformally onto the whole
complex plane with the slit (—OO,O]U[1,+OO) , alongside the real axis, hence Q
is a fundamental domain of /1(5). In fact the union any two adjacent domains
bounded by the half circles above (the half lines can be considered half circles
too!) and the common half circle is a fundamental domain of /1(8) . For
example D, UD, U{s||s-1/2|=1/2,Ims>0} is mapped conformally by A(s)
onto the whole complex plane with the slit (—00,1] and
D,UD, U{s||s-1/4|=1/4,Ims >0} is mapped conformally by A(s) onto the
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Figure 6. Continuation by symmetry of the modular function.

whole complex plane with the slit [0,+OO) etc. So, Figure 6 exhibits a partition
of the upper half plane into fundamental domains of 1(5). Each one of these
half circles ends up into a singular point of A (S) , therefore these singular points
form a dense subset of the real axis, which implies that l(S) cannot be continued
across the real axis and its full domain of definition is the upper half plane.

The way the function 1(5) has been constructed implies that for every s in

the upper half plane we have A(S+2)=A(s) and ﬂ(ZSilj =A(s) and then

(see [1], page 280) lim .,
the part of the pre-image by /I(S) of the circle z=e¢e"”,0<6<2n included in

A(o+it)=0 uniformly with respect to o . Hence

Q is an arc 7. $ =0(69i9)+it(€em), 0<0<2m, where IimHOt(ee”’)zoo

uniformly with respect to &. In particular, denoting by V(Z) the inverse of
A(s r e ice”’do

A(s) in @, we have IL —Jz € € 50 as

s—s, 0 v(ee”)—s0 ,1’(v(ee‘9))
e—>0.

On the other hand, the part of the pre-image by /1(5) of the circle
z=re”,0<0<2n included in Q is formed for r big enough with two arcs
7., and 7, , such that for Sezn,, we have s—>1 as r—>ow and for
sern,_, we have s—>-1 as r »>o. Let us denote by Q the part of Q
obtained by removing the pre-image of the set {z||z|>r}.

Theorem 4. For any fundamental domain Q of the function /1(5) and any
point s, €, we have:

A(sy) =], —=ds (11)
0

Proof: Let us deal first with the fundamental domain
Q=DU D'U{S|Res =0,Ims> 0}. By isolating the point z=0 with a small
circle z=¢€",0<0<2n and the point z=c0 with a big circle
z=re",0<0<2n and by removing from Q the pre-image of the disc |Z| <e
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and of the exterior of the disc |Z| <r we obtain a bounded domain Q_, for

which the Cauchy integral formula is applicable: for any s, €€} . we have

A(s
l(so) = J:m LdS. Taking €' <e and having in view the Cauchy theorem

er §—=S§,
A A
ﬂds:]‘ ﬂds and since
o S—8,

we conclude that .[an o
er §— SO

. A(s
lim_, j st =0,wecanset ¢=0 and get (11).
nS—S,
Now, if we take for example Q=DUD,U{s||s-4/2=1/2,Ims>0} and
proceed similarly, the new 7, is the part of the pre-image of the circle |Z| =¢

included in D, hence again.

. A(s) . . .

lim_,, .[qus =0 and the extension of the Cauchy integral formula is
true for the new unbounded domain Q, . We are brought to the same
conclusion when Q=DU Dl'U{S”S +]/2| =1/2,Ims > 0} .

This theorem tells us that the modular function is completely determined by
its real values and by the values on the pre-image of an arbitrary big circle

centered at the origin.

7. Extension of Cauchy Integral Formula to the Fundamental
Domains of the Exponential Function

It is known that the horizontal strips bounded by consecutive lines Imz =2kn
are fundamental domains Q, of the exponential function w=e’. The function
e’ maps conformally each one of these strips onto the complex plane with the
slit alongside the positive real half axis. The pre-image by e* of the circle
|W| =TI is the vertical line Rez=Inr and if we denote by y the intersection

of this line with any fundamental domain of e* then

7= -  ido=— ——— and at the limit as
z-1, ZeInr+i6 -z, Inp 2 10-2,

Inr

J. g’ dy = [0V re'’ . ir ooy €9do
y

z

dz

r—>ow we get an indetermination of the form oco*0. Thus IQ
B 7 -7,

might be divergent. However, we can prove:

Theorem 5. For any fundamental domain Q, of e’ and for any positive
number 1, if we denote Q, (r)=Q, N{z|Rez<Inr} we have
1 e’

e =—
2mi () z -z,

dz (12)

where z, isan arbitrary point of Q, (I’) .
Proof The intersection of the pre-image by e’ of the annulus p < |W| <r
and Q, isabounded domain D, (p, r) and for every Z, € D, (p, r) we have

o _ L e’

 2mi en) 27,

dz (13)
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z

In order to obtain (12) it will be enough to show that lim 230 J'y dz=0,
P

-1,

where 7, is Q, ﬂ{z = x+iyle* = p} . This integral is

J-z(k+1)n pe’ ido ip 2k €76
ZrInp+if -1z, In p Y%= 1+M
Inp

and since the integrand is

bounded and lim % =0 we obtain at the limit the formula (12).
e,

8. The Case of Trigonometric Functions

We illustrate this case by dealing with the function w=cosz (see [9], page 51).
for which the fundamental domains are vertical half strips Q;,jeZ
determined by the lines Rez=2jn, Imz>0 and Q;, symmetric of Q;
with respect to the real axis. They are mapped conformally by the function
cosz onto the complex plane with a slit alongside the interval [—1,+OO). For
r>1, the pre-image of the circle w=re” is the curve of equation
cos(x+iy)=r(cos@+isind). An elementary computation shows that this
equation is equivalent to shy = +4/r? —cos2x . This show that m <shy<r
in Q; and —r <shy < ~Jr’-1 in Q_lj and shy =+r when x=(2k+1)(n/2),
respectively Shy:im when X=Kkmn. Hence the pre-image of the circle
w=re" is formed with two sinusoidal curves symmetric with respect to the
shy shy

real axis. Moreover, lim._._ —==1 in Qj and lim__ —=-1 in QJ—
r

r—om -

uniformly with respect to x when x+iy is on either one of these curves. Let us
denote by y; the part of this pre-image situated in ;. We would like to
COSz
i z-1,

evaluate

dz . For every domain (); there is an analytic function

(/)(W) such that COS(gz)(reig )) =re' . Then making the change of variable
z= ¢(rei9), 2jn<@<2(j+1)n in this integral we get

J- cosz J-2(1+1)n re'’ —ire"
V4

1z2-1, 2in go(re”’)—z0 sin(go(rem))
__apAlisn e’ 1 40
Li“ go(reig)— Z, sin ((p(reig))
Let us notice that sin (go(re'ig )) = i\/l—cos2 (go(re_ig )) =+J1-r%e¢?’ and
we need to chose the sine minus in the last term since if to 0< 6 <m corresponds
X =Re go(re’ig) >0 then to —0 corresponds X <0, hence sin ((o(re”)) is

an odd function of 8.

do

By making the change of variable 6 — 6+2 jn, we get

2i0

C0Sz . 2n e -1
R ot a0
riz-1, 0 (p(re )—z0 sin(q;(re'g))
_ (14)
. n ezw -1
=ir*| — _ —do
~o(re’)-z sm(go(re'g ))
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When r is big enough the term (p(reig)—zo varies very little as & varies
from —m to m. Assuming a constant instead of this term, what it remains to

integrate between —n and m is an odd function, hence the integral is zero.
COSz
iz-1,

This doesn’t necessarily mean that "meJ. dz=0. However, the
4

previous remark justifies the conjecture that this limit is true and therefore the
Cauchy integral formula extends to the boundaries of the fundamental domains

of the function cosz.

9. Extension of Cauchy Integral Formula to the Fundamental
Domains of the Weierstrass g Function

The Weierstrass ¢ function is defined (see [1], page 272) by the formula

so(z)=%+z,ﬁ{%—% as)
z (z - a)) 10}

where the sum ranges over all ®=m®, +N@,, where (m,n)eZxZ\(0,0)
with @, and @, arbitrary complex numbers having non real ratio @, /e, . It
is known that w= 50(2) is a doubly periodic function with the periods o,
and @,. Hence it is sufficient to know the values of go(z) into the
(fundamental) parallelogram determined by @, and @, in order to be able to
find its values anywhere in the complex plane. The series (15) converges
uniformly and absolutely on any compact subset of C which does not contain
points @, therefore it is a meromorphic function in the complex plane. The
points ® are double poles for go(Z) and hence they are triple poles for
P(2)= 2% s

(2-)

It can be easily shown that @'(e/2)=p'(®,/2)=¢'(o/2+w,/2)=0.
Moreover, since g)(z) = 50(—2) = go(a)l +w, - Z) , by denoting 7z'=w +w@, -2,
1+7' o +o,
22

center of the fundamental parallelogram, hence if we know the values of go(Z)

we have , thus z and 7' are symmetric with respect to the

in one of the triangles determined by a diagonal of the parallelogram, then we
know its values in the whole parallelogram. Also, go(Z) takes the same value at
points symmetric with respect to the middle of each one of the sides of this
triangle. Since the function is univalent in the triangle and maps each side two to
one onto some curve originating in the image of the middle of the respective side
and going to infinity (the ends of each side being poles) we conclude that these
triangles are fundamental domains of 50(2) . Let us denote € = p(a)l/Z) ,
e,=(w,/2) and €, =p(w/2+®,/2). Then ©(z) maps conformally every
fundamental triangle onto the whole complex plane with infinite slits originating
at e,e, and e,. Figure 7 illustrates this situation. It shows also that each one
of the domains D,,k =0,1,2,3 is mapped conformally onto the corresponding

domain D, with two sides of D,,k=0,1,2,3 going onto the slits. From the
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A
[0)
oto,
D7 2
o, -
: ;._D{.‘;y D, o,
D, A
0 >
$(0)

Figure 7. Fundamental triangle of ((z) and its conformal mapping.

differential equation of go(z) (see [1], page 278) is obvious that e, +e, +e, =0,
which implies that the triangle with vertices e ,e,,e, contains the origin, hence
50(2) has a zero in the domain D, and, obviously another one in the

o+,
2

symmetric domain with respect to (These might have been unknown

facts until now!).

Theorem 6. The Cauchy integral formula can be extended to any fundamental
domain of the Weierstrass g function .

Proof For rbig enough the circle |W| =T is intersecting every slit of g)(z)
and the pre-image by p(z) of the domain {W||W| > r} is formed with infinitely
many connected open sets covering each one a vertex of the period parallelograms.
The function go(Z) is analytic on the complementary set of this pre-image. In
particular, the Cauchy integral formula is applicable to any fundamental triangle
from which that pre-image has been removed. If we denote by Q. such a set,

then we have:

80(20):i SO(Z)

2mi “% 7 -7,

dz (16)

for every z,€Q,. Due to the univalence of p(z) in Q,, it has an inverse
function (D(W) defined in the disc |W| <r. Thus, go((p<rei9 )) — e With the
change of variable z= go(rem) , the integral on the part of 6Q, belonging to
the pre-image of the circle w=re'’ becomes
J‘Zn reig ireigdﬁ
0 dm”%%g%¢ﬁwn
Since the points @ are triple poles go'(z) the term go'((p(reig)) tends to
infinity as fastas r° when r— o therefore the integrand in (18) tends to zero

(17)

as r — . If we denote by Q any fundamental domain of go(Z) , then this limit

#(2)

z-1,

dz and

guarantees the absolute convergence of the improper integral LQ
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the fact that for every z, e Q we have:

1 ©(2)

2mi" z -7,

0(zy)= dz (18)
which represents the extension of Cauchy integral formula to the fundamental
domains of the Weierstrass § function. It asserts that the function is completely
determined by its values on the boundary of any fundamental triangle.

Theorem 7. For any fundamental domain Q of gO(Z) and for every point
7, €Q the value of an arbitrary derivative ) (z) at z, is given by the

formula:

SO(k)(ZO)_ k! go(z) _ 1 wdz

" 2V dz=— 19
2mi m(z_zo)k+1 2mi 7 -1, (15)

Proof Since the integral (18) converges absolutely, we can differentiate term
by term in (18) with respect to z, as many times as we want and we obtain the
first equality in (19). For the second equality we write (17) with ) (z) instead
5{)(2) and notice that the corresponding term in (17) still tends to zero as

r >o. Then a formula similar to (18) is true with go(z) replaced by
go(k)(z)

go(k) (z), hence the improper integral LQ dz converges absolutely and

we obtain the second equality in (19).

10. An Integral Formula for the Weierstrass {-Function

Weierstrass denoted the antiderivative of go(Z) (which is defined up to an
additive constant) by —¢ ( Z) . Therefore ¢ ’(Z) =- p(Z) and if we normalize it

1 1 1 z
so that it is odd (see [1], page 273) we get ¢ (2) :E+Z“"O(E+Z+?j'
The series converges absolutely and uniformly on every compact set which does
not contain any period point ®. We obtain ¢ (Z) by integrating on any path
that does not pass trough the poles the function —gO(S) from z, to z where

we can take z, suchthat ¢ ’(ZO) =0. Then having in view (18) we can write:

()= (L ﬂs)ds}du (20)

2mi‘w| Y sy

11. Conclusion

The concept of fundamental domain, as defined by Ahlfors (see [1], page 99), is
crucial in understanding the geometry of the mappings by analytic functions.
We realized that the Cauchy integral formula can be extended to the boundary
of such a domain. However, this extension cannot be performed for an arbitrary
analytic function and the process requires specific treatment for specific classes
of such functions. We selected in this paper classes of functions we thought to be
the most representative. The selection is far from exhaustive and a lot of work

remains to be done.
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