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Abstract

The estimation of covariance matrices is very important in many fields, such
as statistics. In real applications, data are frequently influenced by high di-
mensions and noise. However, most relevant studies are based on complete
data. This paper studies the optimal estimation of high-dimensional cova-
riance matrices based on missing and noisy sample under the /, norm. First,
the model with sub-Gaussian additive noise is presented. The generalized
sample covariance is then modified to define a hard thresholding estimator

S}b , and the minimax upper bound is derived. After that, the minimax lower
bound is derived, and it is concluded that the estimator presented in this ar-
ticle is rate-optimal. Finally, numerical simulation analysis is performed. The
result shows that for missing samples with sub-Gaussian noise, if the true co-
variance matrix is sparse, the hard thresholding estimator ZA'I‘,I' outperforms

the traditional estimate method.

Keywords

High-Dimensional Covariance Matrix, Missing Data, Sub-Gaussian Noise,
Optimal Estimation

1. Introduction

The covariance matrix is a key component in various fields, particularly statis-
tics. However, when dealing with many statistical situations, the covariance
matrix is usually unknown. As a result, estimating the covariance matrix is ex-
tremely significant, and it is frequently utilized in signal processing, genomics,

financial mathematics, and other domains. When the dimension p is fixed and
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the sample size n is sufficiently large, the sample covariance matrix is com-
monly used to estimate the true covariance matrix. However, with advance-
ments in information technology and various other technologies, there is a
growing challenge in estimating large covariance matrices. Issues such as di-
mensionality and noise can significantly impact the effectiveness of using the
sample covariance matrix to estimate the true covariance matrix. Moreover, in
the era of big data, missing data is a common occurrence, making research on
the estimation of high-dimensional covariance matrices based on missing and
noisy data essential.

Bickel and Levina [1] proposed thresholding as a commonly used method for
estimating high-dimensional covariance matrices and and proved its consistency
under the operator norm. However, there was no discussion on its optimality.
Cai and Zhou studied the optimal estimation of sparse covariance matrices un-
der the operator norm and Bregman divergence loss. They also proved that the
thresholding estimator can achieve the optimal convergence rate under the spec-
tral norm, see [2]. Cai and Zhou [3] provided the optimal estimation of the sparse
covariance matrices under the /, norm loss. The thresholding described above
is also referred to as hard thresholding, and its counterpart is soft thresholding
[4] [5]. On this basis, Rothman, Levina, and Zhu [6] proposed generalized thre-
sholding and proved its consistency. Cai and Liu [7] proposed adaptive thre-
sholding. The adaptive estimation of high-dimensional sparse precision matrices
was studied by Cai, Liu, and Zhou [8]. For bandable covariance matrices, [3],
[9], and [10] conducted in-depth research.

In the case of missing data, Cai and Zhang [11] assumed that the missingness
was independent of the data values and studied the optimal estimation of two
classes of covariance matrices. Qi [12] explored the optimal estimation of sparse
covariance matrices under the /, norm and the Fribenius norm, respectively. In
addition, the lower bound for estimating bandable covariance matrices under
the spectral norm was studied based on noisy and missing data, but its optimali-
ty is not considered. Shi [13] studied the optimal estimation of bandable cova-
riance matrices based on missing and noisy sample data.

It is not difficult to find that the research on estimating high-dimensional co-
variance matrices is primarily based on complete data. However, the correla-
tional research on missing data and noisy models remains critical. The articles
listed above served as a tremendous source of inspiration for this paper’s study
topic and methods. This paper will provide corresponding research for the
aforementioned issues. Sparse covariance matrices are widely employed in a va-
riety of applications, including genomics. As a result, it is necessary to investi-
gate the estimate of this kind of covariance matrix. The research in this paper
can help people better estimate the high-dimensional covariance matrix when
the sample is noisy and missing. Thus, it is convenient for many fields to better
use high-dimensional data to obtain more useful information, and this paper
provides them with a reliable theoretical basis.

The remaining sections of this paper are as follows: Section 2 will provide the
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associated concepts and knowledge of covariance matrix estimation, which
serves as the theoretical foundation for the research. In Section 3, we will study
the optimal estimation of sparse covariance matrices with missing and noisy da-
ta. In Section 4, numerical simulation experiment will be performed to investi-
gate the estimating effect of the estimator presented in Section 3. The fifth sec-

tion summarizes the research content and discusses existing problems.

2. Theoretical Basis

This paper will primarily study the optimal estimation of covariance matrices

under the /, norm. For a matrix 4= (a{./.) eR™, o(A4)= 1M(AHA) repre-
sents the singular values of A, while /1(AH A) represents the eigenvalues of

A" A . The operator norm of A is defined as
|4

There are three common operator norms:

||Ax

<,

a

max

a HxHa =1,xeR”

max

a
x#0,xeR”

m

(1) /, norm: ||A||ll =||A||1:max2|al.j

<j<
1<j<n i1

= 4], = o1 (4) = max; o, (4)

>

(2) spectral norm: ||A

sp

(3) [, norm: ||A||w = 111;2;|ay.| .

Next, we will introduce the sub-Gaussian random vector. If there is a parame-
ter k>0 such that E(esx ) <" seR, the random variable X is consi-
dered a sub-Gaussian random variable with parameter k, thatis, X ~ Sub(k).
It is easy to know that sub-Gaussian random variables include Gaussian random
variables whose mean is 0 and all bounded random variables with a mean of 0.
Assuming the random variable X is sub-Gaussian, its sub-Gaussian norm is

denoted by
B I/p
")("W2 = s;ll)p 1/2 (E|X|p) .

T
A p-dimensional random vector X = (X Xy, X p) is called the sub-Gaussian
random vector if any linear combination of X, X,,---X, is sub-Gaussian. That

is, when 7>0,forany #>0, veR”, and ||v||2:1,thereis

P (X -BX)| >t} <,

Assume that a p-dimensional random vector X € R” has the mean g and the
covariance matrix 2 . Covariance matrix estimation is the process of computing a
covariance matrix & based on n independent copies X, X,,--X, € R” of
X and then using 3 to estimate X, ie., making 3 approximate X ina
certain sense. In this paper, minimax risk is used as a standard to measure the esti-
mation effect. Suppose X, has a certain class of covariance matrices, and A isa
specific collection of X, ’s distributions. Then, under the specified matrix norm |||| ,

[3] defines the minimax risk of estimating X~ over A as

DOI: 10.4236/apm.2024.144013

216 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2024.144013

M.Y. Wang, W. Z. Ye

R(A)=i%fsip]E“2f'—Z”2.

When the vector’s dimension p is smaller than the sample size 7, the sam-
ple covariance matrix is typically utilized to estimate the true covariance matrix.

The sample mean is

i

— 1
X—;;X.,

and the sample covariance matrix is

n

£=(3,),, = 3(X-X)(x %) 0

n;

However, as noted in Section 1, when the dimension p is substantially larger
than the sample size #, utilizing the sample covariance matrix for estimating
the true covariance matrix becomes inadequate. Based on the work of Cai et al.,
this paper will study the optimal estimation of high-dimensional covariance ma-
trices based on missing and noisy data.

The missing completely at random (MCR) model is introduced below. MCR
indicates that the missingness was random and independent of the data values.
Suppose {Xl,Xz,---X7} is complete random sample from X . Introducing

n

vector §, ={0,1}" ,k=1,2,---n as the observation index for X, then
l, X, is observed,
*10, X, 1s missing.

S, and X, represent the ;th coordinate of vectors X, and §,, respec-
tively.

We denote X = {X:,X;,---,X:} as the sample with missing data, where
X = ( X8, X,y XS p,.)r is the ith observation sample. Additionally,

define

When §,S, =1, the ith and jth components of vector X, are observed
simultaneously, whereas §,S, =0 indicates that they were not observed si-
multaneously. Thus, n; denotes the number of times the 7th and jth com-

* . . .
ponents of X are simultaneously observed. For convenience, let’s define

* *

*
n, =n;, i

=minn, . It is simple to know that 7, <n, <min {n:,nj} . When
L] °
the sample data are complete, nlj =n.

*

For sample X with missing data, we substitute the generalized sample
mean and generalized sample covariance matrix for the traditional sample mean
and covariance matrix. The generalized sample mean is defined as the following:

X* — X* X* _ 1 Z X* _ l < X S
~_( i)lgigp’ i __*Z ik_?; ik ik >

k=1 i

the generalized sample covariance matrix is defined as
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6 = (X, - X)(X, - X))S,S,- (2)

3. Covariance Matrix estimation

This paper assumes that the covariance matrix is sparse, which means that the
majority of its components are 0 or insignificant, and the distribution of non-zero
elements is irregular. First, we introduce the parameter space g, ( P, p) of the

sparse covariance matrices:

1<j<p

g,(p.c,,)= {Z = (Gﬁ )lgi,jép : max {|G[k]j|q} < C"T’p,Vk,max o, < p} )

where 0<g <1, and oy, represents the element with the k th largest abso-

]
lute value in the jth column of matrix X . When ¢ =0, each column of the
matrices in G, (p,cn)p) has at most ¢,, non-zero components, usually as-

suming ¢,  >1.

3.1. Noisy Model

Assuming the complete random vector X € R” has the covariance matrix

2, = (6},) .Using a p-dimensional random vector F to represent noisy
Topxp

data, the noisy model can be expressed as
F=X+eg, (3)

where & €R” represents noise. In this section, we hope to builda px p matrix
b) - based on n independent random noisy samples F,,F,,---F, ¢ R” of F.
We next use X, to estimate the covariance matrix X, of the random vector
X.

The noisy sample with missing data are represented by F™ = {Fl*,F;;n,F;} ,
where F = (El.SU,FzI.SZi,---,FpiSpi )T is the ith observation sample. The defi-

nition of the generalized sample mean is as follows:

I~ ¥ I~k I~k 1 1 * 1 1
F =|(F, , Fo=—>F, =—) F,S,,
( i )lﬁiép i ni ; ik l/l[. — ik~ ik
the generalized sample covariance matrix is defined as
ok A% Ak 1 < =% =
£ =(5 (F))lsi,jép’ 65 (F)=—= 2 (F = F )(Fu = F )5S @)

My k=i

Two new assumptions in [12] are presented below.

Assumption 1. The observation index §:={S,,S,,---S,} can be random or
deterministic, but it is independent of the noisy observation sample
F={F,F,,-F}.

Assumption 2. The random vectors F,, F,,---F, areiid., where F, =X, +¢,,

and

X, =IZ +u, ¢=I"Z, k=12,---n

u represents a fixed p-dimensional mean vector. I',]"* e R"™(p<gq) are
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fixed matrices with JT' =X and I'°I"*" = X°. Each component of the ran-
T
dom vector Z, = (Zlk,ZZk,---,qu) i.i.d. sub-Gaussian with a variance of 1 and

a mean of 0. For any s > 0, there exists a parameter 7 >0 such that
]E(e“'z“ ) <™, thatis, Z, ~ Sub (7).

i

3.2. Upper Bound for Estimating Sparse Covariance Matrix

The hard thresholding estimator based on complete data was proposed by [1].
When most of the elements in each row or column of the true covariance matrix
are close to zero or negligible, set the elements of the sample covariance matrix
below a certain threshold to 0, and leave the remaining elements unaltered to es-

timate the true covariance matrix, so as to reduce the error. In [2],

P{6, -o,|<t}21-Cp*

for t=y./logp/n,where C isa constant. The threshold is set to y./logp/n .

In this paper, it is extended to the case of missing and noisy data. According
to Lemma 4.6 in [12], if Assumption 1 and Assumption 2 are both hold, then
there are two absolute constants C and ¢ greater than 0, such that

2
K X
Ty 2

> 2
r Giiajj T O-iio-j/'

for any x>0. Since 0,0, < p’, the above can be simplified to: there are con-

stants C >0 and y >0, such that

P} (5)

(F)—O'[j| Sx} >1-Cexps—cn,, min

P

S, (F)—o-l.j|3x}Zl—Cexp[—%n;inxzj. (6)

Where x< p, and the constants C and y only depend on p. Note that
Inequality (6) can be written as P{|6'; (F) - O'l./| < x} >1-Cp™ when

x= ;/qllogp/n;in .
The hard thresholding estimator £ of the covariance matrices

Zyeg, ( P, p) is defined by transforming the generalized sample covariance

&, (F)| z))w A=y /% (7)

The following is Lemma 1, which plays an important role in studying the mi-

&; (F) in Equation (4),

£y =(ep(F)) =(6(F)1(

pxp

where y isaconstantand y >0.

nimax upper bound. Lemma 1 generalizes Lemma 8 in [8] from complete to

A=ylog p/n, )} ,

then there is constant ¢ > 0, which only depends on p, such that

noisy and missing sample.

y

" (F)—O'l.j| > 4min(|o-ij

Lemma 1. Define event Aij ::{

9

P{Aij} < 20p_5.
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~ th
t/

Proof : Firstly, define event B, : { (F )| > ﬂ} . It is easy to know that

aclpt(6)-e bl .
F {6y (F)-o,|2[oy |- |67 (F)]>|oy | -4}
According to the definition of &} (F) in Equation (7),
&) (F)-o,|=|6; (F)-0,|1(B)+|o,|1(B). 9)
Next, we will prove this lemma in different cases. It can be obtained by simple
calculation:
>1-Cp ™2, |0' |<,1/4
Pl (F)-o,|<4min(jo,|,2)}{>1-Cp™, Aa<|o,| <24,
>1-2Cp™ o, | > 24.

Therefore, there exists a constant ¢ > 0, such that
P{ )} <2ep?.

Next, we can obtain the upper bound for estimating the sparse covariance

51 (F) - o, |>4m1n(

matrices by utilizing the risk properties of thresholding estimator.

Theorem 1. If Assumption 1 and Assumption 2 hold, logp = o(,/n;. ) and

in

p>4/n, ,then there is a constant C >0 such that the hard thresholding es-

timator f}h defined by Equation (7) satisfies

sup E“z”’ > ” <ce? (lz*gqu. (10)

ExeGy(pacy )

min

Proof: Easy to know, ‘ Ih_x. “12 {max Z|o- q Ifevent A, occurs,

S o7 (F)-o,| > 3 4min(|o, | 4),
Simple calculations show that

Simio) (0 il 2 e i o 7 /22|

i<k’ i>k' i<k’ i>k' .
min

According to the definition of g, ( €, ) we know that max {|0'[l] /| } <c,, / [,s0

<j<

|U[i]j| < (cn,p/i)l/q. Select the constant k' to satisfy &' = [cn’p (nmin /log p) J , SO

1 1
Zmln(|0' | /1) > min [ﬁJ 7 0* + min [ﬂj N4 loigp
i n n

i<k’ ‘min i>k' ‘min

1-

' g
C 2
<k'y [loep Z(#J(I <Ce,, (lo§pj
n

. i ’ .
min i>k l min
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Let the matrix D= (dij )W satisty d; | 50 (F)—o, |I , we have
B¢ - 2| <2B|E0 -2, -D[ +2E ||D||12 .
Then, it is straightforward to acquire

2B|£7 - 2y —D“f - 2E{mﬁxi‘6—;” (F)-o, (6! (F)-0,)1(4,)
i=1

i

:|2

2 | I-¢

} SCzcip[ o*gp] .
nmin

Therefore, we only need to prove that 2E ||D||12 is negligible.

< 2E{mj’4xiﬁ;‘(6’; (F)—O'i/.)l(/l;)

Firstly,

Blof = msx 10| <5 (maxa,|

- 8] 0ol 2 s a4 0 il <4
Sp2E|:(H}!%X|OA-;(F)_O-U’|) I(4; }+p2E{(max| |) }

=E +E,.

According to the Cauchy-Schwartz inequality, we know that |O',,| <0,0,,and

because P{A }<2cp s P o)

mm 4

5

9
E,<p E(maxauo-ﬂ)P(Av)spszZCp 2<Cyp 2 S%

In addition, E, <p maxE|G (F)-o, | P . From Inequality (5),
E|&;(F)_O'y| ”O'U(F) O'| dP<_[ XP{|O' O',.j|2x}dx
SJO xP{ oy
2

<p’ +j:xeXp(—C5an %)dx <p+-L exp(-Cyn,, )-

5" min

( —Ul.j|2x}dx+.|.p xP{

GA;(F)—O'ij|2x}dx

9/2

From Lemma 1, we have P{A } <2¢p™?® and p= SO

mm 4

E <p’ Igf}xE|&;(F)—0'y|2 P(Aij)s P’ [pz + ’02* exp(—CSn:;lin )jch"/z

5" min

2
< p*p*2ep 4 pP L —exp(~Conl,, ) 2ep ™"
Snmin
nmm nmin nmm

To sum up,
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3.3. Lower Bound for Estimating Sparse Covariance Matrix

Before studying the lower bound, introduce some useful lemmas and symbols.
Lemma 2. Assume P and V are two probability measures, with p and

v representing their probability density functions. The total variation distance
between P and ¥V is V(P,V)=1 —jmin(dP, dP) . Define the total variation

affinity as [P AV| = Imin(dP, dP) = I p(x)Av(x)dx . The Kullback divergence
between P and V is expressed as KL(P"V) = Ip(x)log [p(x)/v(x)] dx .
Thus,

|P A V" and KL (P"V) satisfy the following inequality:

1-[PaV|< w (a1

Lemma 2 in [14] and Le Cam’s lemma and its corollary in [2] [12] introduced
below are important tools for proving minimax lower bound.
Lemma 3 (Le Cam). Suppose O = {6’0,91,--‘ 0 } is a finite set of parameters.

>%m

Let L bealoss functionand /,, :=mininf[L(2,6,)+L(26,)], then

1<i<m ¢t

sup B[ L(8,0)]> %lmin

CEC]

F, /\F".

6 is any estimator of @ based on the observed values of the probability meas-
ure F,(6€0),and FZLZP(, .
mig

Lemma 4. Suppose X be any estimator of X, based on the collection of

probability measures {PzU P Py } . We get

m

-inf

1<i<m

- 1 _
s B|Z -2 =], APl

Zi _20"1 >

— 1 m
where P:_sz .
m i

i=l1
Before studying the minimax risk lower bound, it is advisable to construct a
matrix with all off-diagonal elements equal to 0 except the first row or column.
Let ‘H be the collection of pxp symmetric matrices in which exactly &

non-diagonal elements in the first row or column equal to 1 and all other ele-

ments are 0. Let & = Lc"”’ (n,/log p)q/zJ. Define

QOZ{Z:(G )QM:z:1p@22=1p+aH,HeH}, (12)

i)

where I, represents the identity matrix of size pxp, a=./5logp/n,, and
S is a constant. Assuming p>1, 0<& <min{L,1/(4M)}, it is easy to know

that G, <G, (p.c,,)-

Obtaining the lower bound requires two steps. Firstly, the subset of the para-
meter space constructed above is selected to simplify the proof. Secondly, calcu-
late the total variation affinity between two probability measures.

Theorem 2. Let 1<n <n, , p>ny(v>1),and logp<n,.Assume
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q)

Crp SM(nO/logp)(lf /> with 0<q<1,M >0.Forany 1<n, <n’., there ex-

ists a constant ¢ >0 such that the minimax risk lower bound for estimating the

covariance matrix X, satisfies

.
T LN (lﬂj } 13

np
X IyeG,(pc,,) n,

where X, isany estimator of X, based on noisy sample.
Proof: Assume G, :{EO,Zl,u-,Em,} has m"+1 elements, where X repre-

sents the identity matrix and X,,i=1,---,m" represent the non-identity matrix,
* k
then m" =Card(G,)-1=C} .

iid.
Assume that X,,/=1,---,n ~ N(0,X,),i=1,---,m", and the probability meas-

ure and probability density functionare P, and f;, respectively, that is,
iid.
Xy eG,.Let F, ~ N(0,Z,(F)) with X (F)=2X,+sI, and P, (F) isthe

probability measure. Since G, =g, ( PC,, ) , it is easy to know that

. : 2. - 2
inf  sup )I[:*}"Z'F—EX"1 >inf sup E"ZF_EXHI‘

2y ergq(p,cmp 2p ZyveGy

Therefore, to prove Inequality (13), just prove the following Inequality:

.
inf sup ]E"fF —EX"lz > cec? [loﬂJ q. (14)

2r x2yeq, p n,
Lemma 3.3 shows that

sup B|, -z, > sup B, -z 23|, (F)n P(F)|

Zyeby 1<i<m®

Since a=4/logp/n, and k= LC’”’ (n,/log p)q/ZJ , there exists a constant
¢, >0 such that

inf

1<i<m

£ (F)-2,(F)],.

(Z,+5°1,) (5, +5°1, )| = int

1 I<ism®

inf |aH||

1<i<m®

Z(F)-2,(F)| = inf

1<i<m”

a2 1 1 177{] (15)
:kaZCW(l o ] . ’5%2016,1%( ng]
ogp Mo 1y

Obviously, to prove Inequality (14), we only need to prove that there is a con-
stant ¢, >0 such that ||on (F)A ﬁ(F)" >c,.

From F, iﬁ]IN(O, X, (F)), we have

KL(P, (F)|R, (F)) = (2 (F) 2, (F)) - logdet (27" (F) 2, (F)) - p |

Let B=-aH , it is easy to know that X, (F)=2X (F)+B . Suppose the ei-
genvalues of BX'(F) are &, &, then there are

w(Z (F) 2, (F))=t[ 2 (F)(2,(F)+B)|=t[I,+ B (F)|=p +Iﬁl“§i. (16)

In addition, we can know that
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i

logdet(Z;" (F)Z,(F)) =210g(1+§i)=tr(zi"(F F))-

where 6 is a number between 0 and ¢, . Putting Equation (16) and Equation

(17) into KL( ”P ) we can get

K (r, (#)] (7)) e

I
|__|
Il
N | =
iMs

l\.)
_J; —

According to Theorem 1.3 in [12],

IZ::@ = tr((BE[l (F))H Bz (F)) = ”lefl (F)"zF < "Ei—l (F)”; 1B} < 2ka?.

It is easy to see that P(F)= /m* iPz‘ (F), hence

That is, there exists a constant ¢, >0 such that "on (F)Aﬁ(F)||2c2.

It is worth noting that Theorem 2 requires ¢, , <M (n,/log p)(H’)/2 (M >0),
which is a necessary condition. If ¢, , > M (n, /log p)(lfq)/ ?, then
~ 2
inf  sup E"E -x ” > inf sup E"ZF—EX" > M.
=r Exegq(p,c Ir Zyeg, (p,M(n‘,/logp)("”)/z) :
2, does not have a consistent estimator in this case.
Theorem 1 and Theorem 2 show that the estimator % " we construct is rate-

optimal over G, (p,cn’p) under the /, norm.

4. Numerical Analysis

The optimal estimation of sparse covariance matrices based on missing and noi-
sy data is derived in Section 3. This section compares the performance of the
hard threshold estimator X", as defined in Section 3, against the traditional es-
timator using numerical simulation.

Some symbols are presented before the numerical simulation begins. Assume
the p-dimensional Gaussian random vector X has a mean of x and a co-
variance matrix of X, . n is the number of samples, and p is their dimen-
sion.

Here are the specific steps of numerical simulation.

1) Construct the sparse covariance matrix.

Assume u is a zero vector and X, is a sparse matrix (X €G, (p, cn,p) ).

Consult the construction of the sparse matrix in [11], let

2 =1,+(B+B")/(|B+B7| +001),
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where B=(b,) .and P(b,=-1)=0.1, P(b,=0)=08, P(b,=1)=0.1.

2) Generate random samples according to the true covariance matrix.

After X, is constructed, n p-dimensional random samples are first gen-
erated from the multivariate normal distribution with mean x and covariance
matrix X', . The resulting n samples are then subjected to noise with a
sub-Gaussian distribution, followed by random missing processing. This method
produces sample data with missing and sub-Gaussian noise.

3) Compare the estimation effect of different estimators.

Based on the sample data with missing and sub-Gaussian noise, calculate the
generalized sample covariance matrix X7 and the hard thresholding estimator
ﬁ'}h according to Equation (4) and Equation (7). Then compute the error be-
tween 27 and the real matrix X, as well as the error between X and the
real matrix X, , under the given norm.

After determining the values of n and p, repeat the above three steps 1), 2),
and 3) 50 times, and take the mean value of the fifty error results as the standard for
evaluating the estimation effect of different estimators in this case. The performance
is better when the outcome is smaller. Table 1 shows the experimental results.

The values of n and p are shown in the first two columns of Table 1. Ta-
ble 1 shows the average after 50 runs of the processes 1), 2), and 3) with n and
p fixed. When the true covariance matrix X', is sparse, the hard thresholding
estimator ZA"F’] has a substantially better performance than the generalized sam-
ple covariance matrix ﬁ‘; under any norm, especially when p is larger than
n, that is, the dimension is high.

Therefore, when the dimension is very small in comparison to the sample
size, the sample covariance matrix can be used to estimate the population co-
variance matrix. When estimating a high-dimensional sparse covariance ma-
trix with sub-Gaussian additive noise and missing data, it is best to choose the
hard thresholding estimator X" given in Equation (7). This section provides
some suggestions for application statisticians on how to select estimation me-
thods.

Table 1. Results of estimating sparse covariance matrix.

A Lt T Tt W et P et P et i Rt |
20 7.5627 3.6435 3.9422 2.5361 7.3714 5.2233
50 17.2511 4.8241 6.6115 3.1177 16.3977 8.3793
100 34.0303 6.5240 10.7189 3.7975 31.6744 12.4028

50 200 66.4459 7.3150 17.3097 4.1697 61.4820 17.3793
300 99.1861 8.6805 23.5170 4.6641 92.1988 21.8822
400 133.1350 9.9978 29.3351 4.9576 122.3446 25.6115
500 164.1220 10.1261 35.1697 5.0476 152.2275 28.4986
50 12.1295 3.8520 4.7372 2.4652 12.7856 7.9800
100 23.4557 4.8388 7.1643 2.8657 23.6691 11.5331

100 200 44.8538 5.6213 10.9060 3.2010 45.0899 16.4487

500 109.8831 6.9815 20.6747 3.6017 109.2537 26.2359
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5. Summary and Outlook

In statistics and other fields, covariance matrix estimation is crucial. The estima-
tion of high-dimensional covariance matrices has always been a hot topic with
the rapid growth of numerous technologies.

Based on the missing and noisy sample data, this paper constructs a hard
thresholding estimator EAjﬁ' , and studies its optimality. Section 3 shows that the
hard thresholding estimator given in this paper is rate-optimal. The numerical
simulation shown in Section 4 demonstrates that the hard thresholding estima-
tor works well in situations where the true covariance matrix is sparse. When the
true covariance matrix is not sparse, the estimation effect of the hard threshold-
ing estimator has not been discussed.

This paper’s research has limitations and areas that require more investiga-
tion:

1) This paper focuses solely on the optimal estimation of sparse covariance
matrices based on noisy and missing data. More research is needed on the op-
timal estimation of other common high-dimensional covariance matrices.

2) If the sub-Gaussian distribution used in this article is replaced with the
sub-exponential distribution with a larger range, the relevant issues merit addi-

tional investigation.
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