/
oo Resmurch
0.00 Publishing

Applied Mathematics, 2020, 11, 247-254
https://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

Extended Wiener Process in Nonstandard

Analysis

Shuya Kanagawa?, Kiyoyuki Tchizawa?

'Department of Mathematics, Tokyo City University Setagaya, Tokyo, Japan

Institute of Administration Engineering, Ltd., Chiyoda-ku, Tokyo, Japan

Email: skanagaw@tcu.ac.jp, tchizawa@kthree.co.jp

How to cite this paper: Kanagawa, S. and
Tchizawa, K. (2020) Extended Wiener Process
in Nonstandard Analysis. Applied Mathemat-
Ics, 11, 247-254.
https://doi.org/10.4236/am.2020.113019

Received: January 23, 2020
Accepted: March 15, 2020
Published: March 18, 2020

Copyright © 2020 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Abstract

Standing on a different view point from Anderson, we prove that the ex-
tended Wiener process defined by Anderson satisfies the definition of the
Wiener process in standard analysis, for example the Wiener process at time ¢

obeys the normal distribution N (0,t) by showing the central limit theorem.

The essential theory used in the proof is the extended convolution property in
nonstandard analysis which is shown by Kanagawa, Nishiyama and Tchizawa
(2018). When processing the extension by non-standardization, we have al-
ready pointed out that it is needed to proceed the second extension for the
convolution, not only to do the first extension for the delta function. In
Section 2, we shall introduce again the extended convolution as prelimi-
naries described in our previous paper. In Section 3, we shall provide the
extended stochastic process using a hyper number N, and it satisfies the
conditions being Wiener process. In Section 4, we shall give a new proof for
the non-differentiability in the Wiener process.
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1. Introduction

Anderson [1] provided stochastic processes in nonstandard analysis to show that

for f:Q— R the following condition (a) is equivalent with (b),

(a) fis Loeb measurable;
(b) there is a measurable function F:Q — "R such that

f(e)~F ()
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for almost all weQ (with respect to the Loeb measure g ), where "R is a
lifted space of R constructed from @ -incomplete ultrafilter.

He proved that the measure on "R according to the process W (t) defined
by Definition 3.2 satisfies the above condition (b). Therefore, there exists an ex-
tended Wiener measure on "R which is of Loeb measure (Loeb [2], Hurd and
Loeb [3]). The existence of the extended Winer measure means that W (t) is an
extended Wiener process in ‘R from Kolmogorov’s extension theorem. Benot
[4] [5] provided some applications of the extended Wiener measure to the sto-
chastic analysis. Cutland [6] also introduced relevant applications of Loeb
measure to the stochastic analysis.

On the other hand, in general, it is not easy to show the existence of the mea-
surable function F:Q — "R in (b) for stochastic processes. Therefore, we
consider a scheme using extended convolution to show the existence of stochas-
tic processes in "R without using the above result.

As the main theorem in this paper, we shall provide the extended stochastic
process W (t) described newly in "R. It satisfies the conditions being the
Wiener process in nonstandard analysis. It will be proved in Section 3.

The extended Wiener process can be applied to construct some physical mod-
els, for example quantum mechanics, using the @ -incomplete ultrafilter. We
consider that our observation is done through the ultrafilter, since the nature is
originally described by nonstandard numbers. Because of the above reasons, we

need a nonstandard analysis for the convolution by the hyperfunction.

2. Nonstandard Convolution by Hyperfunction

Let F be the space of all locally integrable functions on R . Define the space
of all rapidly decreasing C” functions S by

sup me(k)(x)‘<oo

xeR

for any m,k € Z, . Furthermore define the space of all slowly increasing functions
O by for any keZ, there exist some positive constants C, and M, eZ,
such that

‘ f (x)‘ <C,(1+[x)™.
f € F is Lebesgue integrable on any compact set K such that
—00 < JK f(x)dx<oo
For f eC” there exists continuous &-th derivative f*)(x) foreach k>1.
For feScC”

sup

xeR

xmf(k)(x)‘<oo

holds for each k,meZ,, where Z, means the space of all positive integers.

From the above description, we can easily obtain that

ScOcC”cF
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1

For f,geS, the convolution of fand gis defined by

f *g(x):J'if (s)g(x—s)ds
The definition of the convolution can be extended to the 4th convolution by

fx by £ (X) = [ (feon £ )(s) fi (x—s)ds

foreach keZ,.

From the above definitions, we can easily obtain the next result.
Proposition 1.

1) fxg(x)=g=*f(x)

2) fx(g+h)(x)=g=f(x)+g=*h(x)

3) supp(f *g)csupp(f)Usupp(g)

Proposition 2. For ¢,y €S

1) gy es

2) pxyes

3) (o) ()= #y (x) =0y (x)

Let H be the set of rapidly decreasing functions satisfying
1) f(-x)=f(x)

2) [7f(x)dx=1

Define a function f_(t) by

(=11 (%),te(o,l]
Proposition 3.
1) fe|:|:>f_(t)e|:|

2) f,geH= fxgeH
Example 2.1. Figure 1 gives a typical example of hyperfunction at around the

origin.

3. Extended Wiener Process in Nonstandard Analysis

Why does the extended stochastic process in Definition 3.2 satisfy the conditions

80

60

40

20

Figure 1. N (0,0‘2) , 0=6/10, o =3/10, hyperfunction o=1/N, N e*N\N.

DOI: 10.4236/am.2020.113019

249 Applied Mathematics


https://doi.org/10.4236/am.2020.113019

S. Kanagawa, K. Tchizawa

being Wiener process? First, let us show the definition of the extended Wiener
process according to Anderson [1] [7].

Definition 3.1. For fixed N e*N\N, put At=N"'. The hyperfinite time line
T based on At for the interval [O,T] is the set defined by

T={0,At,2At,-- T —At,T},

forsome T >0.
Definition 3.2. Assume that a sequence of ii.d. random variables
{AWk k=1 NT} has the distribution

P{AW, = At} =P{AW, __ﬂ}:%,

for each k =1,---,NT . An extended stochastic process {W (t)te T} is defined
by
Nt
W(t)=> AW,, teT. (1)
k=1

We shall prove that the extended process W (t) satisfies the following condi-
tions being Wiener process.

Definition 3.3. If the process W (t) satisfies the following conditions, then

W (t) is called the Wiener process.

1) W(O):O. a.s.

2) W(t) isa continuous function with probability 1.

3) W(t) has stationary, independent increments.

4) The increment W (t + S) -W (S) has the normal distribution N (O,t) for
any s,t>0.

Theorem 3.4. The extended process W (t) satisfies the conditions in Defini-
tion 3.3.

Proof)

Now, we go back the distribution of W (t) . From the nonstandardization of
the convolution in the previous section, we calculate the characteristic function

(Fourier transform) of W (t) .
P{W (t)<x}= {ZAW < x} [ fen £ (u)du,
where f(u) is the density function of AW,.

Nt
10y AW,

E|:ein9w(t):|: E[e K=1 ]: :eieuf #...0% (u)dU

—]:U e f (u)du= HE[ ""A"Vk}
f[ {"”—+e'”—} HCOS(@\/—)

(g

Note that, in standard analysis, the last term in (2) is shown by the following
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equation,

HZ 94 nt
=i — S
n—>o 2'In  4In
t6?
a2 2
2\ 2 o
= lim 1—6’— ’ =e?
n—w n

Therefore, W (t) obeys the normal distribution N (O,t). Furthermore, it is
easy to prove that W (t) has the stationary and independent increments from
the Definition 3.2. Then, we can show that W (t) satisfies all conditions of the
Wiener process.

4. Proof of the Non-Differentiability of Wiener Process

In this section, we give the proof that the Wiener process has the property of
non-differentiability. It is well known that Wiener process in standard analysis is
non-differentiable a.s. though. The proof of the non-differentiability was shown
by Dvoretski, Erdos and Kakutani [8]. (See e.g. Theorem 12.25 in Breiman [9].)
On the other hand, the law of the iterated logarithm holds for the extended
Wiener process as following (3) and (4). As to the law of the iterated logarithm
in standard analysis, see e.g. Karatzas and Shreve [10], the Section 2.9. The orig-
inal proof for i.i.d. random variables is due to Khintchine [11].

Theorem 4.1. Every sample path of Wiener process defined by
Nt
W (t)=>AW,, teT,
k=1

has the non-differentiability.

Proof)
sup v (1/\/W) =1, as. 3)
NN \/2(J/JW) log log (\/W)
and
v Wm) =-1 as. (4)

inf
Ne*N\N \/z(l/m)loglog(\/ﬁ)
Since W (t+5s)—W (t) isalso a Wiener process forsome teT andany seT,
W (t+1/VN)-w (1)
sup =1 as. (5)
NENIN \/2(1/JW)|og Iog(x/ﬁ)
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and
inf W (t+]/\/ﬁ) W (t) =-1, as.
NE*NWN \/2(]/\/N)|Og|og(\/ﬁ) )

forany t>0. Therefore

NS;EI\RNW (t +]\7]\//j%_w (t) g v 2log |Og(\/ﬁ), as.

and

. W (t+1/V/N)-w (t)
Ne*N\N ]/\/W

<—,/2loglog (\/W) as.

(6)

7)

(8)

(7) and (8) imply the non-differentiability of the sample path of Wiener process.

Remark 1. From Definition 3.1 for the extended Wiener process, we have

1
WIN) AW, | J2loglog(N)
\/2(1/N)Ioglog(N)_\/2(1/N)Ioglog(N)_ -1 _
2loglog(N)
Thus the law of the iterated logarithm does not hold for
W (IN)
\/2(1/N)Ioglog(N)'
Notice that
W (1/VN)
\/Z(ﬂm)loglog(m)

is defined on the hyperfinite line

ﬁ:[0,At,2At,3At,--',(N/W)At}
Therefore,
W (1VN)
sup
N*NWN \/2(1/\/ﬁ)log log (\/ﬁ)

and
inf W(]/m)
Ne*N\N \/2(1/\/W)Iog Iog(m)

exist and the law of the iterated logarithm (3) and (4) hold on the hyperfinite

line ﬁ .

Remark 2. From Definition 3.2 the Wiener process W (t) is defined by the
sum of i.i.d. random variables {AW,,k =1,---,NT }. Therefore, we can prove the
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non-differentiability of Wiener process by the law of the iterated logarithm (3)
and (4). Since the above proof in the sense of nonstandard analysis cannot be
translated to the proof in standard analysis, another proof using standard one in
[8] is needed to show the non-differentiability. This is a typical example of the

advantage of the extended Wiener process.

5. Conclusion

Anderson [1] showed that the process W (t) defined by Definition 3.2 satisfies
the conditions (1)-(4) in Definition 3.3 of Wiener process from the equivalence
of (a) and (b) due to Loeb [2]. On the other hand, we showed the extended
Wiener process for W (t) satisfies the conditions (1)-(4) directly by the non-
standardization of the convolution. When we extend the time space and obtain
extended Wiener process, the nonstandard number N is efficient enough to de-
scribe the precise structure. It is also reminded that the Nis applied to “extended
Wiener measure” described in [12] [13]. The hyperfinite time line T is a key
word. Notice that the delta function is described by the normal distribution in
this state. Furthermore, we provided a new proof of the non-differentiability on
the Wiener process using the extended law of the iterated logarithm for the

Wiener process in nonstandard analysis.
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Symbols

Q): probability space

R : real numbers

R : hyper real numbers

F : space of all locally integrable functions on R

S : space of all rapidly decreasing functions

Z . : positive natural numbers

O : space of all slowly increasing functions

N : hyper number

Nfl

: infinitesimal

N : natural numbers

*N : hyper natural numbers

T : hyperfinite time line
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