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Abstract

If an operator is not invertible, we are interested if there is a subspace such
that the reduction of the operator to that subspace is invertible. In this paper
we give a spectral approach to generalized inverses considering the subspace
determined by the range of the spectral projection associated with an opera-
tor and a spectral set containing the point 0. We compare the cases, 0 is a
simple pole of the resolvent function, 0 is a pole of order n of the resolvent
function, 0 is an isolated point of the spectrum, and 0 is contained in a circu-
larly isolated spectral set.
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1. Introduction

Let X be a Banach space, and let B (X) stand for the set (algebra) of bounded
linear operators on X. We say that an operator T € B(X) is invertible if there
exists an operator S € B(X) such that

TS =ST =1,

where 7stands for the identity operator on any space (Ix=x for all x) (for more
details about basic properties of generalized inverses, see [1]).

If T'is not invertible, it is convenient looking for a closed subspace of X such
that the restriction of 7'to that subspace is invertible. In that case, we are inter-
ested in the algebraic conditions that characterize such a situation. Those cha-
racterizations will give us a sort of generalization of the notion of invertibility,
and accordingly, they will be called generalized inverses.

In this paper, we explore the case of the subspace determined by the range of

the spectral projection. After some preliminaries in the next section, in Section 3

DOI: 10.4236/alamt.2023.132002

Feb.

27,2024 21 Advances in Linear Algebra & Matrix Theory


https://www.scirp.org/journal/alamt
https://doi.org/10.4236/alamt.2023.132002
https://www.scirp.org/
https://doi.org/10.4236/alamt.2023.132002
http://creativecommons.org/licenses/by/4.0/

E. Salgado-Matias et al.

we study the case when 0 is a simple pole of the resolvent function, and the re-
sults are extended in the next section to the case of poles of order n. In Section 5,
we deal with isolated points and, in the final section, we explore the case of clus-

ters containing the point 0.

2. Preliminaries

Let M and N be closed subspaces of a Banach space X. If every xe X can be
uniquely decomposed as x=uU+Vv with ueM and ve N, then we write
X =M ®N and we say that M and N decomposes X. In this case, there exists a
bounded linear projection Psuch that R(P)=M and N (P)=N.

For a bounded linear operator T € B(X) we say that a subspace M of X is
invariant if T(M)cM, and T|, denote the restriction of 7 to M. If two
closed subspaces M and Nare invariant for 7and X =M @ N, then we say that
M and N decomposes 7. If Pis the projection on M along N, then M and N de-
composes 7'if and only if Pand T commute.

Recall the spectrum of T'is the (nonempty compact) set

o(T)={2€C:T - Al is not invertible},

and the resolvent set of 7'is
p(T)=Clo(T).

If Mand Ndecomposes 7, then o (T)= G(T|M )u o-(T|N ) . However,
O'(T|M ) and 0(T|N ) may not be disjoint.
For A€ p(T), the resolvent function is defined as

R, (T)=(T-41)".

This function is analyticin p(T).

A spectral set for T'is a subset A of O'(T ) c C such that A is open and closed
in the relative topology of o (T). For every spectral set A for 7; there is a
Cauchy contour Cthat separates A from o (T)\A.

For a spectral set A and any Cauchy contour separating A from o (T)\A we
define

P(A):= _Zini R, (T)d2

This integral does not depend on the particular choice of the Cauchy contour
separating A from o (T)\A since any such Cauchy contour can be conti-
nuously deformedin p(T) to C.

Let A be a spectral set for 7. Then, P (A) is a bounded projection that
commutes with 70 We call P(A) the spectral projection of the spectral set A
associated to 7. In this case, since P(A) and 7 commute, we have R(P(A))
and /\/(P(A)) = R(I -P (A)) are invariant subspaces for 7. Now, if
M = R(P(A)) and N = N(P(A)) , then Mand Ndecomposes 7,
o-(T|M ) =A and O'(T|N ) =0 (T)\ A . Notice that, in this case,

O'(T|M )F\O'(T|N ) = (for more details, see [2]).
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3. Simple Poles of the Resolvent

It is clear that T(R(T))gR(T),and, since xe N (T) implies
TX=0€./\/(T),wehave T(N(T))QN(T).Itfollowsthat R(T) and
N (T) are invariant subspaces for 7.

Suppose R(T)=R(T?) and N(T)=N(T?). If xeR(T)NN(T),
then x=Ty forsome ye X and Tx=0.Now,since Tx=T?y=0,
ye N (T?)=N(T). Thus x=Ty=0.Thisshows R(T)N(T)={0}.

Let T, :=T|R(T).Then, R(Tl)zR(Tz)z’R(T).Let X € X , then since
TXeR(T)=R(T1), there exists yeR(T) such that TX=T,y =Ty . Now let
z:=x-y,then ze N(T) andwehave X =R(T)+N(T).Now, since
N (T) and R(T)+./\/ (T) are closed, we have R(T) is closed. Hence,

X=R(T)®N(T).
Conversely, if X = R( ) N (T), we have
R(T)=T(X)=T(R(T)®N(T))=R(T*)®0. Now,let xe N(T*) and

y=Tx,then yeR(T )ﬂ/\/( ) {0}, thus Tx=0 and xe N (T). Since
N(T)eN (Tz) always holds, we get N (T)=N (Tz). Thus, we have the
following

Proposition 1. Let T € B(X), then R(T):R(Tz) and J\/(T)zN(Tz)
ifand onlyif X =R(T)®N(T).

From the above proposition it is clear that, if X =R(T)®N(T), then
R(T) and N(T) decomposes 7. Moreover, in the following theorem we

show a matrix form for the operator 7
Theorem 2. Let T e B(X) VI X = R(T)G—)N(T) , then the restriction

Tl:T|R(T):R(T)—>R(T) is invertible, TZ:T|N(T):N(T)—>/\/'(T) is the

zero operator and we have the following matrix form for 7:

o dHv L)

Proof. Let Thas the following matrix form with respect to

X :R(T)@N(T) :
T T [ R(T)| | R(T)
= = - .
T, T, [N(T)] [N(T)
It is clear that 7 is 1-1 and onto, thus, it is invertible. Also, T,x=Tx=0 for

every Xxe N (T), hence 7; is the zero operator on N (T).
For T, :N(T) - R(T) , T,x=Tx=0 forevery Xe N(T) . Also, for

T,:R(T)> N(T),since T,xeR(T)nN(T)={0} wehave T, =0.
For certain calculations, it is useful to have an algebraic characterization of

our situation.
Theorem 3. Let TeB(X). X =R(T)®N(T) if and only if there exists

SeB(X) suchthat T=TST and ST =TS.
Proof. If X =R(T)®N(T), then, by Theorem 2, we have the following

matrix form with respect to this decomposition:
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R ERTEheti it
Now, let us define the operator

o [Tt o] [RMT)]_[R(M)
0 o |NM(T) N
A direct verification shows that T =TST and ST =TS.

Conversely, suppose that there exist S € B(X) suchthat T=TST and
ST =TS . Then, from

R(T)=R(TST)=R(T*S) = R(T*)=R(T),
Wehave R(T)=7R(T?). Also, from
N(T)=N(TST)=N(ST*) 2 N (T?) 2 N (T),
Wehave N (T)=N(T?).

Remark. It is easy to see that for the operator Sin the previous theorem we
have even more: STS =S . In general, if for some T € B(X) there exists an op-
erator V € B(X) such that T=TVT and VT =TV, then letting V'=VTV a
direct calculation shows that T=TV'T, V'=VTV' and VT =TV'.

Definition 1. We say that T € B(X) is group invertible if there exists
SeB(X) such that

T=TST, S=STS, ST=TS

In this case, we say that Sis the group inverse for 7. We denote the group in-
verse S=T".

Remark. (i) The group inverse is unique if it exists. Indeed, suppose that there
were two group inverses Sand S'for 7, then

S =8TS =STSTS =SSTST =SS'T =STSTS'=TSTS'S'=STS'=S".
(ii) By the uniqueness of the group inverse, Theorem 3 gives us a matrix form

for the group inverse for 7. For the operator V that satisfies T =TVT and

VT =TV , we can find a matrix representation:

N R(T R(T
y [ o [RM][RM)]
0 V,| |N(T) N(T)
where V, !N (T)— N (T) is an arbitrary operator. Then, T* =VTV is the
group inverse of 7'and has the following matrix representation:

T T 0 _ R(T) N R(T) .
0 0] |N(T) N(T)
It is clear that an invertible operator is group invertible. In the case when T'is
not invertible, but group invertible, we can say more about the point 0e o (T).
Theorem 4. Let T € B(X). The operator T'is group invertible if and only if 0

is a simple pole of the resolvent.

Proof. Suppose T'is group invertible. Then, we have the following matrix form
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for T
T 0 R(T) R(T)
T=|"1 = ,
5ol Lva J ” {Nm
Suppose R, (T) has a Laurent expansion at 0 given by

R,(T)=3B,A"

with 7j invertible.

Since 7, is invertible, we have 0e p(Tl) , thus the resolvent function
(T,-41 )71 is analytic at 0, which implies that the principal part of the Laurent
series of (T, —Al )71 have no terms. On the other hand, since T, =0 we have
the Laurent series (T, — Al )71 =-A".

Now, since R(T) and N'(T) decompose 7, then they decompose B, for
every n. Thus, the principal part of the Laurent series of (T -l )71 has only
the term B, . Therefore 0 is a simple pole of the resolvent function R, (T).

Conversely, suppose 0 is a simple pole of the resolvent. Let P = P({O}) be
the spectral projection associated with 7"and the spectral set {0}. Then,

X =N (P)®R(P). Moreover, since TP =PT, we have R(P) and N (P)

decompose 7. Thus, we have the following matrix form:

SHERD

®) ) =o(T)\{0}, we have 7; is invertible. Now, define the oper-

15 olfmim[wim)

A direct verification shows that S'is the group inverse for 7.

Since J(T
ator Sby

In the following characterization of group invertibility using projections, we
see the central role played by the spectral projection of the spectral set {0}.

Theorem 5. T'is group invertible if and only if there exists a projection Psuch
that T +P is invertible and TP = PT =0. Furthermore, P is the spectral pro-
jection of the spectral set {0} associated to 7.

Proof. Suppose T'is group invertible with group inverse S. From T =TST we
have that 7Sis a projection. Thus, | -TS is also a projection. Now,
T(I —TS) =(1-TS)T =0 and a direct verification show that T +(| —TS) is
invertible with inverse S+ 1—TS . Thus, | -TS is the desired projection.

Conversely, suppose there is a projection P eB (X) such that T+P isin-
vertible and TP =PT =0. Let Q be the inverse of T+P . Then, QT =1-QP.
Since 7' commutes with T + P, we have that Talso commutes with the inverse

Qof T+P.Let S==Q—P.Then,
TS=TQ-TP=QT - PT =ST,

TST =TQT =T (1 -QP)=T -TQP =T.
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Finally, a direct verification shows that T* = STS .

Now, since 7T'and P commute, the operator 7 has the following matrix form

T, 0] [N(P) N(P)
T= : - .
0 T, 'R(P) R(P)
Since T, (R(P))zTP(X)zO, we have T, :T|R(p) =0. Now, since T+P
is invertible and R(P) and N'(P) decompose 7; (T +P)N(P) is invertible.
But P|N(p) =0,hence T, =T N(P) :N'(P)— N (P) is invertible. Thus, for

T -1 we have the following matrix form:
T,-Al o}

with respect to 2

T-Al=
{ o Al

Since 7; is invertible, T, —Al is invertible for sufficiently small A . Then, for
a sufficiently small A =0, we have that T — Al is invertible. It follows that 0 is
an isolated point of o (T ). Hence, {0} is a spectral set for 7. Let Cbe a Cauchy
contour separating {0} from O'(T)\{O} . The spectral projection of the spectral

set {0} associated to T'is

P(A):—E%”;(r—zu4dz

1 -1 1 -1
e (Tl -21) (|-P)dzf-§;?LfTLqm-—z|) PdA
1 1
=0 [ (Tl - #1) P2
=—E%;Lx—z|yipdz
=P.
Notice that, from the above theorem, if 7'is group invertible, then 1-TT* is

the spectral projection associated to the spectral set {0}. Regarding the proof of
Theorem 5, a similar methodology has been adopted in the works of Liu [3] and
[4].

Theorem 6. Let T € B(X). The operator 7'is group invertible if and only if
there exist two closed invariant subspaces M and N for 7'such that X =M @ N,
Ty isinvertibleand T, =0.

Proof. Let T €B(X) be group invertible. Then, by Theorem 4, we can
choose M =R(T) and N=N\(T).

Conversely, suppose that there exist two closed subspaces M and N of X such
that X=M &N, T(M)QM ) T(N)g N, T|M is invertible and T|N =0.
Then T(X):T(M @N):T(M): M and Tz(X)z M . Also, for any
non-zero vector X=%+X, in A (T), x €M, X, €N, we have
0=Tx=T(X +%)=Tx +TX,. Thus, Tx, =—Tx, e M "N ={0} and, by inver-
tibility of T, ,wehave X =0 and X=X, €N .Since Nc N (T), it follows
N (T)=N. Similarly we can prove that A/ (T2 ) =N . Hence,

X =R(T)®N(T) by Proposition 1, and using Theorem 4 we see 7'is group

invertible.
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4. Poles of the Resolvent of Order n
For an operator T € B(X) letusdefine T°=1.We have the following chains:
X :R(TO);R(Tl)QR(Tz)QRﬂ'g)Qn-,
(0} =N(TO) N (TH) = N (T?) =V (T?) =

From R(T" ) = R(T"ﬂ) =T (R(T")) we see that if R(T”) = R(T"*l) for
some neN,then R(T")=R(T") forevery k eN.In a similar way, from
N(T"*l) :{X:TX e/\/(T")} we have that if /\/’(T")=N(T"”) for some
neN, then N(T”)z]\/’(T“*k) forevery keN.

The descent d (T) of T'is the smallest ne N such that R(T ") = R(T "*l) .
If there is no such n, then we define d(T)=c0.

The ascent a(T) of T'is the smallest neN such that N(T") = N(T ”*l).
If there is no such n, then we define a(T)=c0.

Theorem 7.If a(T)<o and d(T)<o,then p=a(T)=d(T).Moreover,

X=N(TP)eR(T")

ProofLet p=a(T), q=d(T).

Fix j>1 and suppose XeR(Tp)ﬁN(Tj). Then, there exists ye X
such that x=TPy. From TPy=T/x=0, we have ye N (T°7)=N(T").
Thus x=TP"y=0.Hence R(Tp)ﬁN(Tj):{O}.

Fix k>1 andlet xe X be arbitrary. From TquR(Tq)zR(Tq+l),there
exists ye X such that T =T%*y. Then, Tq(X—Tky):TqX—Tq”‘y:O.
Hence, x=T"y+(x—Tky)eR(Tk)+N(Tq).

Now, letting j=q and k=p, and since N(Tq) and R(Tp)+N(Tq)
are closed, we have

X=R(T")®N(TY).

It remains to show that p=q.Let ue N(Tq*l) . We have u=u, +u, with
u eR(T?) and u, e N'(T?). Then, u =u-u, e N'(T*)"R(T")={0}.
Thus, U, =0 and u=0+u,=u, eN(Tq) . Hence, /\/’(Tq)zN(Tq”) and
p<qg.

Let ve R(T p) . We have v=v,+v, with v e R(T ‘”1) = R(T p) and
vV, € N(Tq). Then, v, =v-v, eR(Tp)ﬂN(Tq)z{O} . Then, v, =0 and
v=v +0=y eR(T p*l). Hence R(Tp):R(T ’”1) and q<p.

If the ascent and the descent of 7 are finite, then we have a nice matrix form,
as shown in the following theorem. Recall an operator 7'is nilpotent if there ex-
ists neN suchthat T"=0.

Theorem 8. Let T eB(X). If X = R(T”)@N(T”), then the restriction
T, :T|R(T") :R(T”)—) R(Tn) is invertible, T, :T|N(T") : N(T” ) - N(Tn) is
a nilpotent operator and we have the following matrix form for 7:

i
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Proof. Consider the following matrix form for 7 with respect to

X=R(T)ON(T"):
T:{n T} LR
L. T ./\/(T ")

First, for T,: R(T”) - R(T”). Let ye R(T" ) = R(T"*l) , then there exists
xsuchthat y=T"'x=T (T ”X) , it follows that 77 is onto. Now let
X e J\/(T ) N R(T" ) , then there exists ysuch that x=T"y and
0=Tx =T(T”y)=T“*1y . Hence, y eN(T””)zN(T”) and x=T"y=0. It

follows T7i is 1-1. Therefore, 7; is invertible.
For T, :N(T”)—)N(T”), note that T, =T"

R(T")
N (T)

() =0, hence 7; is nilpo-

tent.

For T, :N(T")—)R(T") , for every X GN(T")ZJ\/(T"”) we have
0=T"'x=T"Tx, thus T,xe N(T”). But T,x eR( r'),hence
TBXGR(T”)K\N(T”):{O} and it follows T, =0.

Finally, for T,: R(T” ) - N(T”), for xe R(T") we have
TxeR(T™)=R(T"). But T,xe N'(T"), hence T,xe R(T")n N (T")={0}
and it follows T, =0.

We have a similar characterization as for the group invertibility.

Theorem 9. Let T eB(X). X =R(T")@N(T") if and only if there ex-
ists S eB(X) suchthat T"=T"ST, S=STS and ST =TS.

Proof If X =R (T " ) ON (T " ) , then we have the following matrix form with

respect to this decomposition:

3 2 am L

with 7i invertible and 7; nilpotent. Now, let us define the operator

£ b

A direct verification shows that T"=T"ST, S=STS and ST =TS.
Conversely, suppose that there exists SeB(X) such that T"=T"ST,
S=STS and ST =TS. Then, from

R(T")=R(T"ST)=R(T™'S) = R(T™)=R(T"),
We have R(T ”) = R(T””) . Also, from
N(T")=N(TST)=N(ST™) 2 N (T"™) 2 N (T"),
We have A (Tn ) =N (T "*1) . Now, the result follows from Proposition 1.

Remark. (i) We say that T € B(X) is Drazin invertible if there exists
S eB(X) and neN such that

T"=ST™, S$=STS, TS=ST.
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The least n that satisfies above condition is called the Drazin index of 7. In
this case, we say that Sis the Drazin inverse for 7. We denote the Drazin inverse
S=T°.

(ii) Notice that from S = STS we get that (TS)* =TS and (ST)* =ST.

(iii) The Drazin inverse is unique if it exists. Indeed, suppose T € B(X) is
Drazin invertible and Sand S are Drazin inverses for 7. Then,

S=STS
=S(T8)"
— S n+l-|- n
=S™TST
=smre(ST)
— Sn+lT 2n+ls"'n+1.

In a similar way, §=gmiT2ig§n and S=§.

The group and the Drazin inverses are related as follows:

Theorem 10. 7'is Drazin invertible if and only if 7” is group invertible for
some neN.

Proof. Suppose T'is Drazin invertible with Drazin inverse $and Drazin index
n.Then, T"=T"ST=T"(ST)" =T"S"T", S"=S"T"S" and T"S" =S"T".

Conversely, suppose 7" is group invertible for some ne N. Then,
X=R (T " ) eON (T " ) . From Theorem 9, Tis Drazin invertible.

Now we characterize the Drazin invertibility using the spectrum.

Theorem 11. Let T € B(X). The operator 7'is Drazin invertible of index n if
and only if 0 is a pole of the resolvent of order n.

Proof. Suppose T'is Drazin invertible of index n. Then, we have the following

matrix form for 7¢

_[Tl o}_ R(T)] R
O T (N ()|
with 77 invertible and 75 nilpotent.

Suppose R,(T) has a Laurent expansion at 0 given by

R,(T)= B,A".

Since 7; is invertible, we have 0 p(T,), thus the resolvent function (T, — Al )7l
is analytic at 0, which implies that the principal part of the Laurent series of
(T, -4l )71 have no terms. On the other hand, since 7; is nilpotent of degree n,
then the principal part of the Laurent series of (T, —Al )_1 has n terms.

Now, since R(T) and NV (T) decompose 7, then they decompose B, for
every n. Thus, the principal part of the Laurent series of (T -2l )_1 has only n
terms. Therefore 0 is a pole of order 1 of the resolvent function R, (T).

Conversely, suppose 0 is a pole of the resolvent of order n. Let P:= P({O})
be the spectral projection associated with 7" and the spectral set {0}. Then,
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X =N (P)®R(P). Moreover, since TP =PT, we have R(P) and N(P)

decompose 7. Thus, we have the following matrix form:
[T oLV (P)]
0 T, R( P) R( P)
Since o-(T|N(P) ) =o(T)\{0}, we have T; is invertible. Since O'(T|R(P)) ={0}

and 0 is a pole of order n, we have T,' =0.Now, define the operator Sby

s olfxin[xim)

A direct verification shows that Sis the Drazin inverse for 7.

Slight modifications in the proofs of Theorems 5 and 6 give us the following:

Theorem 12. (i) 7'is Drazin invertible if and only if there exists a projection P
such that T +P is invertible and TP =PT is nilpotent. Moreover, P is the
spectral projection of the spectral set {0} associated to 7.

(ii) The operator 7'is Drazin invertible if and only if there exists two closed
invariant subspaces M and N for 7 such that X =M &N, Ty s invertible

and Ty is nilpotent.
5. Isolated Points of the Spectrum
Let T € B(X). The quasinilpotent part of 7'is defined by

Tox" =0}

HO(T)Z{XE X :lim
and the analytical core is the set
K(T)={xe X : there exists a sequence (u, ) = X and a constant & >0

such that x =u, Tu,,, =u, and |u,[<3"|x|.ne N}.

It is known that both of Hy(T) and K(T) are (not necessary closed) inva-
riant for 7 subspaces of X, T(K(T))z K(T). Furthermore, 0 is an isolated
pointin o(T) ifand onlyif X =Hy(T)®K(T) and K(T) are closed. Ad-
ditionally, P (O) =H, (T) and J\/(P0 ) =K (T) (for more details, see [5]).

Theorem 13. Let T € B(X) I X =H, (T)(—B K(T) s K(T) closed, then
the restriction T, = T|K . K(T)— K(T) isinvertible,

T, = T|HO () -Ho (T)—> H,(T) is quasinilpotent, and we have the following ma-

o ﬂ{ﬁo%))Hﬁf?)}'

Moreover, for the operator TP define with
o [Tt o] [K(M)]_[K()
0 0] [Ho(T)] [Ho(T)

T (1 =T°T)is quasinilpotent, T°=T°TT®, TT°=T°T.

trix forms for T¢

We have
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Proof. From ./\/(T)m K (T ) = {0} , we have 7; is 1-1, and from
T(K(T))=K(T) we have 7 is onto. Therefore, 7; is invertible.

Let xeH,(T),then lim "Tzn X"]/n =0, thus 7; is quasi-nilpotent.

Finally, from T(K(T))=K(T) and T(H,(T))=H,(T), the matrix form
follows.

Definition 2. We say that T € B(X) is Koliha-Drazin invertible if there ex-
ists SeB(X) such that

T (I —ST) isquasinilpotent, S=STS, TS=ST.

In this case, we say that S is the Koliha-Drazin inverse for 7. We denote the
Koliha-Drazin inverse S=TP".

The next theorem give us some basic properties of Koliha-Drazin inverse.

Theorem 14. (i) The Koliha-Drazin inverse is unique if it exists.

(ii) The operator 7T is Koliha-Drazin invertible if and only if 0 is an isolated
point of the spectrum.

(iii) The operator 7'is Koliha-Drazin invertible if and only if there exists two
closed invariant subspaces M and N for 7' such that X =M ®&N, T, is in-

vertible and T, is quasinilpotent.

6. Clusters

Let r(T,x):Iimsueroo|T”X1/n and S(T,X) the set of all sequences (X,)

in Xsuch that Tx,,, =x, forall n>1 and Tx =X.

Let Te B(X) and r>0. The generalized quasinilpotent part and the ge-

neralized analytic core are defined by

H, (T)={xeX:r(T,x)<r},
K, (T):= {XE X :3(x,)eS(T,x) with Iimsup||xn||]/n < r’l}_

We have that T(H, (T))=H,(T) and T(K, (T))=K, (T).
Theorem 15. Let TeB(X) and r>0.If X =H (T)®K (T), then the
restriction T, :T|Kr M K, (T)—> K, (T) isinvertible,
T, =T|Hr(T):Hr(T)—>Hr(T) satisfies o(T,)no(T,)=@, and we have the

following matrix form for 7:

T
i 0 _ K, (T) R K. (T) |
0 T,| [H(T)] [H(T)
Proof Let T, ::T|K ™) and T, ::T|H - Since N(T)< H,(T), it follows 7
is 1-1. Also, since T (K, (T))=K,(T) it follows 7; is onto. Hence,
T,:K (T)> K, (T) isinvertible.
T"x

Since lim__ sup| " , the spectral radius r(T,)<r.Let xeH (T).

Since T,"X, =X and T isinvertible, we have
. n |y _
limsup, .., "T "| =limsup,_,, ||Xn||1/n <r*. Then, for every Aec(T,) we

have |/1| > r. Therefore, o(T,)no(T,)=D.
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Finally, from T(H,(T))=H,(T) and T(K,(T))=K,(T) the matrix form
follows.

Theorem 16. Let T €B(X) and r>0.If X =H,(T)®K, (T), then there
exists Ssuch that o (T —TST)no(TST)={0}, S=STS and TS=ST.

Proof.Since X =H,(T)®K, (T) we have

)

with 7; invertible and o(T,)no(T,)=Q.Let SeB(X) be defined by

4 SHERHER

Then, a direct verification shows S =STS and ST =TS.From S=STS it
follows that ST and |—ST are projections, and the matrix forms shows that
R(ST)=K,(T) and R(I-ST)=H,(T).Then T(ST)=T,®0 and
T(1-ST)=0@T,. Thus, o(TST)=0(T,)uU{0} and
o(T-TST)=0(T,)u{0}.Since o(T,)no(T,)=3, it follows
&(TST) Ao (T -TST) = {0}

We say that T e B(X) is A-Drazin invertible if there exists SeB(X)
such that

o(T=TST)no(TST)={0}, S=STs,
TS=ST, and o(T-TST)=

In this case, we say that S is the A-Drazin inverse for 7. We denote the
A-Drazin inverse S =T2" (for more details, see [6]).

Theorem 17. Let T € B(X). The operator 7 is A-Drazin invertible if and
only if A is a spectral set for T'such that 0Oe A.

Proof. Suppose T is A-Drazin invertible and let S=T>". Then ST and
| —ST are projections which commute with 7. It follows
X = R(TS)G—)R(I —ST) and R(TS) and R(I —ST) are invariant for 7.

Let T, ::T|R(TS) and T,=T|, (1s) - I xe N (T,) then
xe N(T)NR(TS), thus x= TSX STX =0. Hence 7; is 1-1. Now, if
ye R(TS) then from Sy =STSy=TSSy we have Sye ’R(TS). Let x=79Sy,
then Ts =TSy =y. Hence 7; is onto. It follows 7; is invertible.

Since R(TS) and R(I-ST) decompose 7, we have
o(T)=0o(T,)uo(T,). Also, o(TST)=0c(T,)u{0} and
o(T-TST)=0(T,)u{0}. From o(TST)no(T-TST)={0} and O0¢o(T,)
it follows o (T,)No(T,)=<. Hence o(T,) and o(T,) are disjoint isolated
sets of 7.

Now, if XeN(T) , then (I —ST)X: X and X eR(I —ST). It follows

Xe N (T)AR(1=ST) =N (T| o)) =V (T,) - Thus,

0eo(T,)=0(T,)u{0}=c(T -TST)=A. Hence A is a spectral set of o (T)
and OeA.
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Conversely, suppose A is an spectral set for 7. Let P = P(A) be the spectral
projection of the spectral set A associated to 7, then we have the following ma-

[ 0] N(P) N N(P)
0 T,| |R(P) R(P)
Since o-(Tl)za(T|N(P))=0'(T)\A and Oe A, we have 7; is invertible. Let
SeB(X) bedefined by

15 JHre e
0 R(P)] [R(P)
Then, a direct verification shows S =STS, TS=ST and P=1-ST. Since
T-TST :T(I —ST):TP and
0 0
TP = ,
o)

We have o(T=TST)={0}uc(T,)={0}uo(T|,, ) ={0}uA=A . Also,

since TST=T(1-P) and
|n o
T(! —P)—{O O}’

We have o(TST)=o(T(I-P))=0(T,)w{0}. Finally, since o(T,) and
o(T,) are disjoint we have o (T —TST)no(TST)={0}.

Remark. From the proof of Theorem 6.1 we see that if for some r>0 we
have X =K, (T)®H,(T), then o(T,) is contained in the disc {ﬂ:|/1|<r}
and o(T,) is contained in the annulus {/1 r< |/1|} To see that the converse

also holds, suppose that for some r we have that A {/1 : |/1| < r} is spectral set
of 7, and let P be the spectral projection associated to 7 and A. Then, T is

trix form

A-Drazin invertible with inverse S =T°* . From the matrix forms
[ 0]_[N(PY]_[A(P)
10 T, | R(P) R(P) |

o oHrm L
We see that r(T,)<r and r(S)=r(T,*)<r™. We will show
N(P)=K,(T) and R(P)=H,(T).
N(P)cK,(T):let xe N'(P) andlet x, =S"x.Then
" _r(s)<rt. K (T)c N (P):let

X € K, (T). Then, there exists a sequence {X,} suchthat Xx=T"x, . Thus,

limsup,. [%,[" = limsup, ..,

P"T"x, ||]/n <r(TP)limsup, .. |x, ||]/n <r(T,)r*

limsup, ., [Px|"" <limsup, .

<rrt=1.Hence Px=0.
R(P)g H,(T):let XeR(P),then
1/n

" —timsup,, [TX[" <r. H, (T)cR(P): let xeH,(T).

limsup, .
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Since | -P =TS =(TS)", we have
Iimsupn_m”(I—P)x”]/nSr(T)r(S)zrr’lzl.Hence, (1-P)x=0 and
xeR(P).

7. Conclusions and Final Remarks

Let T e B(X), if there exists S such that T =TST we say that S is an inner
inverse for 7. If S =STS holds, then Sis called an outer inverse for 7. From 0,
it follows inner invertibility which implies outer invertibility. If S is inner and
outer inverse for 7, then Sis called a reflexive inverse for 7. Neither inner nor
outer inverses are unique. However, if a reflexive inverse for 7’commutes with 7,
then it is unique (since it is the group inverse for 7).

Outer inverses are not unique. However, if we prescribe the range and null
space of the outer inverse, it becomes unique. All inverses discussed in this paper
are classes of outer inverses, and all classes satisfy that the range and null space
of the outer inverse coincides with the null space and range of the spectral pro-

jection associated to a spectral set containing the point 0.

If Tis invertible, then A€o (T) if and only if %e O'(T *1) , note that in this

case A= 0. Now, if T'is A-Drazin invertible for A = {0}, from the matrix form
wecanwritt T=T,®T, and T?" =T,"®0 with o(T,)=0(T)\{0} and
o(T,)={0}.Since o(T)=0(T,)uo(T,), o(T,)no(T,)=< and

0'<T D.A ) = O'(Tl’l)u {O} , it follows that for every A =0,

ﬂEO'(TD'A)@%GO'(T).

Generalized inverses satisfying above condition are called spectral inverses.

Thus, group, Koliha inverse and Koliha-Drazin inverses are spectral inverses.
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