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Abstract 
We consider the problem of inducing withdrawal reflex on a test subject by 
exposing the subject’s skin to an electromagnetic beam. Heat-sensitive noci-
ceptors in the skin are activated wherever the temperature is above the activa-
tion temperature. Withdrawal reflex occurs when the activated volume 
reaches a threshold. We non-dimensionalize the problem to write the tem-
perature as the product of a parameter-free function of non-dimensional va-
riables and a function of beam parameters. This formulation allows studying 
beam parameters without knowing skin material parameters. We examine the 
effects of spot size, total power and distribution type of the electromagnetic 
beam on 3 quantities at reflex: 1) the time to reflex, 2) the maximum temper-
ature increase, and 3) the total energy consumption. We find that the flat-top 
beam is the best, with the lowest energy consumption and the smallest max-
imum temperature increase. The Super-Gaussian beam is only slightly infe-
rior to the flat-top. The Gaussian beam has by far the worst performance 
among these three. 
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1. Introduction 

Electromagnetic beams have been employed in many applications which include 
airport security screening, medical imaging and non-lethal crowd control wea-
pons [1] [2]. The interaction of the electromagnetic fields with the human body 
is dependent upon the power density, beam spot size, frequency and duration. 
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Particularly, when a high-powered microwave beam reaches a human subject, it 
quickly produces an intolerable heating sensation in the skin and compels the 
subject to withdraw from the beam [3]. 

In this paper we carry out non-dimensional analysis of thermal effect on skin 
caused by exposure to a stationary electromagnetic beam. We focus on how the 
beam radius, total power and distribution type of the electromagnetic beam af-
fect the time to withdrawal reflex, the maximum temperature increase, and the 
total energy consumption. The theoretical results obtained in our study will help 
guide us to design safe, effective and efficient electromagnetic heating experi-
ments. 

2. Mathematical Formulation 

We consider the situation where a skin area of the test subject is exposed to an 
electromagnetic beam. Let ( ), ,T z tr  denote the temperature of skin as a func-
tion of 3-D spatial coordinates ( ),z r  and time t. Here z is the depth from the 
skin surface and r  is the 2-D coordinates on the skin surface. We assume 1) 
the electromagnetic beam is perpendicular to the skin surface (i.e., incident an-
gle = 0); 2) before the exposure, the 3-D skin has a uniform initial temperature 

baseT  (baseline temperature); and 3) heat conduction is included only in the 
depth direction. Under these assumptions, which correspond to case B in our pre-
vious study [4], the temperature distribution ( ), ,T z tr  can be solved analytically. 

At each surface location r , the temperature along the depth is governed by 

( ) ( )

( )

2

m 2

base
0

exp

0, ,0

p

z

T TC K P z
t z

T T z T
z

ρ µ µ

=

 ∂ ∂
= + − ∂ ∂

∂ = =
 ∂

r

 
where  
• mρ  is the mass density of the skin, 
• pC  is the specific heat capacity of the skin, 
• K is the heat conductivity of the skin, 
• µ  is the absorption coefficient of the skin at the beam frequency, and 
• ( )P r  is the beam power density absorbed into the skin at location r . 

In the ADT CHEETEH model [5], the absorbed power density ( )P r  is 
modeled as a given fraction of the incident power density at the skin surface: 

( ) ( ) ( )incident1P Pγ= −r r  

where γ  fraction of the incident power is reflected by the skin. 
The absorbed electromagnetic energy increases the temperature in skin. 

Heat-sensitive nociceptors are activated wherever the local temperature is above 
the nociceptor activation temperature actT . When the combined signal from 
nociceptors is over a certain threshold, withdrawal reflex occurs and the test 
subject moves away from the beam. Our study is aimed at understanding the 
process of beam power absorbed at the skin surface to withdrawal reflex. We 
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first introduce characteristic scales for the depth, time and temperature, and 
then use them to carry out non-dimensionalization. 
• Length scale in the depth direction and time scale: 

m
s s 2

1 , pC
z t

K
ρ

µ µ
≡ ≡

 
• Non-dimensional depth and time: 

2

nd nd
s s m

,
p

z t Kz z t t
z t C

µµ
ρ

≡ = ≡ =
 

• Temperature scale and power density scale: 

act base s,T T T P K Tµ∆ ≡ − ≡ ∆  
• Non-dimensional temperature as a function of ( )nd nd,z t : 

( ) ( ) base
nd nd nd

,
,

T z t T
T z t

T
−

≡
∆  

• Non-dimensional power density (absorbed into the skin) at surface location 
r : 

( ) ( ) ( )
nd,1

s

P P
P

P K Tµ
≡ =

∆
r r

r
 

Note that the function value of ( )nd,1P r  is dimensionless but the indepen-
dent variable r  is not, which will be non-dimensionalized shortly. At each 
surface location r , the non-dimensional temperature is governed by 

( ) ( )

( )
nd

2
nd nd

nd,1 nd2
nd nd
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T T
P z
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We adopt the same general assumption used in the ADT CHEETEH model 

[5] that the occurrence of withdrawal reflex is solely determined by the number 
of heat-sensitive nociceptors activated at the given time. When the nociceptor 
density in the skin is uniform, withdrawal reflex is solely determined by the vo-
lume of activated region at the given time, which is highly influenced by the 
beam spot size. 

To study the effect of beam spot size in a proper mathematical setting, we 
need to introduce a length scale for non-dimensionalizing the 2-D surface coor-
dinates r . Let cv  be the critical threshold on activated volume for triggering 
withdrawal reflex. In a general formulation, we allow the realized value of thre-
shold cv  in individual tests to be a random variable, fluctuating from one test 
to another to model the effect of biovariability and environmental uncertainty 
[6]. To keep the formulation simple, we assume that all other parameters are de-
terministic and that the effect of uncertainty from all sources is summarized in 
the randomness of threshold cv . By definition, the reflex time reft  is the time it 
takes for the activated volume to reach threshold cv . The uncertainty in thre-
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shold cv  leads to fluctuations in the observed reflex time reft  in individual 
tests. 

Let { }cE v  denote the average of threshold cv , which provides us a 
well-defined physical volume. For surface coordinates r , we introduce the 
characteristic radius sr  in the equation below, based on the physical volume 
{ }cE v . 

( ) { }2
s s cr z E vπ =

 
Geometrically, a cylinder of base radius sr  and height sz  has volume 
{ }cE v . We use sr  as the length scale to non-dimensionalize surface coordi-

nates r . 
• Length scale for surface coordinates and volume scale: 

{ } { }c c2
s s s s

s

,
E v E v

r v r z
z

=
π

≡ ≡
π  

• Non-dimensional surface coordinates: 

nd
sr

≡
rr

 
• Non-dimensional volume and non-dimensional volume threshold: 

{ } { }
c

nd c,nd
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,
vVV v

E v E v
≡ ≡

ππ

 
• Non-dimensional power density as a function of ndr : 

( ) ( )nd nd nd,1 ndsP P r≡r r  

Note that the volume scale is 
{ }c

s

E v
v ≡

π
. Function ( )ndP ⋅  is the same as 

( )nd,1P ⋅  except that it has non-dimensional ndr  as the independent variable. 
After non-dimensionalization, parameters satisfy 

{ }c,nd base,nd act,nd, 0, 1E v T T= =π =
 

The non-dimensional temperature has the analytical expression 

( ) ( ) ( )
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∫
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          (1) 

Here, for conciseness, we have dropped the subscript “nd” and used the sim-
ple notations for all non-dimensional quantities. For example, ( )P r  in (1) 
means ( )nd ndP r . Based on the non-dimensional temperature, we calculate the 
non-dimensional activated volume 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

act act actVolume , , , , 1

Volume , , 1

V t z T z t T T

z P H z t

= ≥ =

= ≥

r r
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The non-dimensional reflex time is governed by ( )act ref cV t v= : 

( ) ( ) ( ){ }ref cVolume , , 1z P H z t v≥ =r r                (2) 

where non-dimensional volume threshold cv  satisfies { }cE v = π . Notice that 
in (1), function ( ),H z t  is parameter-free. In this non-dimensional formula-
tion, ( ), ,T z tr  is completely determined by ( )P r , there are no other parame-
ters. The non-dimensional reflex time reft  is influenced by two factors in the 
non-dimensional beam power density ( )P r :  

1) The non-dimensional total power (absorbed into the skin) ( )tot dP P≡ ∫ r r . 
2) The spatial distribution of beam power. We will examine the effect of dis-

tribution type (Gaussian, super-Gaussian, or flat-top) and beam spot size. 
One convenient measure of beam spot size is the half width at half maximum 

(HWHM) which is half of the full width at half maximum (FWHM) for all 
symmetric beam power distributions. Let hwr  denote the HWHM. We study 
three symmetric distributions in the form of ( ) ( )P P r=r  where r ≡ r . 

Gaussian: 

( ) ( ) ( )
2

hw

0 exp ln 2 rP r P
r

  
 = −  
     

Super-Gaussian ( 10n = ): 

( ) ( ) ( )
hw

0 exp ln 2
n

rP r P
r

  
 = −  
     

Flat-top: 

( ) ( ) ( ) ( )hw

0, 0
0 ,

1, 0
s

P r P r r s
s

θ θ
<

= − ≡  ≥  
where ( )0P  is the beam center power density (absorbed into the skin) and 
( )sθ  is the Heaviside step function. Given a distribution type (Gaussian, su-

per-Gaussian or flat-top), the expression above allows us to describe the beam 
power distribution using ( )0P  and hwr . As we will see in Figure 1, at a given 
total power (absorbed into the skin), hwr  does not provide a good description 
of how concentrated the beam power is, when comparing different types of dis-
tribution. To measure the effective area of the beam, we use the effective mode 
radius effr  defined as [7] 

( )( )
( )

( )

( )

2

eff 2 2

2 d 2 d1 =
2 d 2 d

P r r r P r r r
r

P r r r P r r r

π

π π
≡ ⋅

∫ ∫
∫ ∫

             (3) 

For conciseness, we shall refer to effr  simply as the beam radius. We like to 
specify the beam power distribution in terms of the total power ( )tot 2 dP P r r rπ≡ ∫  
and the radius effr . For that purpose, we express totP  and effr  in terms of 
( )0P  and hwr , for each of the three distribution types above. We first derive a 

general integral formula 
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( ) ( )
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Applying this integral formula to the three distributions, we obtain 
Gaussian: 
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Super-Gaussian ( 10n = ): 
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Flat-top: 

( ) ( ) 2
tot hw2 d 0P P r r r P rπ π= =∫  

eff hwr r=  
We write the three distributions in terms of totP  and effr  
Gaussian: 

( )
2

tot
2

effeff

2
exp 2

P rP r
rr

  
 = −  
   π

                   (4) 

Super-Gaussian: 

( )
2

2
tot

2
effeff

2 2 2exp 2

n n
n P rP r

n n rr

     = − Γ          
π



             (5) 

Flat-top: 

( ) ( )tot
eff2

eff

P
P r r r

r
θ=

π
−                      (6) 

Figure 1 compares the 3 beam power distributions at total power totP = π . In 
the left panel, the HWHM is fixed at hw 1r =  for the three distributions. It is 
clear that hwr  does not give a robust measure of how spread out the beam 
power is when applied to different distribution types. The right panel plots the 
three distributions with the (effective mode) radius fixed at eff 1r = . The results 
suggest that effr  is more robust when applied to different distribution types. 
Thus, effr  offers a better measure of how spread out the beam power is. Below, 
we shall use effr  to describe the beam spot size. 

The reflex time reft  is determined in Equation (2) with beam power density 
( )P r  given by one of (4), (5) or (6), specified in terms of the total power totP  
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and the beam radius effr . With the mathematical formulation established, we 
investigate the effect of distribution type and parameters ( )tot eff,P r  on the ref-
lex time. 

Before we end this section, we clarify the relation between the non-dimensional 
and the physical versions of power density ( )0P , total power totP , and total 
energy tot ref totE t P≡ . This clarification is necessary because we have two differ-
ent length scales in the non-dimensionalization, and there is more than one way 
to non-dimensionalize these quantities. All scales used in non-dimensionalization 
are summarized in Table 1. 

 

 
Figure 1. Comparison of 3 beam power distributions at totP = π . (a) The HWHM is fixed at hw 1r = ; (b) The (effective mode) 
radius is fixed at eff 1r = . 
 

Table 1. Scales used in the non-dimensionalization. 

Name Formula 

Time scale m
2
p

s

C
t

K
ρ
µ

=
 

Length scale (depth) 
1

sz
µ

=
 

Length scale (surface) { }c
s

s

E v
r

zπ
=

 

Volume scale { }2
s s c

1
sv r z E v=

π
=

 

Temperature scale act baseT T T∆ = −  

Scale for power density K Tµ∆  

Scale for total power { }2 2
s c

1K T r K T E vµ µ
π

∆ = ∆
 

Scale for total energy { }2
s m c

1
s pK T r t C T E vµ ρ∆ ∆

π
=
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The physical and the non-dimensional versions of ( )( )tot tot0 , ,P P E  are re-
lated by 

( ) ( )phy
nd

0
0

P
P

K Tµ
=

∆  

{ }
tot,phy

tot,nd 2
c

P
P

K T E vµ
=

∆
π

 

{ }
tot,phy

tot,nd
m cp

E
E

C T E vρ
=

∆
π

 

3. Results of Non-Dimensional Analysis 

We carry out non-dimensional analysis of the deterministic case, cv ≡ π . In this 
section, all quantities are non-dimensional even though they are not denoted so 
explicitly. 

3.1. Effect of Beam Radius Given Total Power  
and Distribution Type 

In this sub-section, we use formulation (2) to examine the effect of beam radius 

effr  on the reflex time, when the distribution type of beam power and the total 
power totP  are both fixed. The two panels of Figure 2 show plots of radius vs 
reflex time, respectively, for tot 8P =  and tot 2P = . 

For each value of total power, the reflex time attains a minimum at a certain 
value of radius, which we shall call the optimal radius and denote it by optr . 

( )
eff

opt ref effarg min
r

r t r≡
 

Given the total power, with a beam radius below or above the optimal radius 

optr , it takes longer time for the beam to induce withdrawal reflex on the test  
 

 
Figure 2. Beam radius vs reflex time for the three distribution types. (a) Total beam power: tot 8P = ; (b) tot 2P = . 
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subject. This is true for all three distribution types. Results in Figure 2 indicate 
that the optimal radius optr  varies with the total power. 

3.2. Effect of Total Power on Minimization of Reflex Time with 
Respect to Beam Radius 

In Figure 3, we examine how the optimal radius optr  and the corresponding 
minimum reflex time ( )ref optt r  vary with the total beam power. 

In the left panel of Figure 3, the optimal beam radius increases with totP , and 
approaches 1 (non-dimensional) at large totP . In the right panel, ( )ref effmin t r   

is approximately inversely proportional to totP . We fit ref
tot

ct
P

=  to the results 

for each distribution and we obtain 

Gaussian: ( )
eff

ref eff
tot

10.8min
r

t r
P

≈  

Super-Gaussian: ( )
eff

ref eff
tot

8.2min
r

t r
P

≈  

Flat-top: ( )
eff

ref eff
tot

7.4min
r

t r
P

≈  

The relation ref tot1t P∝  is true only when the beam radius set to ( )opt totr P  
at each individual value of totP  to minimize reft . The optimal radius varies 
with totP , as demonstrated in the left panel of Figure 3. When the beam radius 
is set to a fixed value for all totP , the relation ref tot1t P∝  is no longer valid. 
This is demonstrated in Figure 4. 

3.3. Effect of Total Beam Power and Distribution Type on Energy 
Consumption by the Time of Reflex 

Recall that totP  is the total power absorbed into the skin. Let totE  denote the  
 

 
Figure 3. Minimization of reflex time with respect to beam radius. (a) Total power vs optimal radius; (b) Total power vs reflex 
time at optimal radius. 

https://doi.org/10.4236/ajor.2020.105011


H. Y. Wang et al. 
 

 

DOI: 10.4236/ajor.2020.105011 156 American Journal of Operations Research 
 

 

Figure 4. Total beam power totP  vs reflex time reft , at fixed radius eff 1r = . 
 

total energy absorbed into the skin by the time of reflex. It has the expression 

tot ref totE t P=  
The total energy absorbed is proportional to the total energy incident at the 

skin, which, in turn, may be viewed as being proportional to the total energy 
consumed at the beam generator. In this simplified model, minimizing the 
energy consumption at beam generator is equivalent to minimizing totE . At 
each value of totP , total energy totE  is minimized when reft  attains its mini-
mum at the optimal beam radius ( )opt totr P . Let ( )tot,opt totE P  denote the mini-
mum of total energy with respect to beam radius effr  at the given totP . 

( ) ( ) ( )( )
eff

tot,opt tot ref eff tot ref opt tot totmin
r

E P t r P t r P P≡ =            (7) 

If ( )ref effmin t r  is exactly proportional to tot1 P , then ( )tot,opt totE P  in (7) 
would be a constant, independent of totP . Figure 5 examines the detailed beha-
vior of tot,optE  vs totP . 

The total energy at the optimal beam radius varies slightly when the total 
beam power increases from 1/8 to 32 (non-dimensional). The differences among 
the three distribution types are more prominent than the variations over the 
range of totP  within each type. For each of the three distribution types, tot,optE  
attains a minimum around tot 3P =  (non-dimensional). More precisely, values 
of the optimal total beam power tot,optP , the corresponding optimal beam radius 

tot,opt
opt P

r , and the corresponding minimum energy consumption 
tot,opt

tot,opt P
E  

are listed in Table 2 for the three distribution types. 
Table 2 tells us that in order to minimize the energy consumption for induc-

ing withdrawal reflex, we should use the flat-top distribution with total beam 
power = 2.62 (non-dimensional) and beam radius = 0.742 (nom-dimensional). 
The corresponding energy consumption is 7.17 (non-dimensional). The scales 
used in non-dimensionalization are summarized in Table 1. The physical value  
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Figure 5. Total beam power vs energy consumption at the optimal beam radius. 

 
Table 2. Optimal values for minimizing energy consumption. 

Distribution type 
Optimal values (non-dimensional) 

tot,optP  tot,opt
opt P

r
 tot,opt

tot,opt P
E

 

Gaussian 3.10 0.725 10.7 

Super-Gaussian ( 10n = ) 2.73 0.746 7.99 

Flat-top 2.62 0.742 7.17 

 
of the minimum energy consumption for the flat-top beam has the expression 

{ } { }phy m c m cFlat-top

7.17min 2.28p pE C T E v C T E vρ ρ= ∆
π

∆ =          (8) 

(8) gives a tight lower bound on the energy needed to induce withdrawal ref-
lex. No matter which of the three distribution types we adopt, no matter what 
total beam power and beam radius we select, the energy consumption, measured 
as the total energy absorbed into the skin by the reflex time, cannot be lower 
than the amount on the right hand side of (8). Note that { }m cpC T E vρ ∆  is the 
amount of energy needed to heat up a 3-D region of volume { }cE v  by T∆  
degree if 1) all energy is used solely to heat the confined region, 2) the heating 
within the region is uniform, and 3) no energy goes into the surrounding outside 
the region. In reality, this idealized heating is impossible. The heating within the 
region won’t be uniform and it is inevitable that some electromagnetic energy 
will end up heating the surrounding outside the confined region. The coefficient 
2.28 in (8) reflects this intrinsic deficiency in utilizing the beam energy, and it 
represents the best that can be achieved. 

If the flat-top beam is not available, we should use the super Gaussian distri-
bution with total beam power = 2.73 and beam radius = 0.746. The correspond-
ing energy consumption is 7.99, not much higher than 7.17 for the flat-top 
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beam. Among the three distribution types, the Gaussian beam has the highest 
energy consumption (see Table 2). As we will see in the next sub-section, high 
energy consumption is not the only drawback of the Gaussian beam. 

3.4. Minimizing Reflex Time for the Gaussian Beam Leads to a 
Very Large Surface Temperature Increase 

Since the electromagnetic heating decays exponentially with the depth, at any 
time the largest temperature increase occurs on the skin surface and at the beam 
center. As a function of time, the temperature at beam center attains its maxi-
mum at withdrawal reflex since the electromagnetic heating is discontinued 
(moved away from the test subject) upon withdrawal reflex. In this sub-section, 
we focus on this maximum surface temperature increase. The physical tempera-
ture increase has the expression 

( )( ) ( )ref base nd ref,ndphy
0,T t T T t T− = ∆

 
where act baseT T T∆ ≡ −  is the temperature scale (see Table 1). In the case of 
temperature scale 8 CT∆ =  , for example, a non-dimensional temperature of 

nd 5T =  corresponds to a physical temperature increase of 40˚C. Large temper-
ature increases lead to burn injuries in tests, which we need to avoid by all 
means. 

We examine the non-dimensional surface temperature ndT  when the beam is 
set to its optimal radius for minimizing the reflex time. Figure 6 plots total beam 
power vs maximum ndT  at the optimal beam radius optr . The flat-top distribu-
tion has the smallest surface temperature, around 2; the super-Gaussian distri-
bution has a slightly higher surface temperature, around 2.5. In contrast, the 
Gaussian distribution has the highest surface temperature, well above 5, much  

 

 
Figure 6. Total beam power vs maximum temperature when the beam radius is set to the 
optimal radius optr , for each of the three distribution types. 
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larger than those of flat-top and super-Gaussian. In the case of temperature scale 
8 CT∆ =  , the Gaussian beam with the optimal radius optr  poses a significant 

risk of burn injury in tests. For this reason, the Gaussian distribution should be 
avoided if a better alternative is available in applications. When neither the 
flat-top nor the super-Gaussian distribution is available, the Gaussian beam 
should not be set to its optimal radius. Rather, the radius of the Gaussian beam 
should be selected to ensure nd tolerancemaxT T≤  where toleranceT  is a prescribed 
temperature tolerance. 

In Figure 7, we study the performance of the Gaussian beam with beam ra-
dius set to a fixed multiple of optimal radius ( optrβ ). In particular, we want to 
investigate how the maximum temperature and the energy consumption change 
in response to an increase in the radius multiplier ( β ). Intuitively, a larger beam 
radius will produce a more smooth heating and thus result in a smaller maxi-
mum temperature at withdrawal reflex. The total energy consumption at beam 
radius optrβ  has the expression 

( ) ( )( )tot, tot ref opt tot totE P t r P Pβ β=                   (9) 

The left panel of Figure 7 plots the total power vs the maximum temperature 
with the beam radius set to optrβ , for several fixed values of 1β ≥ . When the 
radius of the Gaussian beam is increased from optr  to opt1.6r , the maximum 

ndT  (non-dimensional) drops from above 5 to below 3, comparable to those of 
the super-Gaussian beam at its optimal radius (see Figure 6). The right panel of 
Figure 7 shows the total power vs the energy consumption tot,E β , described in 
(9). When the beam radius is increased to bring down the maximum tempera-
ture, the beam heats up a larger surrounding volume and leads to a larger energy 
consumption. With beam radius opt1.6r , the energy consumption of the Gaussian  

 

 
Figure 7. Behavior of the Gaussian beam with beam radius optrβ  for several values of 1β ≥ . (a) totP  vs maximum ndT ; (b) totP  

vs energy consumption tot,E β . 
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beam is around 14 (non-dimensional). In contrast, the super-Gaussian beam 
( 10n = ) at its optimal radius has a similar maximum temperature but has an 
energy consumption significantly lower than 14, in the range of 8 - 8.5 (see Fig-
ure 5). 

4. Concluding Remarks 

In this paper, we consider the problem of inducing withdrawal reflex on a test 
subject by exposing the subject to an electromagnetic beam of a millimeter wa-
velength. During the exposure to the electromagnetic beam, heat-sensitive noci-
ceptors in the skin are activated wherever the local temperature is above the no-
ciceptor activation temperature. Withdrawal reflex occurs when the combined 
signal from all nociceptors reaches a certain threshold. In the case of uniform 
nociceptor density in the skin, withdrawal reflex occurs when the activated vo-
lume reaches the volume threshold. 

For an electromagnetic beam of given frequency, its thermal effect on the skin 
is specified by 1) total beam power absorbed into the skin, 2) beam effective 
model radius, and 3) power distribution type. While the skin material properties 
and the volume threshold may not be known, we expect these skin parameters to 
be independent of the beam parameters, which we can vary in designing tests as 
inout variables. Each test has several key outcome quantities that we like to 
monitor and/or optimize. These quantities are: a) the time to withdrawal reflex, 
b) the maximum temperature, and c) the energy consumption by the reflex time. 
The main task of this study is to analyze the effect of beam parameters on these 
outcome quantities in a proper setting that is independent of skin material 
properties. 

In the non-dimensionalization process, the length scale in the depth direction 
is naturally defined by the absorption coefficient ( µ ), which describes the spa-
tial decay of electromagnetic heating in the depth direction. We introduce a sep-
arate length scale for skin surface coordinates based on the volume threshold for 
withdrawal reflex. The temperature evolution of the 3-D skin is governed by the 
electromagnetic heating and the heat conduction in the skin depth direction. 
The heat conduction perpendicular to the depth direction is neglected because the 
length scale for surface coordinates is much larger than the depth scale. In addition 
to the two length scales, we introduce scales for the time, temperature increase, 
and power density. Using these scales, we carry out non-dimensionalization. The 
non-dimensional temperature is expressed as the product of the non-dimensional 
beam power density and a parameter-free function. This form of analytical solu-
tion provides a suitable mathematical framework for investigating the effect of 
beam parameters without the interference of skin parameters. 

We examine three distribution types for beam power density: Gaussian, su-
per-Gaussian ( 10n = ), and flat-top. For each distribution type, at each value of 
total beam power, the reflex time varies with the beam radius and attains its 
minimum at a certain radius, called the optimal radius. The optimal radius in-
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creases with the total power and approaches 1 at large total power. The mini-
mum reflex time is approximately inversely proportional to the total power. We 
use the total energy absorbed into the skin by the reflex time as a measure of the 
energy consumption at the beam generator. The energy consumption with the op-
timal beam radius varies slightly over the range of total beam power, attaining a 
minimum around total power = 3.0 (non-dimensional). The inter-distribution-type 
differences of energy consumption are much more prominent than the varia-
tions within each type. Among the three distribution types, the flat-top beam has 
the lowest energy consumption, attaining a minimum of 7.17 (non-dimensional) 
with respect to total beam power and beam radius. This minimum energy con-
sumption gives a tight lower bound on the energy needed to induce withdrawal 
reflex. No matter which of the three distribution types we adopt, no matter what 
total beam power and beam radius we select, the energy consumption cannot be 
lower than 7.17 (non-dimensional). 

Among the three distribution types, the Gaussian beam has the worst perfor-
mance in two aspects: a) the Gaussian beam has the highest energy consumption 
even with the optimal radius; b) the Gaussian beam, when set to its optimal ra-
dius, produces a very large temperature increase at withdrawal reflex, which may 
lead to burn injury in tests. The temperature increase can be attenuated by se-
lecting a beam radius larger than the optimal radius. But doing so will further 
increase the energy consumption. In summary, for the purpose of minimizing 
energy consumption and minimizing burn injury risk, the Gaussian beam 
should be avoided. If the Gaussian beam is the only option available to bring 
down its maximum temperature to match that of the super-Gaussian beam 
( 10n = ), the radius of the Gaussian beam should be set to about 1.6 times the 
optimal radius. 
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