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Abstract

This work presents a comprehensive second-order predictive modeling (PM)
methodology designated by the acronym 2/-BERRU-PMD. The attribute
“27¢” indicates that this methodology incorporates second-order uncertainties
(means and covariances) and second-order sensitivities of computed model
responses to model parameters. The acronym BERRU stands for “Best-
Estimate Results with Reduced Uncertainties” and the last letter (“D”) in the
acronym indicates “deterministic,” referring to the deterministic inclusion of
the computational model responses. The 2"-BERRU-PMD methodology is
fundamentally based on the maximum entropy (MaxEnt) principle. This
principle is in contradistinction to the fundamental principle that underlies
the extant data assimilation and/or adjustment procedures which minimize in
a least-square sense a subjective user-defined functional which is meant to
represent the discrepancies between measured and computed model res-
ponses. It is shown that the 2"-BERRU-PMD methodology generalizes and
extends current data assimilation and/or data adjustment procedures while
overcoming the fundamental limitations of these procedures. In the accom-
panying work (Part II), the alternative framework for developing the “second-
order MaxEnt predictive modelling methodology” is presented by incorpo-
rating probabilistically (as opposed to “deterministically”) the computed
model responses.
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1. Introduction

The results of measurements and computations are never perfectly accurate. On
the one hand, results of measurements inevitably reflect the influence of experi-
mental errors, imperfect instruments, or imperfectly known calibration stan-
dards. Around any reported experimental value, therefore, there always exists a
range of values that may also be plausibly representative of the true but un-
known value of the measured quantity. On the other hand, computations are af-
flicted by errors stemming from numerical procedures, uncertain model para-
meters, boundary and initial conditions, and/or imperfectly known physical
processes or problem geometry. Therefore, knowing just the nominal values ex-
perimentally measured or computed quantities is insufficient for applications.
The quantitative uncertainties accompanying measurements and computations
are also needed, along with the respective nominal values. The discrepancies
between experimental and computational results provide the basic motivation
for performing quantitative model verification (meaning: “is the mathematical
model solved correctly?”) and model validation (meaning: “does the model
represent reality?”), which are essential components of “predictive modeling.”

Predictive modeling commences by identifying and characterizing the uncer-
tainties involved in every step in the sequence of the numerical simulation
processes that ultimately lead to a prediction. Predictive modeling comprises
three key elements, namely model calibration, model extrapolation, and estima-
tion of the validation domain. Model calibration addresses the combination of
experimental and computational data and their uncertainties for the purpose of
obtaining “best estimate” values for model parameters (to be used for updating
the model’s parameters) and predicted model results, along with “best estimate”
uncertainties (covariance/correlation matrices) for these “best-estimate” predicted
parameters and results requires. Such a combination of computational and ex-
perimental information requires reasoning from incomplete, error-afflicted, and
occasionally discrepant information, which includes: 1) errors and uncertainties
in the data used in the simulation (e.g., input data, model parameters, initial
conditions, boundary conditions, sources and forcing functions); 2) numerical
discretization errors; and 3) uncertainties in (e.g., lack of knowledge of) the
processes being modeled.

Under ideal circumstances, the result of predictive modeling is a probabilistic
description of possible future outcomes based on all recognized errors and un-
certainties. This probabilistic description enables the subsequent activity of
“model extrapolation,” which aims at quantifying the uncertainties in predic-
tions under new environments or conditions, including both untested regions of
the parameter space and higher levels of system complexity in the validation
hierarchy. The quantification of the validation domain underlying the models of
interest requires estimation of contours of constant uncertainty in the high-
dimensional space that characterizes the application of interest, including the

identification of areas where the predictive estimation of uncertainty meets spe-
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cified requirements for the performance, reliability, or safety of the system of in-
terest.

The earliest activities aimed at extracting best-estimate values for model pa-
rameters by combining computational and experimental information using var-
iational methods were initiated in the 1960s in the atmospheric and oceano-
graphic sciences [1] [2] [3] and, in parallel, in the nuclear energy field [4]. In the
earth, atmospheric and oceanographic sciences these activities were carried out
under the name of “data assimilation” (DA) as described in well-known books
[5] [6] [7] [8], while in the nuclear sciences these activities reached conceptual
maturity under the name of “nuclear data or cross section adjustment” [9] [10]
[11] [12]. The “data adjustment” and “data assimilation” methodologies can thus
be considered to have been the earliest systematic methodologies that embody
the principles of “predictive modeling.

The fundamental criterion used in data adjustment and data assimilation me-
thods is the least squares criterion, which is employed in a variety of determinis-
tic (variational) and/or statistical forms (including Bayesian minimization,
maximum likelihood, and minimum variance methods). The fundamental tenet
of data adjustment and data assimilation is the minimization of a user-defined
“cost functional” which describes the squared departures between computational
results and the observations/experiments of the respective results. In contradis-
tinction to the least-squares tenet underlying data adjustment and/or assimila-
tion, the “BERRU-PM” methodology developed by Cacuci [13] [14] employs the
“maximum entropy” (MaxEnt) principle [15] to combine computational and
experimental information for obtaining best-estimate predicted mean values for
model responses and parameters, together with reduced predicted uncertainties
for these best-estimate values, thereby eliminating the need for minimizing the
user-chosen “quadratic cost functional representing the weighted errors between
measured and computed responses.” BERRU-PM is an acronym for “Best-
Estimate Results with Reduced Uncertainties -Predictive Modeling” and is a
MaxEnt methodology that incorporates first-order sensitivities of model res-
ponses with respect to the model parameters. Such sensitivities are most effi-
ciently computed by using the adjoint sensitivity analysis method for nonlinear
systems originally developed by Cacuci [16] [17]. The first-order BERRU-PM
methodology was recently extended by Cacuci [18] to include second-order sen-
sitivities. The main differences between DA [5] [6] [7] [8] results and the
BERRU-PM [16] [17] [18] results are as follows:

1) DA [5] [6] [7] [8] is formulated conceptually either just in the phase-space
of measured responses (“observation-space formulation”) or just in the phase-
space of the model’s dependent variables (“state-space formulation”). Hence, DA
can calibrate initial conditions as “direct results” but cannot directly calibrate
any other model parameters. In contradistinction, the BERRU-PM methodology
is formulated conceptually in the most inclusive “joint-phase-space of parame-
ters, computed and measured responses.” Consequently, the BERRU-PM me-
thodology simultaneously calibrates responses and parameters, thus simulta-
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neously providing results for forward and inverse problems.

2) If experiments are perfectly well known, the DA methodology fails funda-
mentally, but the BERRU-PM methodology does not. The DA methodology also
fails fundamentally when the response measurements happen to coincide with
the computed value of the response, in which DA yields the trivial result. In
contradistinction, the BERRU-PM methodology yields a non-trivial result.

3) The BERRU-PM methodology is significantly more efficient computation-
ally than DA since it only requires the inversion a matrix of size having the di-
mensions of the number of model responses, whereas DA requires inversion of
much larger matrices in the phase-space of dependent variables.

In this work, the methodology presented in [18] will be extended by including
the full second-order representation of the computed responses, thereby creating
the 2"-BERRU-PMD methodology, where the attribute “2"%” indicates that this
methodology incorporates second-order uncertainties (means and covariances)
and second-order sensitivities of computed model responses to model parame-
ters, and where the acronym BERRU stands, as before, for “Best-Estimate Re-
sults with Reduced Uncertainties;” the last letter (“D”) in the acronym indicates
“deterministic,” referring to the deterministic inclusion of the computational
model responses. The 2"-BERRU-PMD methodology is fundamentally based on
the MaxEnt principle.

This work is structured as follows: Section 2 presents the mathematical mod-
eling of the physical system under consideration. Section 3 presents the devel-
opment of the 2"-BERRU-PMD methodology. It is shown that the results pro-
duced by the 2"-BERRU-PMD methodology include and extend the results
produced by the first-order BERRU-PM methodology and the extant data assi-
milation and/or data adjustment procedures while overcoming the fundamental
limitations of these procedures. The concluding discussion presented in Section
4 lays the ground for the subsequent presentation [19] of the alternative frame-
work for developing the “second-order MaxEnt predictive modelling methodol-
ogy” which probabilistically (as opposed to “deterministically”) incorporates the
computed model responses. This alternative methodology [19] will be designat-
ed by the acronym 2"-BERRU-PMP, where the last letter (“P”) in the acronym

indicates “probabilistic” inclusion of the computational model responses.

2. Mathematical Modeling of the Physical System

In general terms, the modeling of a physical system and/or the result of an indi-
rect experimental measurement requires consideration of the following model-
ing components:

1) A mathematical model comprising linear and/or nonlinear equations that
relate the system’s independent variables and parameters to the system’s state
(i.e.,, dependent) variables;

2) Inequality and/or equality constraints that delimit the ranges of the sys-

tem’s parameters;
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3) One or several computational results, customarily referred to as system
responses (or objective functions, or indices of performance), which are com-
puted using the mathematical model; and

4) Experimentally measured responses, with their respective nominal (mean)
values and uncertainties (variances, covariances, skewness, kurtosis, etc.).

A nonlinear physical system can be generally modeled by means of coupled

equations which can be represented in operator form as follows:
N"[v(x).a]=Q"(x.a), xeQ,(a). (1)

The superscript “m” in Equation (1) indicates “model.” Boundary and/or ini-
tial conditions must also be provided if differential operators appear in Equation
(1). In operator form, these boundaries and/or initial conditions are represented

as follows:
B"[v(x);a;x]-B*(x,@)=0, xedQ, (a), )

where the vector B°(X,a) symbolically indicates “source terms on the boun-
dary.” In this work, matrices will be denoted using capital bold letters while vec-
tors will be denoted using either capital or lower-case bold letters. The symbol
“2” will be used to denote “is defined as” or “is by definition equal to.” Trans-
position will be indicated by a dagger (1) superscript. The equalities in this work
are considered to hold in the weak (“distributional”) sense. The right-sides of
Equations (1) and (2), as well as of other various equations to be derived in this
work, may contain “generalized functions/functionals”, particularly Dirac-
distributions and derivatives thereof. The quantities which appear in Equations
(1) and (2) are defined below.

1) The quantity @2 (&) is a TP-dimensional vector, having com-
ponents «,,--,0;p, which denote the model’s imprecisely known parameters.
The quantity “7P” denotes the “total number of model parameters.” Without
loss of generality, the model parameters @2 (.- ) €D, eR™ can be
considered to be real scalars defined over a domain D, , which is included in a
TP-dimensional subset of the R™ . These model parameters usually stem from
processes that are external to the physical system under consideration and their
precise value is seldom, if ever, known. The known characteristics of the model
parameters may include their nominal (expected/mean) values and, possibly,
higher-order moments or cumulants (Ze., variance/covariances, skewness, kur-
tosis), which are usually determined from experimental data and/or processes
external to the physical system under consideration. Occasionally, just the lower
and the upper bounds may be known for some model parameters. The compo-
nents of the 7P-dimensional column vector @€ R™ are considered to also in-
clude imprecisely known geometrical parameters that characterize the physical
system’s boundaries in the phase-space of the model’s independent variables.
Mathematically, the model parameters can be considered to be quasi-random

scalar-valued quantities which follow an unknown multivariate distribution de-
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noted as P, (). The mean values (which in the context of computational
modeling are called “nominal” values) of the model parameters will be denoted
as a; the superscript “0” will be used throughout this monograph to denote

“nominal values.” These nominal values are formally defined as follows:

a2 I a,p,(a)da, i=1,---TP. (3)
Da

The expected values of the measured parameters will be considered to consti-
t
tute the components of a vector denoted as a° = [alo e ay ,"-,agp] . The co-
variance, Cov(oci N3 ), of two model parameters, ; and q;, is defined as fol-
lows:

cov(ai,aj)é (ai —aio)(aj —a?) p,(a)da;i, j=1,--TP. (4)

D,

a

The covariances Cov(ai,aj) are considered to constitutes the components
of the covariance matrix for the model parameters and will be denoted as
Coa = [cov(ai g ):|TP><TP ’

2) The generic nonlinear model is considered to comprise 77independent va-
riables which will be denoted as X;,i=1,---,Tl, and which are considered to be
components of a 7-dimensional column vector denoted as X £ (X, Xy, )T eR™,
where the sub/superscript “TT” denotes the “total number of independent va-
riables.” The vector X € R™ of independent variables is considered to be de-
fined on a phase-space domain which will be denoted as Q(a) and which is
defined as follows: Q(a)2{-w0<4(a)<x <o (a)<owo;i=1--,Tl}. The lower
boundary-point of an independent variable is denoted as A (&) and the cor-
responding upper boundary-point is denoted as @, (& ). The boundary Q(e)
is also considered to be imprecisely known since it may depend on both geome-
trical parameters and material properties. A typical example of boundaries that
depend on both geometrical parameters and material properties are the “boun-
daries facing vacuum” in models based on diffusion theory, where conditions are
imposed on the “extrapolated boundary” of the respective spatial domain. The
“extrapolated boundary” depends both on the imprecisely known physical di-
mensions of the problem’s domain and also on the medium’s properties, such as
atomic number densities and microscopic transport cross sections. The boun-
dary of Q(a), denoted as 6Q(a)é{i, (a)uo(a)i :1,---,TI} , includes the
set of the endpoints ﬂi(a),a)i (a), i=1---Tl of the respective intervals on
which the components of X are defined.

3) The vector Vv(X)2 [vl(x)"“'VTD (X)]Jr is a TD-dimensional column vec-
tor, having components Vi(X), i=1---,TD, which represent the model’s de-
pendent variables (also called the model’s “state functions”). The abbreviation
“TD” denotes “total number of dependent variables.” Without loss of generality,
we can consider that v(x)eE,, where E, is a normed linear space over the
scalar field F of real numbers.

4) The quantity N" [V(X);a} £ [Nlm (i), -+, N, (v;a)]T is a TD-dimen-
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sional column vector comprising the left-sides of the equations underlying the
mathematical/computational model; the superscript “m” indicates “model.” The
components Nim (V;a), i=1---,TD are operators (including differential, dif-
ference, integral, distributions, and/or finite or infinite matrices) acting nonli-
nearly on the dependent variables V(X), the independent variables x and the
model parameters ¢ . The mapping N™(v;a) is defined on the combined
domains of the model’s parameters and state functions, ie, N:D cE —-E,
where D =D, ®D_, D,cE,, D,cE,, E=E,®E,.

5) The vector Q" (X, &)= [qlm (%), (X;o:)]T €E, isa 7D-dimensional
column vector which represents inhomogeneous source terms (ie., the right-
sides of the equations underlying the model), which usually depend nonlinearly
on the uncertain parameters e . The vector Q" (X,a) is defined on a normed
linear space denoted as E,.

6) In Equation (2), the vector Bm(v;a)é[Blm (v;a),-u,BT”é(v;a)]T , where
the subscript “IB” denotes “total number of boundary conditions,” comprises
components B (v;@),i=1---,TB, which are nonlinear operators in V(X)
and @, which are defined on the boundary 0Q, (&) of the model’s domain
Q, (a). The vector B® (X,a) 2 [Bf (X;a),---, Brs (X;az)]T comprises inhomo-
geneous boundary sources (indicated by the superscript “s”) which are nonlinear
functions of « . The column vector 0 has 7B components, all of which are
identically zero.

Solving Equations (1) and (2) at the nominal parameter values, @°, provides
the “nominal solution” v° (x), ie, the vectors Ve (x) and o’ satisfy the fol-

lowing equations:
Nm[vo(x);ao]zQ’"(x,ao), xeQ,, (5)
Bm[vo(x);ao;x]—Bs(x,aO):O, XGan(ao). (6)

The results computed using a mathematical model are customarily called
“model responses” (or “system responses” or “objective functions” or “indices of
performance”). Consider that there are a total number of 7R such model res-
ponses, each of which can be considered to be a component of the “vector of
model responses” r é(rl,---,rk,---, [ )T. Each of these model responses is for-
mally a function (implicit and/or explicit) of the dependent variables and model

parameters e« , which can be represented formally as follows:

=r[v(x)ia]; k=1 TR %

In particular, a measurement of a physical quantity that depends on the mod-
el’s state functions and parameters can be considered to be a response denoted as
R, [v( X);a] , which is to be evaluated at x = x” (@), where
xP (a) e [le (a),---, XP (oz),---,XTpI (a)]T denotes the location in phase-space of
the specific “measurement point.” Such a measurement (or measurement-like)

response can be represented mathematically as follows:
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e
s
5
B

(8)

where the function F [V(X);a; X] comprises the mathematical dependence of
the measurement device on the model’s dependent variable(s), and where the
quantity & [Xi - (a)] denotes the Dirac-delta functional. The measure-
ment’s location in phase-space, X’ (a), may itself be afflicted by measurement
(experimental) uncertainties. Hence, the components of Xp(a) must be in-
cluded among the components of the vector & of model parameters, even
though the quantity X’ (@) appears only in the definition of the response but
does not appear in Equations (1) and (2), which mathematically define the
physical model. Thus, the physical “system” is to be understood as being defined
to comprise both the system’s computational model and the system’s responses.
In most cases, the coordinates X (a) , k=1,---, Tl , will simply be independent
(albeit uncertain) model parameters included among the components of the
vector «a , in which case Ox/ (a)/aan =1,if @,=x] and ox} (a)/@an =0,if
a, =X .

The expression on the right-side of Equation (8) can evidently be computed
using the model, thus producing the “computed response” value, which will be
denoted as ¢ [v(x);a; X:|, and which can be compared to the corresponding
“experimentally measured” value; the superscript “c” indicates “computed. The
computed response I, [V(X);a;x} depends (implicitly and/or explicitly) on
the model’s parameters and dependent variables, which also depend, in turn, on
the model’s parameters. Therefore, the uncertainties affecting the model para-
meters o will “propagate” both directly and indirectly, through the model’s
dependent variables, to induce uncertainties in the computed responses, which
will therefore be denoted simply as I (@). The nominal value of the response
will be denoted r, (ao) , indicating that this value is obtained by computing tl;le

model response using the expected/nominal parameter values a° = (alo e Oy ) .

3. 2nd-BERRU-PMD: Second Order MaxEnt Predictive
Modeling Methodology with Deterministically Included
Computed Responses

This Section presents the mathematical and physical considerations leading to
the development of the “second-order MaxEnt predictive modeling methodolo-
gy for obtaining best-estimate results with reduced uncertainties” by determinis-
tically incorporating the computational model. This methodology is designated
using the acronym 2"-BERRU-PMD, where the last letter (“D”) indicates “de-
terministic,” referring to the inclusion of the computed model responses. The
posterior first-order moments (best-estimate predicted mean values) and post-
erior second-order moments (best-estimate predicted correlations) produced by
the 2"4-BERRU-PMD methodology are compared with the results produced by
the 1*-BERRU-PM methodology [14], as well as to the results produced by data
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assimilation procedures, indicating the specific ways in which the 2"-BERRU-

PMD overcomes limitations of these latter procedures.

3.1. MaxEnt Representation of Experimental Information for
Responses and Parameters

Consider that the total number of experimentally measured responses is 7R. The
information usually available regarding the distribution of such measured res-
ponses comprises the first-order moments (mean values), which will be denoted
as r°, i=1---,TR, and the second-order moments (variances/covariances),
which will be denoted as Cov(ri,rj )e , 1,j=1---,TR, for the measured res-
ponses. The letter “e” will be used either as a superscript or a superscript to in-
dicate experimentally measured quantities. The expected values of the experi-
mentally measured responses will be considered to constitute the components of
a vector denoted as r° é(I‘le,~~-,l’TeR )T. The covariances of the measured res-
ponses are considered to be components of the TRxTR -dimensional cova-
riance matrix of measured responses, which will be denoted as
it
between some measured responses and some model parameters. When such

Ce 2| cov(r,r. . In principle, it is also possible to obtain correlations
" e JtraTr

correlations between measured responses and measured model parameters are

available, they will be denoted as Cor(a- r )e, i=1---,TP;j=1---,TR, and they

[
can formally be considered to be elements of a rectangular correlation matrix

which will be denoted as C:, 2 [cor(ai A )J . As discussed in Section 2, cf.
TPxTR
Equations (3) and (4), the model parameters are characterized by the vector of

R
A . .
mean values @° 2 [alo RN aio R a?PJ and the covariance matrix

C, = |:COV(0!i ., )J

The MaxEnt principle can now be applied, as described in Appendix A, to

TPxTP

construct the least informative (and hence, most conservative) distribution using

the available experimental information, to obtain the following expression:

(Zn)—(TR+TP)/2 |: 1 _— :|
e e’Ce = s — Le Ce Lo ) |y (9)
p.(z]z.C,) —Det(Ce) exp 2(z z,) C(z-1,)

where Det(C,) denotes the determinant of the matrix C, and where:

.[C; C; r re
C.= ce C“ 1= b Ze= | (10)
ar aa a a

3.2. Construction of the Joint Posterior MaxEnt Probability
Distribution 2nd-BERRU-PMD

Consistent with the consideration that only mean values and covariances (Ze.,
first- and second-order distributional moments) are available, the 2"¢-BERRU-
PMD methodology considers that only first- and second-order sensitivities of
the computed responses with respect to the model parameters are available. In

this case, the vector of model responses can be represented by the following
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second-order Taylor-series written in “vector/matrix” form:

r= rc(a0)+[8(a°)](a—a°)+ p(a:a®);
p(a;aO)é[pl(a;ao),m,pTR(a;aO)T; (11)

o (wse”) ) [ (o] ().

where the components of the vector r° (ao) é[

r’ (ao ) R (ao )T represent
the values of the model responses computed at the nominal parameter values
@’ while the other vectors and matrices contain first-order and second-order
sensitivities of responses with respect to the model parameters, evaluated at the

nominal parameter values @’, and are defined below.

al’l(a) arl(a)
Syt S ooy Oarrp
s@a| 1 ooc e
Stri 0 SRR arTR(OC) arTR(a)
oa oa
1 P (12)
azrkc(a) azrkc(a)
o) o o | | dmde dadar,
Qe)2| & o b oAb
qgr(v),l q‘l('l;),TP azrkc(a) aZrkc(a)
Oap0ey 00,00

The merging of the experimental information with the computational infor-
mation using the mathematical model is accomplished by seeking a mathemati-
cal representation of a “true” probability distribution p(z), z% (r,a)T, which
incorporates all of the second-order information provided in the foregoing
about the model parameters, measured and computed responses. This “true”
probability distribution must satisfy the following characteristics: 1) p(z) is
normalized to unity; 2) p(z) is approximated as closely as possible by the ex-

perimental distribution pe(z Ze,Ce) and 3) p(z) satisfies the following

integral forms of the deterministic relationships among responses and parame-

ters represented mathematically by Equation (11):
[ 9c(z)p(2)dz=0;
Dz

TP 1Ip 1P (13)
9 (2) 21 -1 (@)Y s —EZZqi(jk)ﬁaiSaj =0; k=1,-TR.
i=1 i=1 j=1

The “true” normalized distribution p(z) which minimizes the discrepancy
between it and the distribution pe(z

z°, Ce) while satisfying the constraints
expressed by Equation (13) is obtained by applying the steps generally outlined
in Appendix B, which yields the following expressions:

~ pe(z ze,Ce)

exp{—Z@kgk (z)}; (14)
k=1

p(z)
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z2| pe(z z“‘,Ce)exp{—g‘ﬁkgk (z)}dz. (15)

Dz k1

In Equations (14) and (15), the quantities 6,,---,6,,---,6;; are Lagrange mul-
tipliers which remain to be determined. In statistical mechanics, the normaliza-
tion integral Z defined in Equation (15) is called the partition function (or sum
over states) and carries all of the information available about the possible states
of the system. The quantity (—l0gZ) is called the “free energy” and plays an
important role in determining the expressions of the Lagrange multipliers and
hence of the probability distribution p(z). In the present case, it follows from
Equations (15) and (13) that:

a[a;;:ZL%Jng (2)p.(2

TR
Z‘E,Ce)exp{—Zngk (z)}dz =0,k=1---,TR. (16)
k=1

On the other hand, alternative expressions for the derivatives 8[—|n Z] / 06,
of the free energy with respect to the Lagrange multipliers can be obtained by
evaluating the integral which defines the partition function Zin Equation (15).
Equating these alternative expressions to zero, in view of Equation (16), will
provide equations which are to be solved to obtain the explicit expressions of the
Lagrange multipliers.

Integrals such as represented by Equation (15) can be quantified, to any de-
sired order of accuracy—even exactly—using the well-known saddle-point (Lap-
lace expansion) method, see e.g., [20]. Examining the exponent of the function
entering the normalization integral Z defined in Equation (15) readily indicates
that if the term involving the second-order sensitivities of the response with re-
spect to the parameters is retained in the exponent, the expression of the sad-
dle-point will involve the vector of Lagrange multipliers, @ e (0 v O, O )T s
in a nonlinear equation which cannot be solved analytically to obtain a closed-
form expression for these Lagrange multipliers. Furthermore, solving numeri-
cally this nonlinear equation in @ would require the inversion of the (very large)
parameter-covariance matrix C_, , which is impractical. On the other hand, as
will be shown below, a closed-form expression for the saddle-point and, conse-
quently, for the Lagrange multipliers can be obtained if the terms containing the
second-order response sensitivities are considered by expanding the respective
exponential term in a Taylor-series in powers of 82(6,,---,6,,+-, 0 )T or, equi-
valently, around the nominal parameter values. Expanding the second-order
terms transforms the normalization integral Z defined in Equation (15) into the

following form:

z2 [ f(r.a)e""“drda, (17)
Dz
where Oé(@,n-,@k;n,ﬁmf and where:

ST e AN
0 2la-a)\CE C, ) la-a° (18)

+0*[—r+r°(a°)+ S(a—ao)]
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1R t
f(ra)=1-=> 6, (a-a° a’)|(a—-a®)+hots, 19
)10 a0 oo ®
where the acronym “hots” stands for “higher-order terms in the expansion of the
TR
exponential exp{—z 6,9, (Z)} .” Neglecting these higher-order terms, it follows
k=1

from Equations (17)-(19) that

Z=1,-236,3,., (20)
2\
where
1,2 [e""“Vdrda, (21)
Dz
¢ (o) [o e a-a)e e
Dz

A S| S| U o .
The saddle-point, denoted as z¥ :(r P a p) , of the function h(r,a;ﬁ) is

defined as the point where the following partial gradients vanish:
V.h(r,a;0)=0, Vh(r,e;0)=0, atz=z%". (23)

The conditions represented by Equation (23) yield the following equation:

ce ce ) (re—r 0

r ra — ial (24)

C: C,.) \a*-a°) \-S'8
Solving Equation (24) yields the following expressions for the components of

t
the saddle point z* = (rs" ,aSp) of the function h(l’,a;@) :

r®=re+(C; -C:,8")6, (25)
a®=a"+(C;, -C,5S")6. (26)
Using the saddle point method (which is exact for the integral I,) or “com-

pleting the square in the exponent of |,” yields the following exact expression

for the integral |, :

W (6 Y 7]
TR+TP)/2 2
1, =(21) ™ TC,| exp{—ﬁ*d +E{—ST0J C, (_Sfeﬂ, (27)

where |Ce| denotes the determinant of the matrix C, and where d denotes
the “vector of deviations between the nominal values of computed and measured

responses” and is defined below:
d2rf(a®)—r% d2(dy o dr)'; d26°(a%) -1 i=1- TR, (28)

The expression of the response in terms of the computational model, ie., Eq-
uation (11), can be used to obtain the following representation for d in terms

of the computed responses:
dér—re—S(a—aO)—p(a;ao). (29)

Thus, the “vector of deviations” d can be considered to be a (quasi-) ran-
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dom variable. The expressions of the “vector of mean values of deviations”
—ar— o Tt
d= [dl, - dTR] and the covariance matrix D= [Dij ] of the vector of
TRXTR
deviations d are derived below:

dz -r'-S(a-a’)- ) ° e )
6[[" r (a a ) p(a a )]p (Z z
d, éiiqu Cov(al’a ) k=1--TR; (31)

) e (2fz".C Jaz
= .[ pe( °.C )[r—r —S(a—ao)—p(a;aoﬂ

x[r—re —S(a—ao)— p(oz;aroﬂT dz

=Ct +sc,S"-cc s'-sc:..

C.)dz=[d,dr |, (30)

(32)

The third- and fourth-order correlations were neglected in the final expres-
sion obtained for the covariance matrix D £ [Dij ]TRXTR in Equation (32). Nota-
bly, the result obtained in Equation (30) indicates that if the second-order sensi-
tivities of the response with respect to the model parameters are neglected, then
ch =0,k =1---,TR, in which case d would be a random vector with zero-
mean and covariance D . Therefore, neglecting the second-order sensitivities
would imply that the computed model responses would be consistent with the
measurements only if d=0,ie, r° (ao) = r®. Although such a situation would
not be impossible to conceive, it would probably not occur often in practice.
These considerations further underscore the significant impact which the second-
order response sensitivities have on the correct interpretation of actual, physical
systems.

Applying the saddle-point method to the expression provided in Equation
(22) yields the following expression:

J = Il(aSp -a° )Jr [Qk (ao )}(aSp —ao)[1+O(CM )], (33)

where the quantity O(C,,) denotes terms of the order of the components of
the parameter covariance matrix C_,, and can therefore be neglected by com-
parison to the leading term of order unity.

Replacing the expression obtained in Equations (27) and (33) into Equation
(20) and neglecting the higher-order terms yields the following expression for

the partition function:
Z= |1{1—1§9k(a5" —azo)T [Qk (aO)J(aSp —a0>}. (34)
2ia

Taking the logarithm of Equation (34) yields the following expression for the
“free energy”:
TR+TP

Ihz- In(2n)+%ln|Cm|—0Td +h,(8)+h,(6), (35)
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h(6)2>[6'ci6-6'(C;,S"+5C:, )6 +0'SC,, S8, (36)

N~

lTR

1-2> 0, (a” ~a") [Qy (o) (" _“O)}

13k
{

1-23'6, [e*M(k)e]},

2ia

>

h, (0) Z1In
(37)
=In

w2, #(c s [a e ok -0us )< [ o

The expression for h,(8) presented in Equation (37) has been obtained by
using Equation (26). As indicated in Equations (36) and (37), respectively, the
quantity h (@) contains only first-order response sensitivities (with respect to
the model’s parameters) and second-order bilinear terms in the components of
0 , while the quantity h, (0) comprises all second-order response sensitivities
and terms higher than second-order in the components of 6.

In view of Equations (35)-(37), the derivatives of the free energy with respect

to the Lagrange multipliers 6, are provided by the expression below:

ol-Inz oh (@) oh, (0
olzinz] ]z—dk+—h1( ), (6) ), k=1---TR. (39)
06, 06, 06,
It follows from Equations (39) and (16) that the vector of Lagrange multipliers

must be the solution of the following system of coupled nonlinear equations:

Jon(8) on(e) .
w, (8)= 20, + 20, d, =0, k=1---,TR, (40)

where:

oh,(6)
00,

(41)

ar?

TR
— . A A ~e T e gt e .
_Zzlokjej, [Dy].. . 2D2C;+sC,S" -C/,8"-sC

K 3 [o'm"g]
h : i TR TR .
on,(6) _ 106, =-2g'MYWg-Y 0> MU0, £u,(8). (42)

TR )
o6, 2 1_12@ [GTM(')B] 2 i
213

TR .
The approximation 1—%261- [OTM(’)H]zl has been used to obtain the
j=1

approximate expression on the right-side of Equation (42), which thus compris-
es just the bilinear terms in @, neglecting the high-order terms involving the
components of @, which are expected to be comparatively small.

Introducing the vectors W(B) £ [Wl (0),~~-,Wk (¢9),---,WTR (B)T and
u(8)=[u,(6).+.u, (), (6’)]T enables the compact writing, in matrix-

vector form, of Equation (40), as follows:

w(8)=-d+D@+u(8)=0. (43)

If only the first-order sensitivities of the response with respect to the model
parameters are considered (and thus the second- and higher-order sensitivities

are neglected or are unavailable), the term U(@) is neglected and the remain-
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ing first-order term in Equation (43) yields the following first-order solution,

denoted as 6", for the vector of Lagrange multipliers:
6" =Dd. (44)

Notably, the matrix D has dimensions TRxTR. Since TR« TP in prac-
tical situations, it follows that the computation of the coordinates of the saddle-
point z%¥ = (rs" a® )T involves the inversion of just the smallest-possible matrix
(ie, D) that arises in the “predictive modeling” methodology. Replacing the
result obtained for Y in Equations (25) and (26) provides the corresponding
expressions for the coordinates r* and a® of the saddle-point
z® é(rs",asr’ )T.

Using the results obtained for 6“ in Equation 44) leads to the expressions
already presented in the 1*-BERRU-PM methodology [14] for the saddle point
P 2 (rSp,aSp )T and, subsequently for the best-estimate (calibrated) mean val-
ues for the parameters and responses, as well as for the best-estimate covariance
matrices for the corresponding best-estimate parameters and responses. These
expressions will not be reproduced here, since they will also be obtained as par-
ticular cases of the 2"-BERRU-PM methodology to be presented in the re-
mainder of this Section.

The goal of predictive modeling is to reduce, as much possible, the discrepan-
cies between the measured response values and the corresponding values pre-
dicted by the computational model But if the nominal values of the measured
responses happen—by nature, design or accident—to coincide with the corres-
ponding computed values, the vector of deviations vanishes, ie, d =0, in
which case Equations (44), (25), (26) and (14) indicate that:

d=0; 20" =0, =r®=r*, a® =a’; = p(z)= pe(z

,C,). (49

The results shown in Equation (45) indicate that if only first-order sensitivities
are used and if the nominal values of the measured responses happen to coincide
with the corresponding computed values, the model would have no impact on
the initial (measured) distribution of responses and parameters, so there would
be no calibration of either the predicted responses or parameters. Evidently this
conclusion reveals a fundamental limitation of using just the first-order sensitiv-
ities for predictive modeling (and data assimilation and/or data adjustment me-
thods). But this conclusion also provides the fundamental motivation for using
second-order sensitivities, in addition to the natural expectation that using the
second-order sensitivities will produce more accurate results, in general.

It is also important to note that if the response measurements were perfect
and if they were uncorrelated to the model parameters, Ze, if C;, =0 and
C:, =C: =0, the matrix D=SC_,S" would nevertheless be non-singular
since the matrix SC_,S" is nonsingular. This, the solution shown in Equation
(44) would still exist; this is in contradistinction with the extant data assimilation
schemes, which fail if the measurements are perfect. Notably, all extant data as-

similation schemes consider that the response measurements and model para-
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meters are uncorrelated.

If the second-order sensitivities, which are included in the term u(0) , are
retained in Equation (40), this equation becomes nonlinear in the components
of 82(6,+.6,, 6 )T and therefore requires an iterative method for solv-
ing. The structure of U(#) indicates that the simplest (and probably the most
efficient) method for solving Equation (43) would be Newton’s method, as can
be surmised by the similarity between this equation and a simple quadratic alge-
braic equation. In this vein, consider the application of Newton’s method to the

quadratic equation, as described below:

q(x)2ax’ +bx+d =0; g'(x)=2ax+b;
X" = (") —[q’(x”)Tq(x”); n=01---.
() _ _

If d =0, the usual initial-guess for starting the Newton iterationis X' =-d/b,
which yields the first-iterate x" = —[1+ ad / (b2 —2ad )]d /b. The correction

term included in this first-iterate solution is of first order in the product (ad ),

(46)

so the subsequent iterates become increasingly more accurate when this product
is small; even the first-iterate becomes exact in the limit as a — 0. On the other
hand, if d =0, the initial guess x© =_d /b=0 would yield solely the trivial
solution Xx=0. Therefore, if d =0, the initial-guess for starting the Newton
iteration would be x© = —b/a, which would yield the non-zero first-iterate so-
lution X" =—b/a+d/b,and so on.
Applying Newton’s method to solve Equation (43) yields the following itera-
tive equation for finding its solution(s) @ £ (91, O, O )T :
oM — g _ |:A(0(") ):|

-1
W(H(”)); n=01---, (47)
where the Jacobian matrix A(#) is defined as usual, namely:

ow, /06, + 0w, /06,

aWTR/agl * 8WTR/60TR

a(wlv'”’wk""’WTR)é

A(Q)é 3(6,,6,,+,6r%)

Ai,l(e) ° Ai,TR(e) )

AFR,l(o) y ATR,TR(a)l

Using Equations (42) and (43) yields the following expression for the compo-
nents/elements A (@) of the Jacobian matrix A(8):

oW, oI 1 TR TR :
An(8)=—F="13D6,-=0'MY9-> 6> M6,
06, 06,3 2 -1 -1 (49)
TR © TR " TR )
=D, _ZMnj ‘91' _ZMkj ej _ZeiMkn =Dy, =V (0)!
=1 j=1 i=1
where:
Ay K ™ () s
Vin (0) = Zei [Mﬂi +My"+ My ]’ v (6) - [an (0):|TR><TR ) (50)
j=1
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As indicated in Equation (49), if the initial guess 6% =0 is used, the Jaco-
bian matrix would take on the value A(€=0)=D. Consequently, the resulting
solution of Equation (47) would be obtained in a single iteration and would be
the same as the first-order solution obtained in Equation (44), ie, oY =Dd .
Similarly, if the second-order response sensitivities to the model parameters are
neglected, Equation (50) indicates that A( M 0) =

To obtain the nontrivial solution of Equation (47) when d is very small or
actually vanishes (d =0), a non-zero initial guess (0(0) #0) must be used for
starting the Newton iterations, as was discussed in the foregoing by analogy with
the solution of a quadratic algebraic equation using Newton’s method. The non-
trivial solution of Equation (47) which would be valid even when d =0 will be
denoted as 6"

6™ will include higher-order terms, which will involve the second-order

), where the superscript “A” indicates that the expression of

sensitivities of computed responses with respect to model parameters. The cor-
responding Newton iteration indicated by Equation (47) will thus take on the
following form for finding the nontrivial root of Equation (43) when d is very

small or actually vanishes:
-1
gD _ g(hn) —[D _V (a(h,n)):| W(a(h,n)); N=01 (51)

As has been discussed in the foregoing in conjunction with the algebraic qua-
dratic equation, it would be advantageous to start the Newton iteration shown in
Equation (51) with an initial guess 6" that would have components analog-
ous to the initial guess x© =-b/a for the quadratic equations. It would be
further advantageous if the computation of the initial guess 8" would not
require inversion of matrices. An expression for 0" which satisfies these
considerations can be derived by setting d =0 in Equation (43) and by consi-
dering just the diagonal terms of the matrices involved in this equation, thus ob-

taining:
ho) a ( p(h0) h,0 no)\". A(ho) _ N.oe
6! )i(el ,"',9} ),"',QT(R )) ;0 —2Djj/3MEj’), j=1--- TR (52)

Using the initial guess provided in Equation (52) in Equation (50) yields the

following starting expressions for components of the Jacobian matrix A(8):
Aq(6"7)=D, 29”[ DM +Mkn>]. (53)

Furthermore, using the initial guess provided in Equation (52) in Equation
(43) yields the following starting expressions for components W, () of the
vector W(B)é[wl(a) W (0), 00 Weg (H)T:

Wi (a(hO)) ( ) ZijeJho k=1--TR; (54)

(h,0) 1EE (ho)pg & (10) & p 4 (1) o(h0

o (6 )=—;zze. 0SS

i=1 j=1 i=1 j=1
4 IR IR D 1 (55)
=——ZZ {_Mgkuwp] k=1 TR.
9 i=1 j=1 ij) 2
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The impact of the second-order sensitivities through the components Migk)
of the matrices M is evident in Equations (53)-(55). The first-iterate oY

of the solution of Equation (51) has the following expression:
gmn:ymL«D_Vwmywuwm+D¢dey

(h,0) ( (ho)) (h.0) ( (ho)) (56)
v 2y (@MY, v 2u(6"”).

It is evident from the expressions provided in Equations (53)-(55) that even if
d =0 (ie, if the vector of deviations between the nominally measured and
computed values of the responses vanishes), the starting-values of the compo-
nents W, (0(“"));&0 are non-zero because of the impact of the second-order
response sensitivities. In addition, the initial-Jacobian matrix A(H(h’o)) is non-
singular (also because of the impact of the second-order response sensitivities),
so the first-iterate 8™ has a finite non-zero value. All subsequent iterates will
also have non-zero values. Thus, using the second-order response sensitivities
overcomes the limitation of the first-order predictive modeling methodology
I*-BERRU-PM, as well as the limitation of extant data adjustment and data as-
similation procedures, which all fail when the measured response values coin-
cide with the computed response values.

Replacing the solution of Equation (51) into Equations (25) and (26) yields
the following expressions for the coordinates of the saddle point z¥ £ (I‘Sp ,a® )T
of the function h(r,a;6):

re=re +(Cfr —CfaST)G(h’””), (57)
a®=a’+(C;, -C,S")o". (58)

The best-estimate (optimal) mean values (first-order moments) and correla-
tions (second-order moments) of the posterior distribution of the combined
computational model with measured responses and parameters are obtained by
using the saddle-point method to evaluate the integrals that define these first-
and second-order moments. These best-estimate values will be denoted using
the superscript “bed” to indicate that these “best-estimate” values arise from de-
terministically incorporated/assimilated computed responses.

Thus, the predicted “best-estimated values with deterministically incorporated
computed responses” for the predicted mean values of responses and parame-
ters, respectively, have the following expressions:

2 [rp(z)dz=r® =r° +(Cfr —CfaST)O(h’"“) ; (59)

Dz

o™ £ [ap(z)dz=a® =a’+(Ct, -C,,S')0". (60)
Dz

The expression of the “best-estimate with deterministically incorporated
computed responses” covariance matrix for the responses, denoted as C,bred , is

obtained from its definition in conjunction with Equation (59), which yields:

DOI: 10.4236/ajcm.2023.132013 253 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2023.132013

D. G. Cacuci

Ci' 2 I(r—rbed)(r—rbed )* p(z)dz
Dz (61)
= J'[r -r’ _(Crer —CfaST)é’(“’””)}[r —re —(Cfr _c:fasf)g(“v“”)]T p(2)dz.
Dz

The expression of the “best-estimate with deterministically incorporated com-
puted responses” covariance matrix for the parameters, denoted as Csid , is ob-

tained from its definition in conjunction with Equation (60), which yields:

c £ [(a-a™)(a-a™) p(z)dz
Dz

+
= j[a—a° ~(ce, —CaaS*)ﬁ(h‘M)J[a—ao ~(c, —cms*)e<“~””>] p(z)dz.
Dz
(62)
The expression of the “best-estimate with deterministically incorporated com-
puted responses” correlation matrix among parameters and responses, denoted
as CX, is obtained by using its definition in conjunction with Equations (59)
and (60), which yields:
Cx' 2 [(a—a™)(r-r" )T p(z)dz

Dz

+
= j[a—a" ~(c:, —caas*)ew”“)][r —r—(ct —Cfas*)e(h’””)] p(z)dz.

Dz
(63)
The impact of the second-order response sensitivities on the mean values and
correlation/covariance matrices can be assessed already by using the first iterate
solution, G(h'l), in Equations (59)-(63). Using the first-iterate, 0(h’1), in Equa-
tions (59) and (60), respectively, yields the following expressions for the “first-

iterate best-estimate” values for the responses and parameters, respectively:

r = re 4 (CF —CfaST){O(h’O) —(D —y o) )71(u(h'°) + Do) —d)} ; (64)

a(l)bed -a° +(C;r _Caasf){e(h,o) —(D _V(h,o) )fl(u(h,o) + Da(h,o) —d)} . (65)

As the expressions obtained in Equations (64) and (65) indicate, combining
experimental and computational information modifies the correlations among
the parameters through couplings introduced by the sensitivities of the partici-
pating responses. The expressions obtained in Equations (64) and (65) possess
the following new features by comparisons to their counterparts provided by ex-
tant data assimilation and data adjustment procedures:

1) If the second-order sensitivities are neglected, then the expressions in (64)

and (65) take on the following simplified forms:
no 2" -order sensitivities: r™* =r° +(C¢ —C7,S")Dd ; (66)
no 2" -order sensitivities : ™™’ = + (c-c,s')Dd. (67)

As expected, the expressions in Equations (66) and (67) are identical to the
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expressions provided by the 1*-BERRU-PM [14] methodology and therefore
possess the same strengths (easy to implement) and weaknesses (trivial results,
no calibration if d =0) as the results produced by the 1*-BERRU-PM metho-
dology.

2) If the vector of deviations between the nominally measured and computed
values of the responses vanishes, ie, if d =0, the expressions provided in Equ-
ations (64) and (65) take on the following simplified forms:
if d=0:

r® (d =0)=r"+(Ci -C,S' )[0(“"’) —(D —y () )71 (u<“~°> +Dg"0 )} c0 ¥

if d=0:
o (d =0)=a’+(C¢, -C,,S' )[0“) —(D —y (0 )_1 (u<“’°> + Do )} #0
(69)

As evidenced by comparing Equations (68) and (69) with Equations (66) and
(67), respectively, the contributions of the second-order sensitivities provide the
fundamental difference when d =0 between non-calibration [Ze.,
r™ (d=0)=r° and "™ (d =0)=a"] in the case for data adjustment, data
assimilation and 1*-BERRU-PM methodologies, cf. Equations (66) and (67), re-
spectively, versus the calibration r®*'(d =0)#r® and a®**(d =0)=a’ pro-
vided by the 2"¢-BERRU-PMD expressions obtained in Equations (68) and (69).

3) The components of the matrix VAR

are usually smaller (since they con-
tain higher-order quantities) than the corresponding components of the matrix
D, so the contributions provided by the term V™" can be considered to be
“corrections” to the components of the matrix D . If the contributions of the

matrix V (n0)

are neglected by comparison to the corresponding components of
the matrix D, the expressions provided in Equations (64) and (65) reduce to

the following expressions:

if V(0 —; pltoe (v(“'(’) :0):re+(Cfr—CfaST)D’l(d—u(h'o)); (70)

if V" =0: g™ (v<“'°> = o) =a’ +(C, —CWS*)D’l(d - u“"‘”). (71)

(n.0) , the fundamental

The above expressions underscore, through the term u
importance of including second-order sensitivities, since they provide the basic
contribution to maintaining the effects of calibration for both responses and pa-
rameters, even when d =0, Ze, when the values of the measured responses
coincide with the corresponding values of the computed responses. This essen-
tial contribution stemming from the second-order responses sensitivities is clearly
highlighted by comparing the expressions obtained in Equations (70) and (71)
with the corresponding first-order (1*-BERRU-PM) expressions provided in
Equations (66) and (67), respectively.

Using the first-iterate, 6", in Equation (61) yields the following expression

(1)bed

for the “first-iterate best-estimate” covariance matrix C;

for the responses:
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1)bed e (h,0) uho) (ho)
J{ ~(ce-ces )[9 (D ny ) ( + DO d)}}
x{r -r*—(cg, —CfaST)[G(h'O) —(D myALL )7l(u(h‘°) + Do —d)}T p(z)dz

.
=<[r 10 X0 =Y d YU |-+ X, 00 Y d +Y,u | >

(72)
The following definitions were used in Equation (72):

()2 [(s)p(2)ez, 73

Dz

c é<(r_re)df>:<<r_re)[r—re -S(a-a")- P(a;ao)]t>

(74)
=C; -C., s
-1
xréC%)[(D—v(“"”) D—l} (75)
-1
Y, 2 (D-v") . (76)

Expanding the integrand in the second equality in Equation (72) yields the

following expression for the “first-iterate best-estimate” response covariance

1)bed _
matrix C .

C 1)bed o _ng)Yr +X 0 (h0) (0 hO))T X' - X 0(h:0)JTYrT + Xra(h,o)(u(h,o))TYrT
Y, (€)Y, @(6") X, +v,DY, ~v,d(u"?)'y,
+Y.u? (O(h’o)) X! -y, u™ogry +Yru(h‘°)(u(h'0) )T \A

(77)
Using the first-iterate, 6", in Equation (62) and evaluating the resulting

integrals yields the following expression for the “first-iterate best-estimate” co

variance matrix C'”* for the model parameters:

aa

Coa™ = <[“‘“° +X,0" =Y, d+Y,u" [a-a®+ X, -Y,d +Yau(h‘°)T>
—C2, ~COY 4 X, 609 (60) X! X 60TV, + X, (W) v,
—Ya(C( ) Yd( h°) X!+y, DY - ( )
+Yau(h'°)(9(hv0)) XD -y u"0dty 4y y™o ( )

(78)

The following definitions were used in Equation (78):

c® é<(a_a°)d*>:<(a—a°)[r—re —S(a—ao)— p(a;ao)]f> (79)

=C:, -C.,S"

X éC((}[(D—V(h'O))lD—I} (80)
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a

-1
Y, 2cl(D-vO) " (81)

Using the first-iterate, 6", in Equation (63) and evaluating the resulting

integrals yields the following expression for the “first-iterate best-estimate” cor-
(1)bed
ar

relation matrix C for the parameters and responses:

.
cleed _ <[a —a®+X,0M -y d +Yau(h'°)}[r -r*+X,6M -y.d +Yru(h'°)} >

=C¢ —CUY +X 49("'0)(6?(“"))T X! =X, 0MdY + X ¢9<“")(u<""))TYT

() ~v(0) x; .o (),

T _ T
AT A I S AT R AR AT (T A
(82)

As the expressions obtained in Equations (77), (78) and (82) indicate, com-
bining experimental and computational information modifies the correlations
among the parameters through couplings introduced by the sensitivities of the
participating responses.

The expression obtained in Equations (77), (78) and (82) for Cil)bed C Wpbed

T 4 aa
and C((xlr)bed , respectively, will now be analyzed below by considering the same

simplifying conditions as were considered for the best-estimate response and

(1)bed and a(l)bed

parameter mean-values I , respectively, as follows:
1) If all of the second-order sensitivities are neglected, then the following sim-
plifications occur: X, =X_,=0, Y, :Cfé) D™ and Y, :Csd) D™ . Therefore,

the expressions in Equations (77), (78) and (82) take on the following simplified

forms:
no 2"-order sensitivities: C™ =c¢ —cWpcl)r (83)
no 2"-order sensitivities: C* =c¢ —cYpcHr. (84)
no 2™-order sensitivities: C?*™ =c¢ —cYpcWr, (85)

As expected, the expressions obtained in Equation (83)-(85) are identical to
the expressions provided by the first-order predictive modeling methodology 1*-
BERRU-PM [14] and therefore possess the same strengths (easy to implement)
and weaknesses (i.e., trivial results and no calibration if d =0) as 1-BERRU-
PM.

2) If the vector of deviations between the nominally measured and computed
values of the responses vanishes, ie, if d =0, the expressions obtained in Equa-
tions (77) for Cii)bw , Cglbed and Cilr)bed , respectively, will take on the follow-
ing simplified forms:

ifd=0: c™ =ct_cly'+x,6"M (9<“’°> )T X!+ x,0M) (u(“"’) )T A 56
-y, (Cg) )T +Y, DY, +Y,u" (e<“’°> )T X! +v.u™) (u(“‘o))TYf;
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T T
10201 G =L —CLl¥ + X010 (8" X+, 0" (") Y]
t T
va(cgg) +Y,DY/ +Yau(h'°)(0(h'°)) x;+Yau<“'°>(u(“'°>) Y

T t

ifd=0: cW™ —ce —cly'4 xa9<“*°>(9<“*°>) X!+ xae“‘v“)(u(“*")) Al .
T t

Y, (c£d>) +YaDYrT+Yau(h'°)(0(h'°)) X! +Yau(h'°)(u(h'°)) Y.

r

If the contributions of the second-order sensitivities are neglected in the ex-
pressions obtained in Equations (86)-(88), these expressions will reduce to the
first-order expressions shown in Equations (83)-(85).

3) If the contributions of the matrix V" are neglected by comparison to
the corresponding components of the matrix D, then the following simplifica-
tions occur: X, =X_ =0, Y, =Cf§)D’1 and Y, = Csd) D™. Consequently, the
expressions provided in Equations (77), (78) and (82) will reduce to the follow-

ing forms:

it v =0: cl (v —0)=c; —clpt(cl)

T (89)
—Y,cT(u(h'o)) NARRATLUN UVANRVETILY (u(“)) Y
e/ (h0) _ . (1)bed (ho) _ _ )
if V 0: C! (v 0) 1(TC ) 0
v, d(u" ) Y-y uhogry ! +Yau(h'°)(u(h’°)) Y/
if V" =0: ¢! be“( (h0) 0) ce, —cY ((35[?)T on

-y d( ™o ) Yoy uOgty !t +Yau(h’°)(u(h'°)) Al

The above expressions underscore, through the terms involving the vector
u™, the fundamental importance of including second-order sensitivities,
which provide non-zero contributions even when d =0.

It is important to emphasize that the posterior distribution of responses and
parameters is non-Gaussian since the “best estimate” triple correlations among
the best-estimate responses and parameters are nonzero even if the experimen-
tally measured responses and parameters were normally distributed initially.
This fact can readily be shown by considering Equations (64) and (65), which

can be written as follows:

pbed _ e | p(©).
(0 2(ce —ct s )[0( )_(D_V(h,o))1(u(h,0)+D0(h,0)_d):|; (92)

a(l)bed :ao +ﬂ(o)
(93)

B 2(c, -c,,s ){d ~(D-v) (<“*°)+Do<“'°)—d)}.

Using Equations (92) and (93) in conjunction with the definition of triple

correlations for multivariate random quantities yields the following “lowest-
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order estimate” for the best-estimate triple correlations among responses and

parameters, which denoted below as Tr(rl),:fd and Téi)?ff , respectively:

Toge 2 <(r, -5 - ri(O))(rj —1 - rj(O))(rk - = )>
B L e S L A R T

—” cov(r, 1) =0 i j k=1 TR;

i
T 2 (0, )ty = ) e, -t~ )
~E[ (- a’)(@ - a})(e ~af) |- A" cov(a, a) %)
_'BJ(O) COV(ai’ak)_ﬂéo) COV(ai’aj )—/ﬂ(o)ﬁfo)ﬂk@); i,j,k=1---TP.

If the responses are normally distributed initially, then the initial triple corre-
lations are all zero, ie., E[(oci —aio)(aj - a?)(aj —a?)] forall i,j,k=1---,TR.
Nevertheless, as indicated in Equation (94), the “best-estimate response triple

. » (1)bed
correlations” T, iy

calibration,” e, if ri(o) = rj(o) = rk(o) =0 forall i,j,k=1---,TR. Similarly, if the

#0 are non-zero even in such a case, unless there is “no

parameters are normally distributed initially, then the initial triple correlations
are all zero, ie, E[(ri - I’ie)<rj - rje)(rk - rke)J =0 forall i,jk=1---,TP. Nev-
ertheless, as indicated in Equation (95), the “best-estimate parameter triple cor-

bed

. 1 . PR? .
relations” T . #0 are non-zero even in such a case, unless there is “no cali-

aa,ij

bration,” ie., if ai(o) = ago) = aﬁ‘” =0 forall i,j,k=1---,TP.

4. Discussion and Conclusions

This work has presented the 2*-BERRU-PMD methodology, where: the attribute
“27%” indicates that this methodology incorporates second-order uncertainties
(means and covariances) and second-order sensitivities of computed model res-
ponses to model parameters; the acronym BERRU stands for “best-estimate re-
sults with reduced uncertainties;” and the letter “D” indicates “deterministic,”
referring to the deterministic inclusion of the computational model responses.
The 2°¢-BERRU-PMD methodology is fundamentally based on the maximum
entropy (MaxEnt) principle. This principle is in contradistinction to the funda-
mental principle that underlies the extant data assimilation and/or adjustment
procedures which minimize in a least-square sense a subjective user-defined
functional which is meant to represent the discrepancies between measured and
computed model responses. It has shown that the 2"-BERRU-PMD methodol-
ogy includes all of the previous results produced by the first-order BERRU-PM
methodology, generalizing and extending current data assimilation and/or data
adjustment procedures while overcoming the fundamental limitations of these
procedures. Since the framework of the 2"-BERRU-PMD methodology com-
prises the combined phase-space of parameters and responses, the expressions
obtained for the predicted best-estimate responses and calibrated parameters can
be used for solving both forward/direct and inverse problems.

The accompanying work [19] will present the alternative framework for de-
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veloping the “second-order MaxEnt predictive modelling methodology” by in-
corporating the computed model responses probabilistically (as opposed to “de-
terministically”). This alternative methodology [19] will be designated by the
acronym 2"-BERRU-PMP, where the last letter (“P”) in the acronym indicates
“probabilistic” inclusion of the computational model responses. It will be shown
that although both the 2°-BERRU-PMD and the 2"-BERRU-PMP frameworks
predict analogous 2™-order expressions for the best-estimate posterior first- and
second-order moments, the respective expressions for the predicted responses,
calibrated predicted parameters and their predicted uncertainties (covariances)
are not identical to each other. The additional considerations that make the cor-
responding expressions predicted by the 2"-BERRU-PMD and the 2"¢-BERRU-
PMP become identical will also be analyzed in the accompanying Part II [19].
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Appendix A: Construction of the Second-Order Maximum
Entropy Distribution for Responses and Parameters

When an unknown distribution p(e,r), defined on a domain D£D, UD,
(where D, denotes the domain of definition of the parameters and D, de-
notes the domain of definition of the responses) needs to be reconstructed from
a finite number of its known moments, the principle of maximum entropy
(MaxEnt) originally formulated by Jaynes [15] provides the optimal compatibil-
ity with the available information, while simultaneously ensuring minimal spu-
rious information content. In particular, when only the first-order and second-
order moments of the joint distribution of model parameters and responses
p(a,r) are known, the corresponding second-order MaxEnt distribution
p(a.r) is constructed by following the procedure outlined below.

1) Known means and covariances for responses:

Ajr p(e,r)drde, i=1-TR; (96)

cov(r,1;)2 [ (r=r°)(r, =) p(a.r)drda; i, =1, TR, (97)

De

2) Known means and covariances for parameters:

a2 [a;p(ar)dde, j=1--TP; (98)
De
cov(aa;)2 [ (e -af (e o] ) p(a.r)drdasi, j=1-- TP, (99)
De

cov(e;, 1) 2 [ (o - )(r,— 1)) p(a.r)drde; i =1+, TP; j =1, TR. (100)
DE
According to the MaxEnt principle, the probability density p(a,r) would
satisfy the “available information” provided in Equations (96)-(100), without
implying any spurious information or hidden assumptions, if:
1) p(@,r) maximizes the Shannon [21] information entropy, S, as defined

below:

S=—[p(a.r)In] p(a,r)]dadr, (101)

2) p(a,r) satisfies the “moments constraints” defined by Equations (96)-
(100);
3) p(a.r) satisfies the normalization condition:

[p(a.r)dadr =1. (102)

The MaxEnt distribution p(e,r) is obtained as the solution of the con-
strained variational problem &H (p) /6p=0, where the entropy (Lagrangian
functional) H(p) is defined as follows:

H (p) =~ planr) i p(a)Jdacr 4 Mp . r)dadr - 1}
& lél)urkp(a,r)dadr—rk} S

k=1 i=1

Ma, p(a,r)dadr—aio}
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.
—%kz Drk r,p(a,r)dadr —cov(r,,r,)— rkorf}
) 2
TR TP
- A2 {J' rkaip(a,r)dadr—cov(rk,ai)—rkoai"} (103)
k= 1 D
TP TP
—% 2% [fa a;p(a,r)dedr —cov(a;, )—aioa?:|.
i=1 j=1

In Equation (103), the quantities lk Ak /11(?1 , /11(1(,2 , and lk denote
the respective Lagrange multipliers, and the factors 1/2 have been introduced for
subsequent computational convenience.

Solving the equation JH ( p) / Op=0 yields the following expression for the
resulting MaxEnt distribution p(z):

1 1
z)=——exp| -b'z—=z'Az |, 104
p.(2) Z(0A) p( 5 J (104)
where the various vectors and matrices are defined as follows:
Ny (A (e
z=| ;b2 i A O E 1Y B (105)
(4 1(2)
W)
AW A1) /11(;1) ° /ll(lTle
A2 < ALY 2 (12) . |
|:A(12) :|T A(ZZ) , (11) ﬂw 1 '
A’I’R‘l ° A’I’R TR
(12) (12) (22) (22) (106)
111 ﬂl,TP ﬂ'll * A‘l,TP
AR 2l ASZ) T A2 Al ﬂéfz) .
g wm L,

The normalization constant Z (b,A) in Equation (104) is defined as follows:

Iexp( sz—Z TAz)olz dz =dedr. (107)

In statistical mechanics, the normalization constant Z is called the partition
function (or sum over states) and carries all of the information available about
the possible states of the system, while the MaxEnt distribution p(z) is called
the canonical Boltzmann-Gibbs distribution. The integral in Equation (107) can
be evaluated explicitly by conservatively extending the computational domain D
to the entire multidimensional real vector space R", where N2TR+TP, to
obtain the following expression:

N2 (14,
Z,.(bA,)= | exp(—b*z —%z*Azjdz :(zLe[EbTA ’)
BN

108
Det(A) (108)

The Lagrange multipliers are determined in terms of the known information
(means and covariances of parameters and responses) by differentiating the “free
energy” F(b,C)é—an(b,C) with respect to the components of the vector
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:
bz (ﬂ(l) , ﬂ(z)) to obtain the following expressions:

OF(b,C) 1, [®rjnl . ‘

o4 :ﬂrke dZ:Djrkp(“'r)dZ:rko’k=1r'nTR, (109)
OF(b,C) 1, [(+:iin y

sz)zziai ’ dz:i“ip(a,r)dadr:aio,|:1,---,TP. (110)

The results obtained in Equations (109) and (110) can be collectively written

in vector-matrix form as follows:
oF (b, C )
ob
On the other hand, it follows from Equation (108) that:
oF(b,C)  o[InzZ(b,C)]
ob ob

2 Zoé(l’o,ao)f; roé(l—lo,...,rTOR)_ (111)

=—A"h. (112)

The relations obtained in Equations (111) and (112) imply the following rela-

tion:
b=-AZ" (113)

Differentiating a second time the relation provided in Equation (109) or (110)
yields the following relations:

1
°F(b,C) 1 oz o ij(—rj)rke(fbtzf?w)dz

=— +
Aol a7y (14)
:_cov(rj,rk); jk=1---TR;

o’F(b,C) )
o= —eov(@ g ); i =1 TP k=1 TR, (115)
aﬂvl(z)aﬂél)

*F (b,C) o

1P or® =—cov(a,a; )i i, j=1-TP, (116)

The results obtained in Equations (114)-(116) can be collectively written in
vector-matrix form as follows:

aZF(b,CC) ) A Crr Cra ) oA .
W:_C, C:(er Caa]’ ¢ :[Cov(rj,rk):LRxTR’

(117)
c™ £[cov(r.a)]__ =(C” )T; co & [cov(ai,aj )]TMP.
On the other hand, it follows from Equation (112) that:
FF(b.C) (118)
obdb

The relations obtained in Equations (117) and (118) imply the following rela-
tion:

A'=C. (119)

Introducing the results obtained in Equations (113) and (119) into Equation

(104) and (108) yields the following expression for the MaxEnt distribution
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p(z[z.C):
-N/2
p(Z|Z,C):(2Lexp[—%(z—z°)TCl(z—zo)}. (120)

Det(C)

Appendix B: Construction of the “Constrained Minimum
Discrepancy Distribution with a Given Function”

The aim is to obtain a mathematical expression for a distribution p(Z) , defined
over a domain 7 e D, which is normalized to unity and satisfies K'independent

constraints of the following form:

jgk z)dz=c, <o, k=1---,K; (121)

with
[p(z)dz=1. (122)

D

In addition, it is required that the normalized distribution p(z) be “mini-
mally discrepant from” (ie., “fit as well as possible”) a known function f (Z) ,
which is also defined over the same domain zeD.

The discrepancy (ie, “lack of fit”) between an approximate distribution

f (Z) and a true distribution p(Z) , both defined over the same domain
ze D, is denoted below as & ( f| p) and is defined [see, e.g., ] as follows:

5(f|p)2 J'p Iog (123)

The discrepancy & (f| p) is also called, see e.g., [22], the “Kulback-Leibler
divergence or relative entropy.” The normalized distribution p(z) which mi-
nimizes the discrepancy defined in Equation (123) while satisfying the con-
straints expressed by Equations (121) and (122) is obtained by minimizing the
Lagrangian functional F(p) defined below:

jp Iog )dz+Z€ng z)dz - ck}c{jp dz—l}. (124)

In Equation (124), the quantities cand &,,--+,6,,---,6;; are Lagrange multip-
liers which remain to be determined. The stationary value of F(p) is provided
by the probability p(z) where the first variation of F(p) vanishes, ie,

p(z) is the solution of the following equation

SF(p)= {F[p +€T(Z)J}g:o
fl:log +Z¢9kgk( )+ (c+1):|r(z)dz=0.

D

(125)

The desired posterior distribution is the normalized solution of Equation

(125), having the following expression:

p(2)=21(2 )exp[ zekgk( )} 22 (1 )exp[ Zﬁkgk( )}dz. (126)
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It is important to note that in the limiting case when the function f(z) is
the uniform distribution f(z)=constant , the distribution p(Z) becomes a
MaxEnt-distribution. In other words, the distribution which is least discrepant

from (i.e, “best-fits”) the uniform distribution is the MaxEnt distribution.
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