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Abstract 
The steady flow behavior in terminal bronchus of human lung for cylindrical 
channel of porous medium has been studied. The governing equations have 
been solved analytically and numerically for cylindrical channel. Finite dif-
ference method is incorporated to simulate the problem. The numerical re-
sults are compared with square duct channel for different parametric effect. It 
is observed that the flow rate is increased in cylindrical channel compared to 
square duct channel for the increasing value of pressure gradient, porosity 
and permeability. On the contrary, the flow rate is decreased in square duct 
channel compared to cylindrical channel for increasing value of viscosity. Flow 
rate in both channels is analyzed and compared for non-porous medium also. 
It is observed that flow rate is increased very high in cylindrical channel com-
pared to square duct channel for both medium. 
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1. Introduction 

Gas exchange procedure in human respiratory system plays a vital role in bio-
medical science. Most of the investigations in this field are related with drug de-
livery, diagnostics of pulmonary disease and chronic bronchitis. In natural process 
the respiratory system is fully inferred but according to dynamic behavior of fluid 
the explanation of gas exchange process in human lung is very challenging be-
cause of complex asymmetric and irregular shape of lung. A computational study 
is approached to know the unsteady flow behavior in the respiratory channel of 
human lung [1]. Here the numerical results were calculated for normal breath-
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ing condition and maximal exercise condition and it was found that the both 
conditions were fully depended on convective effect and viscosity effect. In hu-
man upper airways, the inspiration and expiration from trachea to the sixth 
generation are simulated numerically [2]. Here at the time of expiration air en-
ters into the right center of trachea from the upper lobar bronchus and struck 
airflow from lower and center right bronchi, so that the streamlines of trachea 
positions at inspiration and expiration are switched. The flow characteristics 
have been numerically investigated in three generation bifurcation airways by 
using control volume method [3]. In that paper, they established the relation 
between flow characteristics and Reynolds number including pressure drop and 
flow patterns. The air flow in human lung with high frequency oscillatory venti-
lation (HFOV) was performed experimentally and numerically [4]. In that work, 
the flow convection in lower airways were investigated and obtained physical 
perception of old air deportation. Flow behavior in 11th generation of human 
lung through square duct of porous medium has been investigated [5]. On that 
work flow rate was shown for different parametric effect as pressure gradient, 
porosity, permeability and viscosity. The characteristics of air flow in bifurcating 
airway and mass transfer through porous media of human lung has been inves-
tigated [6]. Here the resistance of mass transfer between blood and trachea in the 
capillaries was acquired depending on porous media approach. Coupled fluid 
porous system is an important method to examine flow simulation in human 
lung channel [7]. In that paper, simulation of pore level is showed in alveolate 
duct geometry to determine its permeability. Air flow in an alveolate duct has 
been shown by a theoretically based closure model [8]. Here the permeability is 
obtained by solving the closure problem and direct simulation of flow obtained 
by verifying the assumptions. The blood flow and water movement in the chan-
nel of porous wall were discussed [9]. In that work numerical results were pre-
sented in terms of velocity and pressure distribution. The air flow in a cylinder 
with permeable wall is investigated experimentally [10]. Here it is observed that 
the air flow through nozzle is axisymmetric and the hotter layers are distin-
guished from permeable cold layers. The air flow in human tracheal cartilagin-
ous rings of cylindrical hills has been studied [11]. In that paper Large Eddy Si-
mulation (LES) is used to know airflow in cartilaginous rings at Reynolds num-
ber of 5176 in trachea region. The removal of particles from cylindrical and rec-
tangular channel using image force has been studied [12]. Here it is found that 
the results in cylindrical channel are appropriate with particle deposition in hu-
man lung airways. In cylindrical coordinate system the highly energy conserva-
tive second order finite difference method is used [13]. Here the numerical re-
sults have shown in different schemes for inviscid flow for both equally spaced 
and unequally spaced meshes. The three-dimensional incompressible flow is 
shown in cylindrical channel using finite difference scheme [14]. Here the flow is 
simulated for cylindrical channel with time dependent three-dimensional Navi-
er-Stokes equation using finite difference method. 
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In this paper the flow behavior is shown in 11th generation of human lung for 
cylindrical channel of porous medium. The flow rate is measured with different 
parametric effect as pressure gradient, porosity, permeability and viscosity. The 
numerical results are compared with square duct channel for porous and non- 
porous medium. It is observed that for both medium the flow rate is much more 
in cylindrical channel compared to square duct channel. 

2. Anatomy and Function of Lung 

The lungs are important organs in the respiratory system that participate in gas 
exchange process. Air is inhaled through nose or mouth and then instantly 
passes to pharynx. During gas exchange task, the lung influences a very large in-
ner surface to conduct airflows in the gas exchange area. In gas exchange process, 
oxygen is carried from lungs to the bloodstream. Human lung has a branching 
tree structure consists of trachea, bronchi and bronchioles (Figure 1).  

Throughout the lung development, the conducting airways are structured by 
the generation and growth of the gas exchange area. In right and left lungs, the 
number of alveoli is compared with age, height and weight. During first 2 years 
of life the number of alveoli in human lung is increased exponentially. From 
childhood (age of 6 years) to adulthood the small bronchioles and alveoli expand 
in size to increase the lung volume. The total number of alveoli in human adult 
lung is about 480 million and number of alveoli is closely connected to the total 
lung volume, large lungs having noticeably more alveoli. Lung is generally 
known for its gas exchange function; it is exhibited to signals in inhaled air and  

 

 
Figure 1. Airway branching of human lung (Weibel, 1963). 
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reacts to them by cooperating with other systems together with immune cells 
and the neural circuit. The air, blood and tissue these three components formu-
late the gas exchange region. The tissue compartments consequence as a struc-
ture of two dimension and constantly affecting components, air and blood. 

The branching tree structure has approximately 23 branches or generations 
from the trachea (generation 0) to the last order of terminal bronchioles (gener-
ation 23). An adult trachea has a length of 12 cm and diameter 1.8 cm. The right 
bronchus is being wider and makes smaller angle with axis of trachea which bi-
furcates asymmetrically. The diameter of small bronchi (G5 to G11) is conti-
nuously falling from 3.5 mm to 1 mm. In 11th generation there is an important 
change occurs where the length is about 3.90 mm and diameter is about 1.09 
mm. It is a conducting zone where the number of branches is 2048 and Re 
number is approximately 10 - 12 as shown in Table 1. In tracheobronchial tree 
the average diameter decreases in each generation. The diameter of each alveolus 
is 0.2 - 0.3 mm. The respiratory zone consists of bronchioles, alveolar ducts and 
alveolar sacs (G17 to G23) where diffusion and conduction take place in gas 
transportation. The respiratory system consists of upper airways and lower air-
ways. The upper airways include pharynx, nasal passages and paranasal sinuses. 
In gas exchange process the respiratory tract can be divided into conducting 
zone and respiratory zone. The lower respiratory tract contains trachea, main-
stream bronchus, lobar bronchus, segmental bronchus, bronchiole, alveolar duct 
and alveolus. The lower respiratory tract is actually the tracheobronchial tree 
which supplies air to the lungs. In lung structure model the respiratory bronchi-
oles contain 2.5 to 3 liters of air where an adult lung can contain almost 5 liters 
of air. 

3. Equation and Formulation of the Problem 
3.1. Porous Medium 

We consider the cylindrical channel for steady flow behavior in 11th generation 
of human lung as shown in Figure 2. Hydraulic diameters are maintained in cy-
lindrical channel and square duct channel in our simulation. The walls of the cy-
linder are porous with uniform permeability. 

We introduce Darcy resistance R as 

 R v
k
µϕ−

=  (1) 

where v is flow rate, µ  is viscosity, ϕ  is the porosity of the fluid and k is per-
meability. 

We consider the cylindrical co-ordinate ( ), ,r zθ  with z axis co-incident with 
the common axis of the cylinder. For steady flow the equations governing the 
flow are the continuity and momentum equations as 

 ( )1 1 0z
r

v vrv
r r r z

θ

θ
∂ ∂∂

+ + =
∂ ∂ ∂

 (2) 

r-momentum 
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Table 1. Approximate quantification of the human bronchial system (Weibel’s model). 

 
Generation  

(G) 
Number 

(n) 
Length 
(mm) 

Mean diameter 
(mm) 

Re 

Trachea 0 1 120.00 18.00 1480 

Main Bronchus 1 2 47.60 12.20 1092 

Lobar Bronchus 
2 4 19.00 8.30 803 

3 8 7.60 5.60 595 

Segmental Bronchus 4 16 12.70 4.50 370 

Bronchi w/Cartilage in 
Wall 

5 32 10.70 3.50 238 

6 64 9.00 2.80 149 

7 128 7.60 2.30 91 

8 256 6.40 1.96 53 

9 512 5.40 1.54 34 

10 1024 4.60 1.30 20 

Terminal Bronchus 11 2048 3.90 1.09 12 

Bronchiole w/muscle 
in wall 

12 4096 3.30 0.96 6.78 

13 8192 2.70 0.82 3.97 

14 16,384 2.30 0.74 2.20 

15 32,768 2.00 0.66 1.23 

Terminal Bronchiole 16 65,536 1.65 0.60 0.68 

Respiratory Bronchiole 

17 131,072 1.41 0.54 0.38 

18 262,144 1.17 0.50 0.20 

19 524,288 0.99 0.47 0.11 

Alveolar Duct 

20 1,048,576 0.83 0.45 0.056 

21 2,097,152 0.70 0.43 0.030 

22 4,194,304 0.59 0.41 0.015 

Alveolar Sac 23 8,388,608 0.50 0.41 0.008 

Alveoli. 21 Per duct  3E+0 0.23 0.28  

 

 
Figure 2. Geometry of the problem. (a) Cylindrical channel; (b) Square duct channel. 
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 2 2
2 2

1 2r r
r r r

vv vpv v v v v
t r r kr r

θ
θ

µϕρ µ
θ

∂∂ ∂   + ⋅∇ − = − + ∇ − − −  ∂ ∂ ∂   
 (3) 

θ-momentum 

 2
2 2

1 2 r
r

v v vpv v v v v v
t r kr r
θ θ

θ θ θ θ
µϕρ µ

θ θ
∂ ∂∂   + ⋅∇ + = − + ∇ − + −   ∂ ∂ ∂   

 (4) 

z-momentum 

 2z
z z z

v pv v v v
t z k

µϕρ µ
∂ ∂   + ⋅∇ = − + ∇ −   ∂ ∂ 

 (5) 

where 

 
1z z z

z r
v v vv v v v
r r zθ θ

∂ ∂ ∂
⋅∇ = + +

∂ ∂ ∂
 (6) 

 
2 2

2
2 2 2

1 1z z z
z

r v v vv
r r r r zθ

∂ ∂ ∂∂  ∇ = + + ∂ ∂ ∂ ∂ 
 (7) 

We take the following assumptions: For steady flow 

 0v
t
∂

=
∂

 (8) 

The flow rate for radical and azimuthal components of the fluid are zero 

 ( )0 .rv vθ= =  (9) 

For axisymmetric flow 

 0v
θ
∂

=
∂

 (10) 

 0p
θ
∂

=
∂

 (11) 

The flow is fully developed. We have 

 0zv
z

∂
=

∂
 (12) 

Then the continuity equation and angular momentum equation are identically 
satisfied. 

From radial momentum equation we have. 

 0p
r
∂

=
∂

 (13) 

The pressure p is a function of the axial co-ordinate z only. 
Then using Equation (6) and Equation (7) in Equation (5) we have 

 
1 0z

z
r vp v

z r r r k
µϕµ

∂∂ ∂  − + − = ∂ ∂ ∂ 
 (14) 

We use v instead of zv . 
Then the axial momentum Equation (14) reduces to 

 1 0p r v v
z r r r k

µϕµ∂ ∂ ∂ − + − = ∂ ∂ ∂ 
 (15) 
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 2
1 2

2

1 1 ln
41

4

pv r c r c
zr

k
ϕ µ

 ∂
⇒ = + + 

∂ −
 (16) 

where 1c  and 2c  are constants. 
Here v needs to be finite at 0r = , 1 0c = . 
The no slip boundary condition requires that 0v =  at r b=  (radius of the 

cylinder) which yields 

 2
2

1
4

pc b
zµ
∂

= −
∂

 (17) 

From Equation (16) we get 

 ( )2 2

4
Gv A b r
µ

 
⇒ = − 

 
 (18) 

 Where 
2

1

1
4

A
r

k
ϕ

=
−

 and 
pG
z
∂

= −
∂

 (19) 

Equation (18) gives the required solution for cylindrical channel of the porous 
medium. 

3.2. Non-Porous Medium 

For non-porous medium we take 0ϕ =  in Equation (3), Equation (4) and Eq-
uation (5). Then the axial momentum equation reduces to 

 1 0p r v
z r r r

µ∂ ∂ ∂ − + = ∂ ∂ ∂ 
 (20) 

 2
1 2

1 ln
4

pv r c r c
zµ
∂

⇒ = + +
∂

 (21) 

where 1c  and 2c  are constants. 
Here v must be finite at 0r = , 1 0c = . The no slip boundary condition is 

0v =  at r b=  (radius of the cylinder) which yields 

 2
2

1
4

pc b
zµ
∂

= −
∂

 (22) 

From Equation (21) we get 

 ( )2 2

4
Gv b r
µ

= − , Where 
pG
z
∂

= −
∂

 (23) 

Equation (23) gives the required solution for cylindrical channel of non-porous 
medium. 

4. Results and Discussion 
4.1. Porous Medium 

Flow behavior in terminal bronchus of human lung for square duct channel and 
cylindrical channel with different parametric effects are discussed and compared 
in this section. 
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Figure 3. Variations of flow rate for different values of G in (a) Square duct channel where 0.4µ = , 0.7ϕ = , 0.006k =  and 
0.02c = ; (b) Cylindrical channel where 0.4µ = , 0.7ϕ = , 0.006k =  and 0.5b = . 

 

 

Figure 4. Variations of flow rate for different values of porosity (ϕ ) in (a) Square duct channel where 5G = , 0.4µ = , 0.006k =  
and 0.02c = ; (b) Cylindrical channel where 5G = , 0.4µ = , 0.006k =  and 0.5b = . 
 

Figure 3 shows the flow rate in square duct channel and cylindrical channel 
for the same values of pressure gradient. For the increasing value of pressure 
gradient, the flow rate is increased in both channels. It can be noted that flow 
rate is increased much more in cylindrical channel than that of square duct 
channel for the same effect of pressure gradient and no flow take place when the 
pressure gradient is zero in both channels. 

Figure 4 shows the variations of flow rate for different values of porosity. If po-
rosity is increased the flow rate is increased in both channels. Porosity represents 
the quality of pore to be porous. 

If porosity is high then more amount of fluid will flow through the porous 
medium. It is also depicted in Figure 4 that for the same value of porosity the 
flow rate is comparatively high in cylindrical channel than that of square duct 
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channel. The highest flow rates is found as 0.054 in cylindrical channel and it’s 
about 1.48 × 10−3 in square duct channel which is very small compared to cylin-
drical channel. The variations of flow rate with porosity effect in square duct 
channel and cylindrical channel are shown in Table 2. 

Figure 5 shows the flow phenomena for different values of permeability pa-
rameter in both channels. Flow rate is decreased in square duct channel for low-
er value of permeability constant and increased in cylindrical channel for the 
higher value of permeability parameter. Permeability represents the flow ability 
of the fluid to flow through per unit area of porous medium. It is also noted that 
in cylindrical channel the highest flow rate is measured as 0.0704 and in square 
duct channel it’s about 1.478 × 10−3. So the flow rate is higher in cylindrical 
channel compared to square duct channel for the same value of permeability pa-
rameter. The variations of flow rate with permeability parameter are shown in 
Table 3. 

Figure 6 shows the flow behavior in both channels for the effect of viscosity. It 
is observed that for the same value of viscosity the flow rate is more in cylindric-
al channel compared to square duct channel. In square duct channel as shown in 
Figure 6(a) the flow rate is decreased by 0.3 compared to cylindrical channel 
shown in Figure 6(b). For increasing the value of viscosity from 0.4 to 0.5 the 
flow rate is decreased in Figure 6(c) by 0.25 compared to Figure 6(d). Flow rate  

 
Table 2. Flow rate with porosity effect (ϕ ) in square duct channel and cylindrical channel. 

Porosity value 
(ϕ) 

Square duct channel 
m/s 

Cylindrical channel 
m/s 

0.7 0.521 × 10−3 0.041 

0.8 1.21 × 10−3 0.047 

0.9 1.48 × 10−3 0.054 

 

 

Figure 5. Variations of flow rate for different values of k in (a) Square duct channel where 5G = , 0.4µ = , 0.7ϕ =  and 
0.02c =  (b)Cylindrical channel where 5G = , 0.4µ = , 0.7ϕ =  and 0.5b = . 
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Table 3. Flow rate with permeability effect (k) in square duct channel and cylindrical 
channel. 

Permeability (k) 
m2 

Square duct channel 
m/s 

Cylindrical channel 
m/s 

0.006 0.528 × 10−3 0.0528 

0.007 1.232 × 10−3 0.0616 

0.008 1.478 × 10−3 0.0704 

 

 
Figure 6. ((a), (b)) Variations of flow rate in both channels for same value of viscosity where 0.4µ = , 5G = , 0.7ϕ =  and 

0.006k = . (a) Square duct channel; (b) Cylindrical channel; ((c), (d)) Variations of flow rate in both channels for the same value 
of viscosity where 0.5µ = , 5G = , 0.7ϕ =  and 0.006k = . (c) Square duct channel; (d) Cylindrical channel. 
 

is decreased in both channels for increasing the value of viscosity. It is also no-
ticed that for the same channel as square duct the flow rate is decreased in Fig-
ure 6(c) compared to Figure 6(a) and also for cylindrical channel the flow rate 
is decreased in Figure 6(d) compared to Figure 6(b) for increasing the value of 
viscosity. So, it can be noted that the flow rate is a decreasing function of viscos-
ity and it is decreased more in square duct channel compared to cylindrical 
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channel. 

4.2. Non-Porous Medium 

The governing equations have been solved numerically for both channels in 
non-porous medium. Figure 7 shows the flow phenomena for different values of 
pressure gradient in square duct channel and cylindrical channel for non-porous 
medium. Here the flow rate is increased in both channels for increasing value of 
pressure gradient and the flow rate is considerably very high in cylindrical channel 
compared to square duct channel for the same value of pressure gradient. The 
maximum flow rate is measured as 3.704 × 10−3 in square duct channel and in 
cylindrical channel it’s about 2.116 in non-porous medium. 

The variations of flow rate in both channels for non-porous medium are 
shown in Table 4. 

5. Error Analysis 

The percentage error of the problem of cylindrical Channel is estimated (Table 
5). The differential equation is solved analytically and numerically. The error of 
the problem is analyzed with analytical and numerical solutions. 

Figure 8(b) shows the error in the flow rate. It is observed that the error at the 
center and the boundary of the channel is found as zero because the boundary  

 

 

Figure 7. Variations of flow rate for different values of G in (a) Square duct channel where 0.02c =  and (b) Cylindrical channel 
where 0.4µ =  and 0.5b = . 
 

Table 4. Flow rate with pressure gradient (G) in both channels for non-porous medium. 

Pressure gradient (G) 
Pa 

Square duct channel 
m/s 

Cylindrical channel 
m/s 

5 1.341 × 10−3 1.565 

6 2.694 × 10−3 1.837 

7 3.704 × 10−3 2.116 

https://doi.org/10.4236/ajcm.2024.142006


S. Akhter, M. U. Ahmmed 
 

 

DOI: 10.4236/ajcm.2024.142006 200 American Journal of Computational Mathematics 
 

 
Figure 8. Error in flow rate for cylindrical channel. 
 

Table 5. Error estimation along radial distance of cylindrical channel flow. 

Radius Analytical solution Numerical solution Error (%) 

0 1.5625 1.5625 0 

0.025 1.5615 1.3710 12.2 

0.050 1.5605 1.3327 14.6 

0.075 1.5595 1.3044 16.36 

0.100 1.5525 1.2853 17.21 

0.125 1.4782 1.2197 17.48 

0.150 1.4362 1.1872 17.34 

0.175 1.3925 1.1569 16.92 

0.20 1.3483 1.1299 16.20 

0.25 1.1852 1.0180 14.10 

0.30 1.000 0.8799 12.01 

0.35 0.7835 0.7146 8.80 

0.40 0.5678 0.5348 5.81 

0.45 0.3128 0.3040 2.81 

0.50 0 0 0 

 
condition is applied. From center to boundary the error is at first increased and 
then gradually decreased. It is observed that the error is 0% at the point zero and 
increased very gradually. After a certain point error is decreased and enriched to 
zero. The maximum error is 17.48% at 0.125 and the minimum error is 0% at 0.5 
along the radius of the channel. 

6. Conclusions 

Flow behavior is observed in human lung for cylindrical channel of porous and 
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non-porous medium. The analytical solution is obtained by taking cylindrical 
coordinates of the system. The numerical results of the cylindrical channel are 
compared with square duct channel for the same condition of different parame-
tric effect. For both channels flow rate is also measured in non-porous medium. 
We conclude the following: 

The flow rate increases in cylindrical channel compared to square duct chan-
nel for the same effect of pressure gradient, porosity and permeability parame-
ters. The results help to set a point that gas exchange in cylindrical channel is 
accelerated in cylindrical channel than that in duct channel. 
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Nomenclature 

Symbol Meaning 
v  Flow rate, m/s 
p  Pressure, Pa 
r  Radial component 
θ  Azimuthal component 
z  z-axis 
vr  Radial component of fluid velocity, m/s 
vθ  azimuthal component of fluid velocity, m/s 
vz  Axial fluid velocity, m/s 
R  Darcy resistance (a measure of the resistance to airflow) kg∙m−2∙s−2 
∆  Change in a quantity 
μ  Base fluid viscosity, kg/ms 
φ  Porosity (represents the ratio of pore volume to the total volume) 
k Permeability (indicates the ability of fluids to flow through porous me-

dium), m2 
b  Radius of cylindrical channel, m 
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