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Abstract 
Our study identifies a subtle deviation from Newton’s third law in the deriva-
tion of the ideal rocket equation, also known as the Tsiolkovsky Rocket Equa-
tion (TRE). TRE can be derived using a 1D elastic collision model of the mo-
mentum exchange between the differential propellant mass element (dm) and 
the rocket final mass (m1), in which dm initially travels forward to collide 
with m1 and rebounds to exit through the exhaust nozzle with a velocity that 
is known as the effective exhaust velocity ve. We observe that such a model 
does not explain how dm was able to acquire its initial forward velocity 
without the support of a reactive mass traveling in the opposite direction. We 
show instead that the initial kinetic energy of dm is generated from dm itself 
by a process of self-combustion and expansion. In our ideal rocket with a sin-
gle particle dm confined inside a hollow tube with one closed end, we show 
that the process of self-combustion and expansion of dm will result in a pair 
of differential particles each with a mass dm/2, and each traveling away from 
one another along the tube axis, from the center of combustion. These two 
identical particles represent the active and reactive sub-components of dm, 
co-generated in compliance with Newton’s third law of equal action and reac-
tion. Building on this model, we derive a linear momentum ODE of the sys-
tem, the solution of which yields what we call the Revised Tsiolkovsky Rocket 
Equation (RTRE). We show that RTRE has a mathematical form that is simi-
lar to TRE, with the exception of the effective exhaust velocity (ve) term. The 
ve term in TRE is replaced in RTRE by the average of two distinct exhaust 
velocities that we refer to as fast-jet, vx1, and slow-jet, vx2. These two veloci-
ties correspond, respectively, to the velocities of the detonation pressure wave 
that is vectored directly towards the exhaust nozzle, and the retonation wave 
that is initially vectored in the direction of rocket propagation, but subse-
quently becomes reflected from the thrust surface of the combustion chamber 
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to exit through the exhaust nozzle with a time lag behind the detonation 
wave. The detonation-retonation phenomenon is supported by experimental 
evidence in the published literature. Finally, we use a convolution model to 
simulate the composite exhaust pressure wave, highlighting the frequency 
spectrum of the pressure perturbations that are generated by the mutual in-
terference between the fast-jet and slow-jet components. Our analysis offers 
insights into the origin of combustion oscillations in rocket engines, with 
possible extensions beyond rocket engineering into other fields of combus-
tion engineering. 
 

Keywords 
Tsiolkovsky Rocket Equation, Ideal Rocket Equation, Rocket Propulsion, 
Newton’s Third Law, Combustion Oscillations, Combustion Instability 

 

1. Introduction 

Konstantin Tsiolkovsky, a Russian rocket scientist, in his publication of 1903 
titled “Study of outer space by reaction devices” [1] introduced the mathematical 
equation that governs the dynamics of rocket propulsion. Tsiolkovsky’s deriva-
tion leads to what became known as the Tsiolkovsky Rocket Equation (TRE), the 
ideal rocket equation, or the classical rocket equation, which appears as the solu-
tion of a differential equation that is based on the principles of conservation of 
linear momentum (referred to henceforth simply as momentum) prescribed by 
Newtonian mechanics. This is the derivation procedure that continues to be 
taught nowadays in standard textbooks related to rocketry and astronautics 
[2]-[7]. 

However, our study shows that Tsiolkovsky’s derivation of the equation con-
tains an incomplete application of Newton’s third law of classical mechanics. 
This shortcoming has remained unnoticed over the years. Let us first explore the 
shortcoming. 

The basic principle that is used for deriving TRE can be expressed as: “The 
propulsive force derives from momentum changes that originate from ejecting 
propellant at high velocities...” [6]. While this statement itself is noteworthy, let 
us explore the significance of isolating the combustion and propulsion phases of 
the rocket propulsion problem, and test separately whether the dynamic model 
that was used to derive TRE is indeed compliant with Newton’s third law in each 
of these two phases. 

TRE can be derived using a 1D elastic collision model of the momentum ex-
change between the differential propellant mass element (dm) and the rocket fi-
nal mass (m1), in which dm initially travels forward to collide with m1 and re-
bounds to exit through the exhaust nozzle with a velocity that is known as the 
effective exhaust velocity ve. We show below that such a model does not explain 
how dm was able to acquire its initial forward velocity without the support of a 
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reactive mass traveling in the opposite direction immediately after combustion 
but prior to the collision of dm with the rocket. Therefore, this model assumes 
that dm remains as a whole particle after combustion, undergoes momentum 
exchange with the rocket as a whole particle, and gets ejected through the ex-
haust nozzle also as a whole particle, which violates Newton’s third law by omis-
sion. 

An alternative derivation of TRE that considers m1 as the reactive mass and 
dm as the ejected active mass also does not explain the source of the force that 
repels dm away from m1, and does not explain that this backward motion of dm 
is indeed the rebound of an initial forward motion of dm generated by the reac-
tive support of a separate particle traveling in the opposite direction. Such a TRE 
model also is unable to comply with a strict application of Newton’s third law. 

We will show below that in the ideal 1D rocket model that we employ in this 
work, under the geometric confinement constraints that mimic the combustion 
chamber of an ideal rocket, the propellant combustion process will result in in-
tra-particle decomposition of the differential mass element dm, generating an 
identical pair of sub-particles each with mass dm/2, which we show is a combus-
tion model that complies with Newton’s third law of equal action and reaction. We 
will also show that the rocket propulsion phase incorporates the two co-generated 
sub-particles, each playing a different role in an integrated dynamic model. 

Below we present the derivation of a revised version of the ideal rocket equa-
tion that strictly complies with Newton’s third law in both the combustion and 
propulsion phases, and discuss the significance of rectifying the original Tsiol-
kovsky derivation to show how combustion oscillations are generated from the re-
vised model. The analysis and results presented below are based on non-relativistic 
classical mechanics. 

2. Methods 
2.1. Propellant Combustion and Newton’s Third Law 

Let us first revisit Newton’s third law of motion, as documented in The Princi-
pia—Mathematical Principles of Natural Philosophy [8]. Newton wrote (trans-
lated from Latin): “Law 3. To any action there is always an opposite and equal 
reaction; in other words, the actions of two bodies upon each other are always 
equal and are opposite in direction.” This implies that if there exists an action 
force that causes a massive particle to change its state of motion in a given direc-
tion, then there will always exist a reaction force that causes another massive 
particle (or equivalent ensemble of particles) to change its state of motion in the 
opposite direction. This powerful equilibrium law further implies that all forces 
of action and reaction must coexist at a given instant of co-application of the 
forces, which implies that a force cannot exist as a solitary action or solitary 
reaction without a matched force acting in the opposite direction. We will use 
the above theoretical foundation to further show how the combustion of a soli-
tary differential mass of propellant is able to convert and project its internal 
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chemical potential energy into the kinetic energy of a pair of sub-particles trav-
eling in opposite directions, in compliance with Newton’s third law. As a side 
note, it is worth observing that in the familiar equation of the kinetic energy KE 
of a massive particle that is expressed as ( ) 21 2KE m v= ⋅ ⋅ , the 1/2 multiplier is 
indeed a manifestation of the bifurcation of the original potential energy of the 
particle whole into its active and reactive sub-components at the instant of 
co-generation, which is a direct consequence of Newton’s third law. 

To develop the conceptual model of the conversion of propellant potential 
energy into kinetic energy, let us first conduct a thought experiment. Let us im-
agine that a rocket engine combustion chamber is modeled as a hollow tube car-
rying a solitary propellant of differential mass dm, modeled as a homogeneous 
spherical mass, traveling at a constant velocity v relative to an observer’s refer-
ence frame. Now, let us suppose that the differential propellant mass dm that is 
initially placed at the conceptual center of the combustion chamber undergoes 
combustion and uniform spatial scattering outwards from this center. We note 
that the geometry of the cylindrical structure of the hollow tube constrains the 
combusted propellant gases to become channeled and travel either in the for-
ward propulsive direction, or rearward exhaust direction. It is worth noting that 
the gas particles that are directed into the lateral wall of the combustion chamber 
will become reflected and redirected to either the forward or rearward direc-
tions. The magnitude of the resultant momentum carried by each component of 
the combusted propellant must be equal in the two axial directions of propaga-
tion, as prescribed by Newton’s law of equal action and reaction. We also deduce 
that the action-reaction pairing at the microscopic level will aggregate into a 
macroscopic bifurcation of the ensemble of gas particles into two equal macro 
sub-particles each of mass dm/2, which is a mathematical construct required for 
differential analysis. The bifurcation of mass is also a direct consequence of the 
application of the principle of conservation of mass [9], where we know from 
geometry that when the combusted propellant mass is partitioned symmetrically 
inside a hollow tube, then the two bilaterally symmetric components of the ex-
haust gases must be of equal mass. 

Based on the above, we arrive at our first working postulate:  

Postulate 1. When a homogeneous spherical differential mass of propellant is 
combusted inside a hollow tube that permits unimpeded expansion only in two 
diametrically opposite axial directions, then the mass of the combusted propel-
lant will be bifurcated into two components of equal mass.  

Let us now consider a second thought experiment to frame the scientific basis 
of our planned analysis. Imagine a rocket moving through free space, propelled 
by the combustion of a propellant having differential mass dm inside its com-
bustion chamber. Let us focus on a specific scenario within this rocket. At the 
center of the combustion chamber, there is a bullet consisting of two equal 
masses (see Postulate 1): the projectile (dm/2) and the cartridge case (dm/2). 

Now, let us remotely trigger the bullet to fire in the direction of the rocket’s 
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intended motion. As per Newton’s third law, the action of the detonating charge 
propels the projectile in the forward direction, being supported by the reaction 
of the cartridge case moving in the backward direction. 

Let us pause to ponder the following. The original derivation of TRE assumes 
that the entire differential mass dm travels forward as a single unit, and becomes 
reflected from the thrust surface (injector plate) again as a single unit, after im-
parting momentum to the rocket mass. This is equivalent to a two-body elastic 
collision problem. Such a conceptual model is unable to explain how the diffe-
rential propellant mass dm was able to acquire its initial momentum without 
reacting against another mass traveling in the opposite direction. If indeed it is 
assumed that the source of the initial momentum of dm is a reaction with 
another mass element dm that was made to travel in the opposite direction, then 
we arrive at the conclusion that the initial pre-combustion propellant must have 
a total mass 2∙dm. If 2∙dm is then mapped to dm for mathematical consistency, 
we arrive at the same bifurcation model that we used in our derivation of RTRE 
in which one particle of mass dm generates a sub-particle pair each with mass 
dm/2. In summary, to adhere to Newton’s third law at the microscopic level, it is 
essential to have a differential mass pair of action and reaction, simultaneously 
created during propellant combustion. Once the pair has been created, the par-
ticle that travels in the forward direction will collide with the thrust surface and 
impart momentum to the rocket mass. This is the order of the cascade of events 
from the microscopic scale of combustion to the macroscopic scale of momen-
tum exchange. 

We now map our above thought experiment to the physical combustion of an 
element of propellant inside a conventional rocket combustion chamber, and 
define the cartridge case as the analog of the detonation pulse, and the projectile 
as the analog of the retonation pulse. We adopt the convention of using the term 
detonation for the pulse that is directed towards the open end of the chamber, 
and the term retonation for the pulse that travels to the closed end (the thrust 
surface). Such a bifurcation of combustion gases into detonation-retonation 
pulses has been verified experimentally in the published literature [10]. 

Also, since the projectile and cartridge case have equal mass (Postulate 1), their 
velocities will be identical but in opposite directions, which is a requirement of the 
momentum equilibrium condition derived from Newton’s third law. Let us denote 
the projectile’s velocity as +vx1 and the cartridge casing’s velocity as −vx1. 

Based on the above, we arrive at our second working postulate:  

Postulate 2. When a homogeneous spherical differential mass of propellant is 
combusted inside a hollow tube that permits unimpeded expansion only in two 
diametrically opposite axial directions, then the magnitude of the velocities of 
the bifurcated equal masses will be identical, and vectored in opposite axial di-
rections.  

Mapping our thought experiment onto the case of a real rocket combustion 
chamber, we see that the projectile collides with the thrust surface of the rocket 
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combustion chamber, while the cartridge case is already moving away and does 
not make contact with the thrust surface. At the moment of projectile to thrust 
surface collision, an equilibrium of forces occurs between the projectile and the 
rocket, causing the projectile to induce an acceleration on the rocket which has a 
mass m1. 

We can now apply momentum conservation to determine that, after the pro-
pulsion phase, the increase in momentum of the rocket must balance the de-
crease in momentum of the projectile. 

After the collision, the projectile rebounds from the thrust surface, reversing 
its direction and traveling backward. It then exits the exhaust nozzle with a ve-
locity of −vx2. Due to the loss of some momentum during the collision with the 
thrust surface, the absolute value of −vx2 is smaller than that of +vx1. 

We conclude from application of Postulate 1 and Postulate 2 that when a 
rocket is propelled by the combustion (or detonation) of a solitary propellant 
particle, two particles with different velocities emerge from the exhaust nozzle. 
This bifurcation in exhaust velocity occurs because of the application of New-
ton’s third law during the combustion phase. It is important to note that only 
one-half of the bullet’s mass actively interacts with the rocket thrust surface. This 
seemingly counter-intuitive result becomes clear when we consider a scenario 
where the bullet’s initial position is entirely outside the rocket’s combustion cham-
ber, and it is then fired into the chamber. The resulting change in rocket velocity 
would be the same as if the bullet’s initial position were entirely inside the cham-
ber. However, in this case, it is evident that only one particle with a mass of dm/2 
exits the exhaust nozzle after collision and rebound. 

Now, the question arises: How can we determine the change in velocity (dv) 
of the rocket? To calculate dv, we need to know either vx1 or vx2, which we will re-
fer to as the fast-jet and slow-jet components of the exhaust, respectively. If we use 
the TRE model and choose to ignore the bifurcation and instead equate vx1 and vx2 
individually to the effective exhaust velocity (ve), the effect is to attribute one aver-
age exhaust velocity value ve to the entire propellant mass element dm, ignoring the 
conditions imposed by Newton’s third law of motion, as shown above. This aver-
aging approximation is the analytical approach that was used in the derivation of 
the original TRE, which has the effect of obscuring the underlying mechanism 
which we will show below is responsible for generating combustion oscillations. 

What more evidence is there in the literature for the bifurcation of the by-
products of propellant combustion? Let us start with a direct quote from a recent 
publication, “... when a detonation pulse is formed, an explosion pulse propa-
gating backward is formed at the same time, which is called retonation pulse” 
[11]. This laboratory study used a horizontal tube with an ammonia/oxygen 
mixture acting as the propellant. 

Perhaps one of the earliest works to report the retonation phenomenon in 
rocket engines identifies the phenomenon as a process that has been initiated by 
a point explosion [12]. There are studies suggesting that combustion instability 
is caused by pressure oscillations in the rocket engine combustion chamber [13] 
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[14], as a consequence of which the dreaded pogo oscillation has been known to 
cause catastrophic failure in rockets [15] [16]. From a related field, it is reported 
that when a flame is ignited in the middle of an open tube, the flame propagates 
in both directions [17]. Another experimental study used a tube that was closed 
at one end, and found oscillation frequencies that were close to the fundamental 
acoustic mode, suggesting that the oscillations are primarily triggered by initial 
flame motion [18]. The above works indicate that there is a phenomenon of 
backward propagation at the point of propellant combustion, which has been 
observed experimentally and interpreted as the initiation of turbulent flow [19]. 
On the basis of our discussion above and the analysis below, we conclude that 
the detonation-retonation phenomenon and the related bifurcation of the ex-
haust gases is an essential consequence of the strict application of Newton’s third 
law of equal action and reaction. 

2.2. Derivation of the Revised Tsiolkovsky Rocket Equation  
(RTRE) 

We now proceed to analyze the dynamics of the propellant combustion and 
rocket propulsion problem, leading to the derivation of the Revised Tsiolkovsky 
Rocket Equation (RTRE). 

There are three phases: the initial phase where the propellant has not under-
gone combustion; the combustion phase where the propellant has undergone 
combustion but where there is yet no interaction with the thrust surface, there-
fore the rocket has not undergone any propulsion; the propulsion phase which is 
immediately after the forward component of the propellant has collided with the 
thrust surface and caused the rocket to gain a differential velocity dv, while the 
propellant has lost some of its momentum. 

 

 
Figure 1. The proposed rocket propulsion model a) Initial state of motion at t = 0, b) 
State of motion during propellant combustion at time t = 0, c) State of motion after rock-
et propulsion at t = dt. 
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Figure 1 shows the basic components that are required for analyzing the dy-
namics of the rocket—propellant system. Referring to Figure 1(a), the total 
mass of the rocket at time t = 0 prior to combustion is m1 + dm, where m1 is the 
final mass of the rocket, and dm is the differential mass of the propellant that 
will be ejected from the exhaust nozzle after the end of the combustion-expansion 
and propulsion cycle at time t = dt, where dt is differential time. Before combus-
tion, as shown in Figure 1(a) dm is traveling at the same velocity v as the rocket. 
Immediately after combustion, as shown in Figure 1(b), dm will become bifur-
cated into its two sub-particles each of mass dm/2. In Figure 1(c) we see that the 
active component of dm/2 collides with the thrust surface of the combustion 
chamber, and rebounds to travel backward to be ejected from the exhaust nozzle 
with the slow jet velocity −vx2. The collision with the thrust surface propels the 
rocket in the forward direction with a change of velocity of dv, the change of ve-
locity being identical both in the rocket and observer reference frames. 

We are now ready to analyze the dynamics of the propellant-rocket system, 
and determine the rocket velocity change dv. 

By definition, the initial mass of the rocket including the uncombusted pro-
pellant is m0, such that 0 1m m dm= + , where m1 is the final mass of the rocket, 
and dm is the differential mass of the propellant. The initial velocity of the rock-
et is v0. We continue our analysis in the rocket reference frame. Our 1D coordi-
nate system is such that the positive axis points in the direction of rocket mo-
tion. 

In the initial phase, for the combined rocket and propellant system, the total 
momentum ( 0P ) is the sum of the rocket initial momentum ( 0rP ) and the pro-
pellant initial momentum ( 0pP ) in the rocket reference frame:  

 0 0 0 0r pP P P= + =                         (1) 

In the combustion phase, the total momentum ( 1P ) is the sum of the rocket 
combustion momentum 1 0rP =  and the forward half of the propellant com-
bustion momentum ( )1 12pP dm vx= ⋅ :  

 1
1 1 1 2r p

dm vxP P P ⋅
= + =                       (2) 

In the propulsion phase, the total momentum ( 2P ) is the sum of the rocket 
propulsion momentum 2 1rP m dv= ⋅ , and the momentum of the forward half of 
the propellant after it has collided with the thrust surface and rebounded to exit 
through the exhaust nozzle with velocity 2vx− , such that ( )2 22pP dm vx= − ⋅ :  

 2
2 2 2 1 2r p

dm vxP P P m dv ⋅
= + = ⋅ −                    (3) 

For momentum conservation, we equate the total propulsion momentum 
( 2P ) with the total combustion momentum ( 1P ) to yield the momentum con-
servation equation, which after simplification becomes:  

 1 2 12 m dv dm vx dm vx⋅ ⋅ − ⋅ = ⋅                     (4) 

Before we convert Equation 4 into a differential equation, we express it in dif-
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ference equation form by making the substitutions [ ]1 1m m n= + ,  
[ ] [ ]( )1dv v n v n= + − , [ ] [ ]( )1dm m n m n= − + , noting that dm is conventionally 

defined as 0 1m m−  which is the initial mass m0 of the rocket at time [ ]n , mi-
nus the final mass m1 at time [ ]1n + . Finally substituting  
[ ] [ ]( ) ( )1 =v n v n v t′+ −  and [ ] [ ]( ) ( )1m n m n m t′− + = − , we obtain the follow-

ing ordinary differential equation:  

 ( ) ( ) ( ) ( )2 12 x xm t v t m t v m t v′ ′ ′⋅ ⋅ + ⋅ = − ⋅                (5) 

In Equation 5, we note that the sign of the mass derivative has become nega-
tive, after conversion from the difference equation as described above. 

Equation 5 is an ODE which can be solved with initial conditions [ ] 00v v=  
to yield the rocket velocity v, following which we can obtain the change in veloc-
ity 0dv v v= − :  

 ( ) 0
1 2

1

1 log
2

m
dv vx vx

m
 

= ⋅ + ⋅  
 

                   (6) 

Equation 6 is what we call the Revised Tsiolkovsky Rocket Equation (RTRE). 
We see immediately that RTRE is similar in structure to the Tsiolkovsky Rocket 
Equation (TRE) shown in Equation 7, where ve is known as the effective exhaust 
velocity. However, we will retain the RTRE formulation with the two distinct 
exhaust velocities vx1 and vx2 for reasons that will be evident below. 

 0

1

log
m

dv ve
m

 
= ⋅  

 
                        (7) 

2.3. Relationship between the Exhaust Velocities vx1 and vx2 

Let us now find the relationship between vx1 and vx2. We will treat the momen-
tum exchange between the combusted propellant and the rocket as an elastic 
collision problem. Only one of the two exhaust velocities needs to be known in 
order to compute the other one and solve the collision problem. We arbitrarily 
select the velocity vx1 (fast-jet) as the known quantity, following which we solve 
the collision problem to compute vx2 in terms of vx1. Since the velocity change 
variable dv is also an unknown variable, we will need to solve two simultaneous 
algebraic equations to find vx2 in terms of vx1 and the mass variables m0 and m1. 
The two algebraic equations are the momentum conservation and kinetic energy 
conservation equations in the rocket reference frame. 

The momentum conservation equation (identical to Equation 4) is: 

1 22 2
dm dmvx m dv vx⋅ = ⋅ − ⋅                     (8) 

The kinetic energy conservation equation is:  

 ( )22 2
1 2

1 1 1
2 2 2 2 2

dm dmvx m dv vx   ⋅ ⋅ = ⋅ ⋅ + ⋅ ⋅ −   
   

            (9) 

We now solve Equations 8 and 9 simultaneously to obtain an expression for 
vx1 in terms of vx2, after substituting 1m m=  and 0 1dm m m= − . Next we di-
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vide the vx1 solution by vx2 to fsind an expression for the exhaust velocity ratio 

vxβ  as: 

 1

2

0 1
3 1 0vx

vx m m
vx m m

β +
= =

⋅ −
                    (10) 

3. Results and Discussion 

Let us apply the results presented above in a numerical simulation. For the pur-
pose of the following simulation, we will assume an ideal rocket in which we do 
not consider thermodynamic losses. Also, our analysis focuses exclusively on 
momentum thrust, disregarding any consideration for pressure thrust, which 
falls outside the scope of this investigation. 

In Table 1, we show sample operational parameters for a rocket that we shall 
use in a simulation study. The column “MR” is the mass ratio defined as 

0
1

mMR
m

= . The column “Δv TRE” represents the velocity change Δv computed  

using the Tsiolkovsky Rocket Equation (TRE). 
Before proceeding with the simulation, given only the parameters of Table 1, 

we need to find the appropriate values of vx1 and vx2 in RTRE that will yield the 
value of Δv TRE (m/s) shown in Table 1. Therefore, by comparing the mathe-
matical form of Equation 5 and Equation 6, we find the following relationship: 

( )1 2
1
2

ve vx vx= +                       (11) 

Solving simultaneously Equation 11 with Equation 10, we obtain the follow-
ing: 

 

( )

( )

0 1
1

1

1 0
2

1

2
3

2

m m ve
vx

m
m m ve

vx
m

+ ⋅
=

⋅

⋅ − ⋅
=

⋅

                    (12) 

 

We can express vx1 and vx2 of Equation 12 in terms of dm, given 

0 1dm m m= − , to yield: 

 
1

1

2
1

1
2

1
2

dmvx ve
m

dmvx ve
m

 
= ⋅ + ⋅ 

 
= ⋅ − ⋅ 

                    (13) 

We note from Equation 13 that the values of the fast-jet velocity vx1 and the 
 

Table 1. Example of a rocket for propulsion simulation study. 

m0 (kg) m1 (kg) MR ve (m/s) Δv TRE (m/s) 

50000 30000 1.67 2500 2085.18 

https://doi.org/10.4236/aast.2024.91002


Z. Harari 
 

 

DOI: 10.4236/aast.2024.91002 20 Advances in Aerospace Science and Technology 
 

slow-jet velocity vx2 are symmetrical about ve, and their distance from ve is 
identical to one-half of the ratio between dm and m1. This yields the interesting 
property that the difference between vx1 and vx2 will be minimized when the ra-
tio of dm to m1 is also minimized. We will address this property below in the 
context of the discussion about combustion oscillations. 

Expanding on our earlier assessment of the derivation of the Tsiolkovsky Rocket 
Equation, we raise the question regarding the magnitude of the starting forward 
velocity of the mass element (dm) before it collides with the thrust surface, under-
going reflection and subsequent ejection as exhaust. Our earlier analysis indicates 
that the forward velocity (vx1) will be greater in magnitude than the effective ex-
haust velocity (ve). This suggests the existence of another propellant particle (dm) 
that will exit the exhaust nozzle at a velocity of magnitude vx1 before the reflected 
pair element (dm) also exits at velocity ve. As a result, we see that the total mass of 
the ejecta must be twice dm. By setting the differential mass element to be rede-
fined as dm by mathematical convention, we conclude that the forward vectored 
active component of the propellant must be dm/2, not dm. We also deduce that 
the component of the exhaust gases that is reflected from the thrust surface will 
exit the exhaust nozzle at the velocity −vx2, which is smaller in magnitude than ve. 
This aligns with the model adopted in the derivation of the Revised Tsiolkovsky 
Rocket Equation (RTRE), which indeed adheres to Newton’s third law. 

1D simulation of Pressure Oscillations Generated by Exhaust  
Bifurcation 

Combustion oscillations (instabilities) were a major problem that plagued the design 
of the F-1 engine for the Saturn V rocket. Such oscillations are generally attributed to 
turbulent flow and coupling between the chamber acoustics and the flame front. 

In order to identify the primary mechanism that generates combustion oscilla-
tions, we have derived above the theoretical basis for the occurrence of exhaust 
velocity bifurcation in the combustion chamber of a rocket engine. We know from 
Bernoulli’s principle that a change in the velocity of a fluid will cause a change in 
the flow pressure [20]. Therefore, we can deduce that the velocity bifurcation in-
side the rocket combustion chamber, coupled with repeated cycles of propellant 
combustion, will set up a flow perturbation which generates a pressure oscillation 
inside the chamber [21] [22] [23]. There is also experimental and numerical analy-
sis evidence in the literature which indicates that combustion in both an open and 
closed tube results in the splitting of the combustion flame into forward and rear-
ward components [24]. In this work, it is seen that when the rearward propagating 
component is reflected from the end of the closed tube it generates a reflected 
flame that travels forward with a finite delay relative to the forward flame, which is 
a mechanism that generates turbulent flow. 

We will now simulate the pressure oscillations in an ideal rocket combustion 
chamber, which is modeled as a series of discrete propellant combustion events, 
with the propellant placed at a nominal distance between the combustion point 
and the thrust surface, which can be varied as required. We point out that the 1D 
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simulation results presented in this study are only qualitative, and should not be 
used in quantitative form for any purpose, including for engine design purposes. 

We will use a blast pulse pressure profile (a pulse) that can be approximated 
by a combination of an exponential decay function and a left-skewed Gaussian, 
as shown in Equation 14, similar in general shape to the Chapman-Jouguet (CJ) 
detonation model shown in Ref. [25]. 

 
( ) ( ) ( )

( ) ( )( )
2 2Exp center 2 width

1 Erf skewness center 2 width

p t t

t

 = − − ⋅ 

 ∗ − − − ⋅ 

       (14) 

In Equation 14, ( )p t  represents the pressure at time t. The function ( )Erf z  
is the error function. The parameter “center = 0.0006” controls the position of 
the start of the pulse, “width = 0.001” determines the general width of the pulse, 
and “skewness = −5” controls the skewness of the pulse. These parameters define 
the characteristics of the source pulse, which we will use to simulate the combus-
tion oscillations. 

Our 1D simulation begins with a spike train comprising the direct pulse 
(fast-jet with velocity vx1), followed after a time lag by the reflected pulse (slow-jet 
with velocity vx2). We choose to set each spike arbitrarily to a unit amplitude, 
assuming that the reflection of the forward pulse from the thrust surface will ex-
hibit a reflection coefficient ρ that that we will vary in order to simulate various 
scenarios. We then create the synthetic pressure trace by the convolution of the 
source pulse with the spike train, thereby replicating a discrete propellant com-
bustion event. The parameters that we use are not necessarily representative of 
an actual rocket engine, but are rather selected to illustrate some fundamental 
concepts that will be discussed below. 

In Figure 2, we observe a simulated propellant combustion using a combina-
tion of fast-jet and slow-jet pressure pulses. The pressure trace is recorded at 
three different positions along the x-axis: x = 0 m, x = 2 m, and x = 4 m. 

At each measurement location, we first observe the arrival of the fast-jet pulse, 
which travels at a velocity vx1 and reaches the point at time ( ) 1t x x vx= . The 
second arrival is the slow-pulse, which initially moves forward at the high veloc-
ity vx1 from the source to the thrust surface located at a distance of 1 m from the 
source. After reflection, it travels backward at the slower velocity vx2 until it 
reaches the measurement location at distance x from the center of combustion. 

It is important to note that the composite traces have different shapes due to 
the varying delay times between the fast-jet and slow-jet arrivals. The time lag 
between the two arrivals is directly proportional to the distance of the measure-
ment point, and the difference between vx1 and vx2. 

Additionally, each trace exhibits a distinct frequency spectrum. In particular, 
the spectrum at x = 2 m and x = 4 m displays a local peak at approximately 
350Hz and 500Hz, respectively. This suggests that understanding the dynamic 
nature of the spectrum in relation to the location within the combustion cham-
ber is crucial for addressing combustion oscillations effectively. 
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Figure 2. Simulated pressure trace of the combined fast-jet and slow-jet synthetic, as a 
function of measurement distance (x) relative to point of combustion. The simulated dis-
tance between the thrust surface and the point of combustion is chosen to be 1 m, and the 
reflection coefficient (ρ) of the thrust surface is +1, which implies total lossless reflection. 

 

In Figure 3, we present simulated pressure traces for three cases of thrust 
surface reflection coefficients: 1ρ = + , 0ρ = , and 1ρ = − . The measurement 
distance and thrust surface distance are kept constant across all cases. 

A reflection coefficient of 1ρ = +  indicates that the pressure pulse is fully re-
flected by the thrust surface, with the amplitude, polarity and shape of the reflec-
tion being identical to the incident pulse. Conversely, a reflection coefficient of 

1ρ = −  implies a reversed polarity pressure pulse. 
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Figure 3. Simulated pressure trace and amplitude spectrum of the combined fast-jet and 
slow-jet synthetic, as a function of thrust surface reflection coefficient (ρ). The simulated 
distance between the thrust surface and the point of combustion is 1 m. 

 
Of particular interest is the case where 0ρ = , which corresponds to the 

theoretical case where the thrust surface fully absorbs the reflection of the 
forward propagating pressure pulse. In this hypothetical case, the pulse may 
either pass through fully or be absorbed completely. This scenario can be 
viewed as an idealization of a damping mechanism installed on the thrust sur-
face. Damping techniques have been successfully employed in the design of 
F-1 rocket engines for the Saturn V, contributing to the mitigation of combus-
tion oscillations [26]. 
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Figure 4. Simulated pressure trace assnd amplitude spectrum of the combined fast-jet 
and slow-jet synthetic, as a function of thrust surface distance. 

 
In Figure 4, we display three simulated pressure traces corresponding to dif-

ferent distances of the thrust surface from the source of combustion, located at x 
= 0 m. The thrust surface distances are 1 m, 2 m, and 3 m, while the reflection 
coefficient remains constant at 1ρ = + . 

Comparing Figure 4 with Figure 2, we observe that varying the thrust surface 
distance has a similar impact on the trace shape and frequency spectrum, to 
changing the measurement position alone, but with one significant difference. In 
Figure 4, the arrival time and shape of the direct pulse (fast-jet) remain unal-
tered by the position of the thrust surface, whereas they are influenced by the 
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position of the measurement location, as shown in Figure 2. 
Also, in Figure 2, the arrival times of both the fast-jet and the slow-jet exhibit 

linear variation with the x-offset. These characteristics of the two jets can be le-
veraged to optimize the design of the rocket combustion chamber, utilizing the 
constructive and destructive interference phenomena illustrated using the con-
volution model presented in this work, and deploying an array of reflectors and 
dampers that are placed in a suitable pattern over the 3D area of the thrust sur-
face, as a method of mitigating combustion oscillations. 

4. Conclusions 

We identify a subtle deviation from Newton’s third law in the derivation of the 
well-known Tsiolkovsky Rocket Equation (TRE). We show that the transfer of 
momentum and kinetic energy from propellant combustion to rocket propulsion 
involves a bifurcation of the differential mass element dm of the combusted 
propellant. We show that only the active half of dm interacts with the combus-
tion chamber’s thrust surface in an exchange of momentum, while the other 
reactive half exits the exhaust nozzle without interacting with the thrust surface. 

Based on this observation, we derive a rocket equation that we refer to as the 
Revised Tsiolkovsky Rocket Equation (RTRE). The derived equation has a ma-
thematical structure that is similar to TRE but employs two distinct velocities vx1 
and vx2 instead of one effective exhaust velocity ve. TRE’s use of the effective ve-
locity helps to obscure the presence of a bifurcated exhaust velocity stream, 
which we show can be modeled to explain the origin of combustion oscillations 
inside a rocket combustion chamber. We also demonstrate that if vx1 and vx2 are 
unknown, they can be computed to match the available or measured value of dv, 
with prior knowledge of ve and the mass parameters m0 and m1. 

To investigate the role of the bifurcated exhaust velocity state as a possible 
origin of combustion oscillations, we conduct a 1D numerical simulation study. 
By varying the pressure measurement position within the combustion chamber, 
we observe changes in the pressure wave’s frequency characteristics. We note 
that the position of measurement of the pressure wave has a similar effect to that 
of varying the distance between the combustion center and the thrust surface. 
We also simulate the impact of varying the thrust surface’s reflection coefficient, 
finding that it influences the shape and frequency content of the composite 
pressure wave. 

We can also conclude from Equation 13 that the difference between vx1 and 
vx2 is proportional to the ratio between dm and m1. We note that decreasing the 
difference between vx1 and vx2 will result in a smaller time lag between the 
peaks of the detonation and retonation pressure pulses, which is expected to in-
crease the high frequency content of the composite pressure wave, as can be de-
duced from the results shown in Figure 2 and Figure 4 of our simulation above. 

Based on our observations above, we can summarize the basic principle of 
rocket propulsion as follows: A rocket moves forward when the higher gas pres-
sure inside the combustion chamber exceeds the lower gas pressure at the ex-
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haust nozzle. The ejection of gases through the exhaust nozzle provides the ne-
cessary support (inertial plug) to maintain the gas pressure inside the combus-
tion chamber. The expulsion of gases through the exhaust nozzle occurs imme-
diately after the generation of gas pressure in the combustion chamber. This gas 
pressure is the source of the force that propels the rocket forward, contrary to 
the common belief that rearward mass ejection through the exhaust nozzle 
causes forward rocket propulsion. In other words, rearward mass ejection is the 
visible after-effect, not the cause of rocket propulsion.  

In conclusion, we show that the results of this study challenge some existing 
paradigms in the field of rocket engineering. Our study has the objective of con-
tributing to the design of more efficient rocket engines based on the under-
standing of the fundamental processes that contribute to combustion instability. 
This study also has the potential to contribute insights to other areas of combus-
tion engineering. 
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