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Abstract 
Article devoted to searching the parameters of dark matter halos on the base of dwarf galaxies’ 
dynamics (Messier 32 and Leo I). For doing this, we propose the new approach founded on con-
struction the coupled elliptical trajectory for a probe body in the gravitational fields of Newtonian 
potential and potential of dark matter’s halo. This allows more accuracy estimate its central den-

sity for the Navarro-Frenk-White profile  
 
 

24
0 3

g~ 10
cm

ρ −  and free parameter for the Einasto pro-

file ( )0.06 0.65α≤ ≤ . Our result is in good correlation with results of other authors that are got by 
different numerical methods. 
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1. Introduction 
One of the urgent problems of modern cosmology is searching the dark matter properties. Dark matter—an un-
usual type of cosmic substance, which is in the overall energy balance of the Universe approximately equals 27% 
[1]. Astronomical observations suggest that dark matter is concentrated around the large space objects such as 
galaxies and their clusters. Dark matter forms a halo which mass enriches about 90% of the galaxy total mass [2]. 
(Note, that dark matter may form different types of clumps without existence of any baryonic objects [1]). 
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It should be noted that distribution of dark matter in the halo of galaxies is not uniform—it concentrates in 
their centers and decreases to peripheries. The corresponding distribution function of dark matter (profile) is 
usually founded on numerical methods that are modeling the dynamics of stars in galaxies. Today a number of 
profiles are known [3]-[7], which include the unknown dark matter density in the centers of galaxies 0ρ , as 
well as a number of free parameters. 

Finding numerical values of these quantities is one of unsolved cosmological problems that from our view-
point, can be partially solved by examining the dynamics of dwarf galaxies. Note that influence of dark energy 
and dark matter on galaxies’ dynamics successfully described even in the framework of Newtonian approach [2] 
[8] [9]. Therefore, we’ll be used it in our searching for estimation the magnitudes of the dark matter halo’s pa-
rameters.  

2. On the Dynamics of Test Bodies in the Dark Matter Halo’s of Massive Galaxies 
Now consider the following dynamic model—in the gravitational field of a massive galaxy, surrounded by a 
halo of dark matter, the probe body moves. The prototype of this model, for example, is the model of dwarf ga-
laxy Messier 32 motion in the Andromeda galaxy or the motion of dwarf galaxy Leo I in the Milky Way. As for 
the distribution function of dark matter we’ll choose two most known of them—Navarro-Frenk-White profile 
and Einasto profile. 

2.1 Navarro-Frenk-White Profile of Dark Matter 
The Navarro-Frenk-White profile looks as follows [10] 

( ) 0
2

0 0

.

1

r
r r
r r

ρ
ρ =

  
+  
  

                                  (1) 

Here and hereinafter 0ρ —the density of dark matter in the center of galaxy, 0r —the size of its halo, r — 

the current radius. Assume that following relationship 
0

1r
r

ε =   exists between them. Therefore, the profile 

function can be expanded in Taylor series with respect to above introduced small parameter. With the first order 
on ε  accuracy we get 

( ) 0
0 2 .

r
r

r
ρ ρ  = − 

 
                                   (2) 

Then the potential energy of the dark matter of the field can be written down as  
2 ,U Ar Br= −                                      (3) 

where coefficients in standard designations are  

0 0 0
8 4π , π .
3 3

A G m B G mrρ ρ= =                               (4) 

Later on we’ll use first term in (3) only because such potential energy leads to a closed trajectory that corres-
ponds to the real observations of dwarf galaxies’ movement. Consequently, based on the conservation laws of 
energy and momentum for the test body dynamics, its trajectory can be write down in the standard form  

( )
1
2

ˆ ˆ1 cos .p e
r

ψ= +                                    (5) 

2 2

2 2

4 2

1

arccos const.

2

mE
r M

m E mA
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 = +

−

                            (6) 
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2 2
2

2
ˆ ˆ, 1 2 .M AMp e

mE mE
= = −                                (7) 

From expressions (5)-(7) sees that it describes the elliptical trajectory that is similar to standard trajectory for 
one body in Newtonian mechanics [11] 

1 cos ,p e
r

ϕ= +                                     (8) 

2 2

2

arccos const,

2

M m
r M

mmE
M

γ

ϕ
γ

−
= +

+

                             (9) 

where grGMγ = —constant of Newtonian potential for a gravitating mass grM . Marking 
ˆ
2
ee =  and ˆ ,p p=  

it’s clear that expressions (5) and (8) can be written down in the form of coupled elliptical trajectory 

( )1 cos cos .p e
r

ϕ ψ= + +                                 (10) 

Now require that trajectories (5) and (8) coincide each other at the real movement of probe body. To substan-
tiate this declaration we use the graphs of rotation curves for the Newtonian movement and for the movement of 
body in the gravitation field of dark matter. It is known that for the first case such curve is the hyperbola, while 
for the second case—the quasi-logarithmic line (for example, see [12] [13]). Observations have shown that these 
curves cross at the critical point 5 Kpccr ≈  and the corresponding mean velocities at it approximately  

equals km250
scv ≈ . (Really, for the dwarf galaxy Messier 32 the observable velocities interval is  

km km179 226
s scv≤ ≤  [14]; for the dwarf galaxy Leo I— km km279 287

s scv≤ ≤  [15]). Because of that we’ll 

use these values for estimation of unknown dark matter halo’s parameters. 
Here it’s necessary to point out that later on we’ll consider distances no larger than r . At these distances 

curved line in the gravitation field of dark matter approximately looks like the straight line type of ~ .v r  Note 
that such relation also follows from the equality centrifugal force and gravitational force of dark matter that re-
lates to the first term in potential energy (3).  

Put that angles of trajectories are coincide also, i.e. .ψ ϕ=  Hence, the following equality takes place 

2 2 2 2

2 2

1

.

2 2

M mE M mr
r r M r M

m E mmA mE
M M

γ

γ

 − − 
  =

− +

                            (11) 

Since the total energy is larger than kinetic one and it, in its turn, is greater than potential energy  

( )E T U> > , we can assume that .M m
r M

γ
  Then expression (11) simplifies— 

2 2

2

1

.
2

2

M mE Mr
r r M r

mEm E mA
M

 − 
  =

−

                               (12) 

Now from (12) can be found the value of an unknown factor in the first term of expression (3) 
3 2 2 2 2

4

2 3 .
2

E m r E mMA
M
−

= −                                (13) 
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Comparison (4) and (13) allows get the expression of central density of dark matter’s halos 

( )2 2 2

0 4

3 2 3
.

16π

E Emr M

GM
ρ

−
= −                               (14) 

For numerical estimations assume that the probe mass m in (14) equals to one. Thus roughly put 
~ c cM m r vµ= , 2~ cE m vε= . After substitution the above mentioned numerical values for the position of 

probe body and its velocity, we obtain the following estimate of the central density of dark matter’s halos 

24
0 3

g~ 2.3 10
cm

ρ −×                                   (15) 

It is interesting to compare this result with the previously obtained similar values. For example, in [16] 
16

0 3

g~ 10
cm

ρ − . However, in [17] it was shown that the central part of dark matter density should not be larger 

than 18
0 3

g~ 10 .
cm

ρ −  Furthermore, in [3] [18] [19] it is shown that the central density of dark matter  

24
0 3

g~ 10
cm

ρ − . Analysis of these estimates gives that the most acceptable central density of the dark matter’s 

halo, probably, lays within the interval 24 18
03 3

g g~ 10 ~ 10
cm cm

ρ− −   ≤ ≤   
   

. 

2.2. Einasto Profile for Dark Matter 
Note that Navarro-Frank-White profile is completely identified. Nevertheless, in literature are known profiles of 
dark matter that contain from one [20] up to several [4] free parameters. In our article we’ll consider Einasto 
profile [20] 

( ) 0
0

2exp 1rr
r

α

ρ ρ
α

     = − −  
     

                             (16) 

with one unknown parameter α . Here as usual 0ρ —the density of dark matter in the center of galaxy, 0r —the 
size of its halo, r —the current radius. Based on the previously adopted relationship between size of the halo 
and the current radius, the exponential function of Einasto profile may be expanded in Taylor series. Restricting 
ourselves by two terms only we get 

2

0 0

2exp 1 1 1 .r r
r r

α αα

α

−
      
   − ≈ − −   
         

                          (17) 

In doing this the new additional condition we have used here—the smallness of the power parameter α . 
Then Einasto profile in the approximate form is written down as  

( ) 0
0

0

2ˆ ,rr
r

α
ρ

ρ ρ
α

 
= −  

 
                                (18) 

where 

0 0
2ˆ 1 .ρ ρ
α

 = + 
 

                                   (19) 

The potential energy of dark matter field in this case is as follows 
2 2ˆ ˆ ,U Ar Brα += −                                    (20) 

where 

0 0
0

8 4ˆ ˆ ˆπ , π .
3 3

A G m B G m
r

ρ ρ
α

= =                             (21) 



L. M. Chechin, T. K. Konysbayev 
 

 
986 

Now for further calculations we use only the second term in (22), because it leads to a closed trajectory as 
before. Therefore, using the conservation laws of energy and momentum, its trajectory can be written as 

( )
1
2

ˆ ˆˆ1 cos 2 .p е
r

ϕ= +                                   (22) 

2 2
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2 2
2

2

ˆ
ˆ ˆ, 1 2 .M BMp е

mE mE
= = +                                (24) 

From the expression (24) sees that it describes an elliptical trajectory that is similar to the standard trajectory 
in Newtonian mechanics. Repeating the previous arguments about the procedure of analyzing trajectories and 
their shapes, we find the relation 

2 2

2

1

.
2ˆ2

M mE Mr
r r M r

mEm EmB
M

 − 
  =

+

                               (25) 

Hence, the expression of an unknown coefficient B̂  is 
3 2 2 2 2

4

2 5ˆ .
2

E m r E mMB
M
−

=                                (26) 

From the comparison of expressions (21), (26) and usage (19) we get 

( )2 2 2

0 4

3 2 521
8π

E Emr M

GM
ρ

α

− + = 
 

.                            (27) 

Important to notice that expression (27), besides dynamic characteristics of a particle E and M, contains the 
current radius r and unknown parameter α . Basing on our previous article [21], it is possible to estimate and 
this parameter. 

We write down the expression of central density of dark matter’s halo in the form 

24
0 3

g10 .
cm

Xρ −≈ ⋅                                   (28) 

Here the coefficient X has various numerical values which are known in literature. In fact, from [3] it follows 
that 1 0.7;X ≈  from [18]— 2 0.7;X ≈  from [19]— 3 0.5;X ≈  from [21]— 4 2.3X ≈  (see also (15)). As for the 
central density of dark matter’s halo in Einasto profile, we write down it as 

 24
0 3

gˆ 10 ,
cm

Yρ −≈ ⋅                                   (29) 

where Y is unknown coefficient. Substituting the necessary numerical values into (27) we find—for the dwarf 
galaxy Messier 32 1 9.4,Y ≈  for the dwarf galaxy Leo I— 2 18.0.Y ≈  

From comparison of (27), (28) and (29) follows the expression of unknown parameter α  

2 1 .Y
X

α  = − 
 

                                   (30) 

Using the found values X and Y we can obtain this parameter. As for the galaxy Messier 32 1 9.4Y ≈  and 
above given values of X, we find: 1 2 3 40.16; 0.11; 0.65.α α α α≈ ≈ ≈ ≈  And finally, for the Galaxy Leo I when 

2 18.0Y ≈  we have: 1 2 3 40.08; 0.06; 0.40.α α α α≈ ≈ ≈ ≈  (At calculations we took into account that for such 
galaxy 4 3.0X ≈ ). 
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From the saying above we conclude—free parameter in Einasto profile must satisfy the following interval  
 0.06 0.65.α≤ ≤                                    (31) 

Note that in article [1] the corresponding interval is closed to (31) and equals 0.16 0.30.α≤ ≤  Also impor-
tant to emphasize that in [22] the next interval of parameter α  have been argued 0.39 15.0.α≤ ≤  

3. Conclusions 
In the article, the new method for search characteristics of dark matter’s halo is proposed. Searching the Navar-
ro-Frenk-White profile shows that the central part of density of dark matter’s halos must satisfy the following  

magnitude 24
0 3

g~ 10 .
cm

ρ −  
 
 

 This estimation allowed find the interval for free parameter of Einasto profile  

0.06 0.65.α≤ ≤  Remarkable that it is close to similar intervals given in recent articles [22]-[24], especially in 
[1]. That is why expedient to compare few methods of the Einasto parameter finding. 

Authors of [22] used the semidegenerate thermal self-gravitating general relativistic fermionic gas as the dark 
matter model. As the result they got the dark matter profile in the form of broken line of four regions. First of 
them describes by rotation curve type of ~v r  (the correctness of which on small distances we point out be-
fore), fourth of them—by the quasi-logarithmic line (that is correct for the large space scales). The peculiarity of 
such profile consists in existence of two intermediate regions for the moderate distances.  

For describing this broken line in terms of Einasto profile (and not only) they used results of the survey 
THINGS were have been obtained highest quality rotational curves for 34 nearby spiral and irregular galaxies. 
Naturally that these curves depend not only the dark matter, but on some baryonic parts (baryonic substrate, re-
lativistic gas, etc.) and their quantitative relation also. Therefore authors got the cited above range of Einasto 
parameter 0.39 15.0.α≤ ≤  

In the framework of N-body simulations—“Aquarius” project with number of particles is 4.4 billions—au- 
thors [23] used Einasto profile in the form ( ) ~r rαρ . Approximately their result is 0.13 0.17α≤ ≤  and 
looks like the quasi-permanent parameter. Nevertheless they pointed out that the magnitude of Einasto parame-
ter slightly varies from halo to halo because different halos cannot, in general, be identical. Therefore power pa-
rameter must have the more width numerical interval.  

Really, in [24] in the framework of “Aquarius” project also, but for one order smaller number of particles, 
was shown that Einasto parameter lays within the interval 0.12 0.35α≤ ≤ . In doing this authors emphasize that 
this parameter changes together with growth of galaxy’s mass. They also point out that if the shape of Einasto 
profile tends to isotherml one 0α = , while for Gaussian profile 2α = . So, the sought-for interval in reality 
must be 0 2.0α≤ ≤ . 

From this examination, it’s clear the difference between ours models—in our case model based on the dwarf 
galaxies Newtonian dynamics and allowed get the improved estimate of dark matter core. Moreover, it’s very 
simple and allowed get the very plausible interval for the Einasto parameter. In contrary, the model in [22] is re-
lativistic one, it’s based on the precisian curve lines observations but have the essentially width interval for Ei-
nasto parameter.  

Two above mentioned other articles [23] [24], as sees, are based on the N-body simulations method and give 
the closed to our power parameter α . Together with that these articles devoted to study other unsolved prob-
lems—mass, velocity dispersion and anisotropy profiles of cold dark matter halos and its evolution, while they 
are not been under our consideration. 

Therefore all of these models must be regard as additional each other which give rather satisfactory descrip-
tion of dark matter halo on different cosmological scales and for different space objects. 
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