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ABSTRACT

Let G be a graph of order n, and let a and b be integers, such that 1 <a <b. Let H be a subgraph of G with m(<b)
edges, and o(G) be the minimum degree. We prove that G has a [a,b]-factor containing all edges of H if

an+2m,andwhena52, nZZ(a+b)(a+b—1)_ a+b +2_m

G)za+m, > .
§(G)za+rm, NC(6)2="5 b b(a-1) b
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1. Introduction

We consider the finite undirected graph without loops and multiple edges. Let G be a graph with vertex set
V(G) and edge set E(G). Given xeV (G), the set of vertices adjacent to X is said to be the neighbor-

hood of X, denoted by Ng(x). dg(x)=|Ng ()| is called the degree of x and we write Ng[x] for
Ng (x)U{x}. Furthermore we define 5(G)=min{d (x)xeV(G)}, NC(G):xyTEi(nG)“NG(X)U NG(y)|}.
For a subset S cV (G) let G-S denote the subgraph obtained from G by deleting all the vertices of S
together with the edges incident with the vertices of S .

Let a and b beintegerssuchthat 1<a<b.A [a,b]-factorof G is defined as a spanning subgraph F
of G suchthat a<d.(x)<b forall xeV(G). Other notations and terminology are the same as those in
[1]

The existence of a factor for a graph G is closely related to the degree of vertices. Concerning the minimum
degree and the existence of k-factor Egawa, Enomoto [2] and Katerinis [3] proved that there exists k factor when

n>4k-5 and 5(6)22 for agraph G. lida and Nishimura [4] proved that if n>4k-5 and o,(G)>n

there exists k-factor for a graph G.
(a+b)2 —(a+h)

H. Y. Pan [5] generalized the result of lida and Nishimura to [a, b] -factor: if 5(G) >a,n> .

and o—z(G)zﬂ, G hasan [a,b]-factor.
a+b

Concerning adjacent set union and [a,b] -factor, in 2000 H. Matsuda gave the following result:
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Theorem 1 [5]: Let a, b be integer such that 1<a<b , and G be a graph of order n with
2(a+b)(a+b-1)
n>

and §(G)>a.

If |NG(X)U NG(y)|2% for any two non-adjacent vertices X and y of G, then G has a [a,b]-

factor We prove the following theorem for a graph to have a [a,b]-factor with given properties, which is an

extension of theorem 1.
Theorem 2: Let a and b be integers such that 1<a<b, G be agraph of order n,and H be a sub-

an+2m

graph of G with m(<b) edges. If 5(G)>a+m, and |NG (X)UNg (y)| > for any two non-adjacent

vertices X and y of G,when a>2,we suppose
22(a+b)(a+b—l) a+b  2m

b b(a-1) b~

Then G hasa [a,b]-factor containing all edges of H

2. Proof of Theorem 2
Let Sand T be two disjoint subset of V(G), E; and E;, be two disjoint subset of E(G). Let W =V (G)\(SUT),
E(S)={xyeE(G):x,yeS}, E(S,T)={xy|xyeE(G),xeS,yeT}, E(T)={xyeE(G):x,yeT}.

E/ ={xyeE;xyeS}, E/={xyeE;xeS,yeV(G)\(SUT)}
E,={xyeE,:x,yeT}, Ej={xyeE,:xeT,yeV(G)\(SUT)}

g (S’T; El'EZ): 2|E1,|+|E1,| e (S’T; E. Ez): 2|E2'|+|E2”|-

Lemma 1 [6]: Let G be a graph, and let g and f be two integer-valued functions defined on V(G)
such that 0<g(x)< f(x)<ds(x) for all xeV(G). Let E, and E, be two disjoint subsets of E(G).
Then G hasa (g, f)-factor F suchthat E, c E(F) and E,NE(F)=® ifand only if for any two dis-

jointsubsets S and T of V(G).
5 (S:T;0,f)=dss(T)-9(T)+ f(S)= s (S.T;E,E, )+ B (S.T;ELLEy).

Lemma 2: Let @ and b be integers such that 1<a<b, and G be a graph, and H be a subgraph of
G.Then G hasa [a,b]-factor F suchthat E(H)< E(F) ifand only if

b|S|—-a|T|+de s (T)= D d, (x)—e, (S, T).

Let E =E(H) and E, =, and we note that
a(S,T;E,E,) =2|E]|+|E=d, (X)-|E, (S.T)|
xeS

where E, (S,T)={xyeE(H):xeH,yeT} and B(S,T;E,E,)=2|E}|+|E;|=0.

It is easy to see Lemma 2 is an immediately result of Lemma 1.
Now we prove Theorem 2: Suppose that G satisfies the assumptions of Theorem 2, but it has no [a,b]—
factor as described in Theorem 2. Then by Lemma 2 there exist two disjoint subsets S and T of V(G)

such that
b|S|-a|T|+ds s (T)-D dy (X)+e, (S,T)+1<0. ()

Xes

We choose such S and T so that [T| is minimum. If T =®, then by (1) we get b|S|->.dy (x)+1<0,

Xes
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which is a contradiction. Since d, (x)<m<b forall xeH , hencewehave T = ®
Suppose that there exists a vertex @eT such that dy_s (w)+e, (S.@)>a,then S and T—-{w} satisfy

(1), which contradicts the choice of T, therefore d;_s(x)+e, (S, x)<a-1 forall xeT.
Now we define

h =min{dg_s (X)+e, (S,x):xeT},
and let x, €T be avertex such that
by =dg s (x)+eq (S.%).
Note that h, <a-1 holds, we consider two cases.
Cases1: T =N;[x]
Note that [S|+h, >dg (x)25(G)2a+m, Yd,(x)<2m,a>h,and b>a>h +1>|N;[x]=(T|.

xeS

By (1), we obtain
0=b|S|+ D (de_s (X)+&, (S,x))-a[T|- D d, (x)+1
>b(a+m-h)+(h—a)[T|-2m+1>(a-h)(b-[T|)+mb—-2m+1>1.

This is a contradiction.
Cases 2: T # N;[x]

It is clear that T\N;[x]=®, then we defined h, =min{d, ¢ (x)+e,(S,x):xeT\N;[x]} and let
X, €T be avertex such that h, =dg ¢ (x,)+e, (S,x,) by the condition of Theorem 2, the following inequa-

lity holds:
agiim_m JUNg (%) <|s]+h, +h,
which implies
|S| an+2m (hl h) @

Note that the number of vertices in T which satisfies the equality dg s (x)+e, (S,x)=h, is at most
h,+1, and the rest of vertices in T satisfy dg ¢ (x)+e,(S,x)>h,.
So we obtain

> (do s (x)+&, (8,%)) 2 hy (h +1)+h, (]T|-h, -1).

xeT

And further by (1)
b|S|+h, (b +1)+h, ([T|-h -1)-a[T|- > d, (x)+1<0

Note that |S|=n—[T|-W| and > d, (x)<2m,so we have
PEN]

b(n=[T|-W|)+h (h +1)+h,(T|-h -1)-a[T|-2m+1<0
and hence

bn+(h —h,)(h +1)-2m+1 b|W| bn+(h —h,)(h +1)-2m+1

-|W|. 3
a+b-h, b+a-h, a+b-h, | | )

uE

By (2) (3) we have
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n=|S|+|_|_|+|W|Zan-|r2m_hl_hz+bn+(hl—hz)(hl+1)—2m+1_|W|+[W|
a+b a+b-h, 4
an+2m bn+(h —h,)(h +1)—2m+1
=———-h-h+ .0
a+b a+b-h,
bn+(h —h +1)-2m+1
Let 1 (h)=202m_p _p (B =he)(h L) .
a+b a+b-h,
df a+b-1 - . -
Let E:O,we have h, = >a, Note that h <h, <a-1, itis easy to see that f(h,) is the mini-
mum when h =h,.
So we have
nZan+2m_2h2+bn—2m+1. ®)
a+b a+b-h,

an+2m bn-2m+1 1
+ =n+ .
+b a+b a+b

If h,=0, by (5)wehave n>

This is a contradiction.
So we suppose h, >1, and hence a > 2. By (5) we have

ng2(a+b)(a+b—h2)_a+b+2_m£2(a+b)(a+b—1)_ a+b  2m
b bh, b b b(a-1) b

This is a final contradiction. Therefore theorem 2 is proved.
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