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ABSTRACT

This paper examines modelling of the dynamics of a plate by plate type dynamics vibration absorber subjected to a lo-
calized periodic impulsive excitation. An analytical solution of the modal equation is proposed and validated using di-
rect numerical simulation of the basic equations. The basics equations are solve numerically using fourth order Runge
Kutta algorithm. Various types of dynamic absorbing plate are tested to optimize the control efficiency. Particular atten-
tions have been paid on the effects of localization of external forces on the dynamics response of the system under con-
trol. Ours findings demonstrate that a good achievement of control strategy should follow the above mentioned analysis.
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1. Introduction

The problems of reduction of structural vibration induced
by external force have constituted a great source of in-
terest in recent years [1-4]. These excitations can be
natural such as earthquakes, wind etc. or due to mecha-
nical action. In both cases, this can lead to premature de-
struction of the system. One of the most famous exam-
ples illustrating these remarks is found in the Tacoma
Narrows Bridge (USA, 1940) which was destroyed fo-
llowing an excitation by the wind. Several solutions have
then been considered for this purpose. They range from
simple archaic solutions such as destruction of these
structures, to more modern solutions using techniques of
vibration control which offer the advantage of being both
less costly and more effective. Therefore, investigating
vibration control of a plates become important in stru-
ctures and mechanical systems design. To cope with
these disturbances, many vibration control techniques have
been developed such as sandwich control [5-8], electro-
mechanical control [9-11], piezoelectric control [12,13],
magneto rheological control [14], opto-electromechanical
control [15,16].

In this paper, we are interested in the enhancement of
viscoelastic control for a rectangular plate subjected to
periodic impulsive excitation. The device is a three layers
viscoelastic core subjected to localized periodic impul-
sive excitation. It is almost two rectangular plates of the
same surfaces, hinged at both ends and possibly be made
of different materials. The system is composed of two
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plates: One so-called main plate is subjected to impulsive
external excitations located at point of contact, is coupled
to another said dynamic absorbing plate by a viscoelastic
coupling system consisting of identical springs and dam-
pers with spring constant £ and damping coefficient ¢
respectively as shown in Figure 1. Therefore, several con-
figurations of the coupling system can be used. We con-
sider here the case of uniform distribution viscoelastic
coupling.

In Ref. [17], Zhang et al. proposed to stabilize an
elastic plate using viscoelastic boundary condition as
feedback control. Hongpan et al. [18] investigated vibra-
tions control of plate through electro-magnetic cons-
trained layer damping which consists of, electromagnet
layer, permanent layer and viscoelastic damping layer.
Moreover, Aida et al. [6,7] have modelled the dynamic
and optimized control by sandwich of a plate (and beam)
under sinusoidal periodic excitation. They have shown
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Figure 1. Main plate and dynamic absorbing plate with uni-
formly distributed connecting spring and dampers.
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that the effectiveness of this control is more effective as
the number of springs and shock absorbers becomes
higher. However, model using periodic sinusoidal excita-
tion does not related enough to processes occurring in
real time. Therefore, as a first approach to overcome this
issue localized periodic impulsive excitations are consi-
der. Additionally, we identify and define the characteri-
stics of the dynamic absorbing plate over the dynamic
responses of the main plate.

The second part of this paper deals with the derivation
of the equations of motion of the main plate with hinged
ends subjected to localized impulsive excitations. In the
third part, analytical amplitudes of vibration are deter-
mined. Also, comparison between analytical and nume-
rical amplitudes of vibration is provided. The fourth part
is reserved to various configurations leading to the en-
hancement of the control process. We conclude our work
in the last section.

2. Mathematical Modelling of the System

2.1. Modelling of Localized Periodic Impulsive
Excitation

This type of load on a plate corresponds for example to
the actions of generators or some robots. Both machines
can be regarded as a mass device M, located on the plate
by its coordinates (x,,,). These devices in addition to
their own weight per unit area £, ., (x,,7), impose at
the point (x,,y,) of the plate, at regular time intervals
equal to 7, a surface force f .. (x,y,r) whose in-
tensity (/) may change over time. So, the external exci-
tation F(x,y,t) isacombination of these two efforts :

F(x’y’t):-fwcight(x9y5t)+j;mpact(xay9t) (1)

where,
fweight(‘x’y7t):Pé(x_x0)5(y_y0) (2)
Mg . . . .
P= - while f, .. (x,»,¢) is defined literally by

several models.

In general, the impact force is modelled as a rectan-
gular pulse or as a Gaussian function whose integral over
the duration of the impact is equal to the impulse of im-
pact. The duration of the impact depends on the nature of
contact between the exciter and the plate, the material
they are made off and their dimensions. Therefore, mini-
mizing the impact force is equivalent to minimizing the
impulse of impact [19]. The case of rectangular plate is
address in this study.

This model of excitation assume a force occurring at
regular intervals of time equal to 7 and can be described
as follows:
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ﬁmpact (x9 yﬂt)
~ 0 si te[(l‘_l)T+At,iT[ 3)
- 15(x=x))8(y=y,) si te[il,iT+Af

with i=1,2,---,N.

N stand for the total number of impact while Az
represents the duration of the pulse.

The presence of the Dirac delta functions &(x—x,)
and &(y—y,) denote the local character of the impul-
sive force. If the pulse duration At becomes too small
as to be neglected, this model can be replaced by the
model of the Dirac delta function giving by :

f;mpact('x’y’t):|:i1§(t_iT):|§(x_xO)§(y_y0) (4)
VteR

2.2. Equations of Motion of the Plate under
Control

The main plate (see Figure 1) which is under the same
boundary conditions with the dynamic absorbing plate is
attached to this one by springs and dampers distributed
uniformly (see Ref. [6]).

The equations of motion of flexural vibration for the
main and dynamic absorbing plates with uniform flexural
rigidity and uniform mass per unit area are expressed as

o’w, D {6414/, o'w,  d'w, }
1

m + +
"o at Tateyt ot
+51%+ om _ oy +k(w1—w2)

ot o o

={P+ila‘(z—iT)}c?(x—xo)c?(y—yo) (5)

2 4 4 4
Gvrz D, 6v:/2+2 82w22+8v:/2
ot Ox ox“0y oy

ow, C[%_@w

wm )=
ot ot atj+k(w2 ")=0

e

where the deflections of the main and dynamic absorbing
plates are denoted by w (x,y,r) and w,(x,y,t) re-
spectively. m, and m, are their mass per unit area, o,
and &, their damping coefficients, D, and D, their
flexural rigidity, k£ and ¢ are the spring constant and the
damping coefficient of connecting springs and dampers
between the main and dynamic absorbing plates, re-
spectively. [ is the intensity of the periodic impulsive
load, T the exciting period, P the weight per unit area of
the device creating the impulsive load, ¢ is the Dirac
delta function and (x,,y,) coordinates of the load po-
sition.

Let’s denoted p, and p, the densities, # and &,
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the thicknesses, E, and FE, the Young’s modulus, v,
and v, the Poisson’s ratios of the main and dynamic
absorbing plates respectively. It comes whereas:

_Ek
my = pihy, my=ph, D= 12(1 V) and
i
__ Bk
)

While taking into account the boundaries conditions,
the following approximate functions can be used for the
solutions of equations of the system (5):

ZZ nm x y)Zlnm (Z) (6)

n=1m=1

Wl xy’

(xo,) = 35,

n=lm=1

(%) X (1) (7

in which g, (¢) and x,,, (¢) are unknown functions
of the time of the main and dynamic absorbing plates
respectively and W, (x,y) the normalized eigenfun-

nm

ction of mode (n,m) of the both plates giving by :
W, (x,y)=sin (@j sin (wj (8)
a b
(n,m) 1is a natural mode with n and m nodal lines lying
the x- and y-directions, respectively, including the boun-
dary as the nodal lines. Substituting Equations (7) and (8)
into Equation (5), according to the orthogonality of the
eigenfunction gives
ml/i}lnm + mlwlznmzlnm + é‘lillnm
+c (Zlnm - Zan ) + k (/Ylnm - /Yan )
4 N
:_bVVnm(x09y0)|:P+215(t—lT):| (9)
a i=1
m2//k'2nm + m2w22nm//{2nm + 52//82nm
+C(/’£/2nm - Zlnm ) + k(Zan - llnm ) = 0

,,, and @, are natural frequencies of modes (7,m)
of the main and dynamic absorbing plates respectively
and are derive as follows:

@, = D, ((nn) +(mnj J (10)
m\\ a b

0y = |22 [(—”“J +(—’””‘]J (11)
my \\ a b

In non dimensional form, Equation (5) becomes,

Elnm +Zlnm +181an.1nm + C(Z.Inm _Z.an)

N
+K(Zlnm _ZZHm ) = E) + 2105(7_1%)

5 (12)
Ean + yZan +182nmz.2nm + aC(Z'an _21i1m)

+aK(Zan - Zlnm ) = 0
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where

llnm — Zan .

’ Zan Z 4

Zlnm l

m,
2
7_(a)2nmj ml Dli D]
s
Dy m, D, D,
B = o, B, = 0, C= c
1nm 4 2nm s ]
1 a)lnm 2 wlnm ml a)lnm
k 4
K= 2 1)0 bl VVnm('xO’yO)’
mlwlnm mla a)lnm
4
1, = > mw,, (xoaJ’o)
mlablwlnm

where / a reference length.

3. Analytical Solution of the Modal
Equations

Sine the most path of the energy of the system is em-
bedded in the first mode of vibration, from Equation (9)

we then expressed
Z+ Pz +2+C(4

—22)+K(zl—22)

N
= B+ Y 1,5(c~iT)), (13)
i=1
4P, +2,+C(2,-2)+K(z,-2)=0.
where
m=m =m,; D=D =D,;

o= == 2{ (5] o5 )

)

B=Bn=by=—; a=1and y=1; C=—
mao mao
and K = k2 ;
mao
4
F, :WPVVH(XO’)}O) and
p— 4 .
I, _WIWM(XO’J’O)’ Z =2, and Z, :Zz,ll‘

The resolution of Equation (13) is not straightforward.
Hence to overcome such a situation, it useful to assume
new variables as following:

m=z+z (14)
n, =2 -2, (15)
WIM
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Adding the two set of Equations (13) gives the fo-
llowing

N
i+ B +m, =B+ 1, 6 (7 —iTy) (16)
i=1
Subtracting the two set of Equations (13) yields to the
following :

i, +(B+2C) 1, +(1+2K) 1,

N 17
R, Y5 (e-iT) 0
i=1

The resolution of the two differential Equations (16)
and (17) permits to find the solutions of (13) through the
following expressions

2 :%(771 +772) (18)
1
5= 2(’71 ’72)' (19)

Thus, Equations (16) and (17) can be rewritten as
follows

i 2000, = () j=12 Q0)

where
N
f@)=R+1,25(r-il;)
i=1

24, =8, o =1; 20, =B+2C, w; =1+2K

The solutions of Equation (20) are then derived and
given by

n, (r)= [Aj costr+Bj sianrJexp(—/‘tjf) +7ps
j=12

2

in which 4, and B, represent the constants of inte-
gration, 7, are the particular solutions of Equation
(20), and Q; are the vibration frequencies expressed as

Q! = 0?22 (22)

The shape of the external excitation f(7) suggests a
treatment at intervals in oder to determine the particular
solutions 77, [20]. So, while considering the realistic
case of excitation for which the pulse is not actually
instantaneous as advocated by the Dirac delta function, it
seems worthy to consider the three following main in
order to well characterize the dynamics of the plates.

e Phasesl: Vre[(i-1)T, +Az;iT,[

(The dynamics responses are considered between the
impacts of order i—1 and i)
Here, f(7)=F,; therefore :

P,
Np=—% (23)
@;
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o Phases Il: 7 e[iT,;iT, +Az]
(The dynamics response are considered during the im-

pacts of order 1)
Here, one rather has  f(r)=F, +1;;so:

P +1
=0 0 20. (24)

’7‘/'[3

o;

e Phase lll: V7 e[NT,+Ar;+0

(The dynamics response are considered after all N
impacts)

This phase of the process can be discerned as an ele-
ment of the first phases for i= N +1, corresponding to
the dynamics of the plates between the impact of order N
and the frictional impact of order N +1. The particular
solutions of this phase are given by Equation (23). There-
fore, the solutions z, and z, are finally obtained and
given as

z,(r) =[ 4 cosQ7 + B, sinQ z]exp(—47)
+[4,c08Q,7+ B, sinQ,r|exp(-A,7)  (25)

1
+5(771P +772P)

2,(7) =[ 4, cos Q7 + B sinQ 7 Jexp(-47)
—[4,cosQ,7 + B, sinQ,z|exp(-4,7)  (26)

1
+E(771P _772P)

The particular solutions 7, and 7,, are given by
expressions (21) according to the state of vibration phase.
The constants of integration 4,, A4,, B, and B, are
determined by the initial conditions of a current phase of
the movement that are different from the final condition
of the previous phase. Thus, the knowledge of the initial
conditions of the first phase of the movement, that is also
the initial conditions of the problem, permits to get closer
to those of the other phases and therefore to determine
the solutions of the problem at all times.

In the uncontrolled case (K =C=0), it comes the
following:

h=h=a=0

?9

o =0, =0 =1,

Q=0,=0=vo’ - 1> =1-12,

Thp =Thp =1p-

The two plates then become uncoupled and the so-
lutions are now given by

2, (1) =[A'cos Qr + B'sinQr|exp(-A7)+1,, (27)

2y, (1) =[C'cos Q7+ D'sinQrexp (A7), (28)
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in which 4', B', C' and D' are the new constants
of integration.

The control is efficient when the maximum value of
z, is lower that the one of z, . This criteria enable to
foresee the effectiveness of the control strategy.

4. Numerical Analysis
4.1. Validation of the Analytical Results

We compare graphically, the analytical and numerical
solutions for several values of parameters of the problem.
As an example, we consider the main and dynamic ab-
sorbing plates identical made of steel with the following
parameters :

Density of material p = 7850 Kg/m3 ,

Young’s modulus £ =2.1x10"N/m?,

Poisson’s ratios v =0.3,

Damping coefficient & =85.75 N-s/m,

Widtha=0.9 m,

Length b =1.5 m,

Thickness 2 = 0.002 m

These quantities permit to find the dimensionless pa-
rameter £ =0.105 and the free frequencies of the two
platesas @ =51.87 Hz .

The fourth order Runge Kutta algorithm is used to
computed the numerical solutions. Figures 2 and 3 dis-
play the time histories of the maximum amplitude of vi-
bration in other to validate the result of analytical inves-
tigation. These figures show an excellent agreement be-
tween numerical and analytical results. The slight shifts
observed for each impact are probably caused by sudden
numerical fluctuations due to the discontinuity of the
external excitation.

4.2. Enhancement of Control Process

Finding accurate condition that allows optimization of
the control strategy is of interest. Thus we have at one’s
disposal, several possibilities to choose the type of ab-
sorbing plate and among which the following:
e Steel plate: E, =2.1x10""N/m?, v, =03,

p, = 7850 Kg/m’
e Tungsten plate: p, =7850 Kg/m3 , v, =03,

p, =19300 Kg/m’
e Aluminium Plate (7075): E, =0.7x10""N/m?*,

v, =035, p, =2810Kg/m’
e Concrete plate (E20): E, =0.2x10" N/m?*,

v, =0.15, p, =2400Kg/m’
e Wood plate (plywood): E, =0.055x10" N/m?,

v, =02, p, =800Kg/m’

Each of these plates has thickness %, and their
coefficients of dissipation o,, chosen such that the di-
mensionless parameter £, is always as f, = f; = 0.105.
The initial conditions and the external force of excitation

Copyright © 2012 SciRes.
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Figure 2. Times histories of maximum amplitudes of vibra-
tions: Comparison between the analytical (red line) and nu-

merical (discontinuous blue line) solutions; (a): 1o =0, Py =0;
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Figure 3. Times histories of the maximum amplitude of vi-
bration: Comparison between the analytical (red line) and

numerical (discontinuous blue line) solutions for 1, = 4 and
Po=0;(a): K=0,C=0.5; (b): K=0.1,C=0.

are the same that in the section (4.1); but with [, =4.
and F, =0.

4.2.1. Control Efficiency

The dynamic absorbing plate here is made of steel whose
thickness is A, = i =0.002 m . The evolution of ampli-
tude plotted in Figure 4 shows that the amplitude of
vibration under control is lower than the one without
control. Then control is indeed efficient for the control
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Figure 4. Times histories of the maximum amplitude of vi-
bration: Comparison between the amplitude responses of
the main plate in uncontrolled case (gray line) and in con-
trolled case (black line) for K=0.1, C=0.1.

parameters chosen. The possibility of the efficiency of
the control being already pointed out for particular values
of parameters of control. For that aim, we investigate
separately their effects by considering other type plate
having different physical characteristics compared to the
one studied above.

4.2.2. Effect of the Control Parameters
Here, we analyze how much the nature of absorbing plate
impacts the control process. All the absorbing plates used
here are taken such that the thickness /4, =0.002.

1) Effect of viscous coupling

Figure 5 shows that the control is efficient for all va-

H. S. BOUNA, B. R. NANA NBENDJO

lues of C since the amplitude of the control system is less
than the one of the uncontrolled system (C = 0). This
effect is particularly noticeable for higher values of C. In
addition, this damping appears to depend on the material
of the dynamic absorbing plate, and increases with the
Young’s modulus.

2) Effect of elastic coupling

As shown for the viscous control, the elastic control
(see Figure 6) is also efficient for all values of K. More-
over, this efficiency increases as K becomes higher. In
general, the absorbing plate made in steel gives more
better protections compared to those made wood, con-
crete and aluminium.

3) Effect of viscoelastic coupling

A generalization shown in Figure 7 reinforce our pre-
vious analysis revealing that the amplitudes of the vibra-
tions decrease when the coupling becomes more and
more robust. In other words, this happen when the coeffi-
cient of dissipation of the shock absorbers and the con-
stant of stiffness of the springs increase.

4.2.3. Effects of the Characteristics of the Dynamic
Absorbing Plate

In this subsection, the influences of the thickness and the

Young’s modulus of the dynamic absorbing plate on the

amplitude of vibrations are investigated.

3.6 T T T
3.4
32
€ 3
2
g— 2.8
<
2.6
2.4
2.2 1 | 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
@
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(64
(d)

Figure 5. Effects of the viscous coupling on the amplitude response of the system: (a) for absorbing plate made of steel; (b) for

absorbing plate made of wood, concrete, aluminium and steel.
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Figure 7. Effects of the viscoelastic coupling on the ampli-
tude response of the system.

From Figure 8 it appears that the vibration amplitudes
decrease with the thickness /4, and Young’s modulus
E, of the dynamic absorbing plate and stretches toward
an unique limit when /%, increases considerably.
Furthermore, the curves exhibit peaks for certain values
of the ratio h,/h . The analysis of the position of this
peak for the dynamic absorbing plate made in steel for

h

which =1, predicts that such behavior is observed

1

Copyright © 2012 SciRes.

(b
Figure 6. Effect of the elastic coupling on the response of the system: (a) for absorbing plate made of steel; (b) for absorbing

when the vibration frequencies of the two plates are
equal. To test this hypothesis as well as the effect of
Young’s modulus of dynamic absorbing plate, we plot
the evolution of the amplitude of vibration of the main
plate according to the vibration frequency of the dynamic
absorbing plate for several values of its mass per unit
area m, (see Figure?9).

The peak of amplitude occurs when the vibration
frequencies are equal. In addition, the amplitude of vibra-
tion decreases with the vibration frequency @, of the
dynamic absorbing plate and with £, for which it has a
linear dependency.

4.2 4. Effect of the Position of the Excitation

One interesting situation is the influence of the position
of excitation on the main plate. For that aim, it has been
plotted as shown in Figure 10, the three dimensional
graph representing the maximum amplitude of vibration
as function of coordinates position (x,,y,) of external
force. It appears generally with and without control that,
the amplitudes of vibration gradually decrease when the
excitation device goes from the center of the plate to the
edges. As a consequence, one way to reduce the ampli-
tude of vibration could be the choice of localize position
of the excitation.
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Figure 9. Maximal amplitudes of vibrations versus the frequency of the absorbing plate for m, < m; (continuous black line),

m, = m; (discontinuous black line), m, > m, (gray line).
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Figure 10. Amplitude of vibrations versus the position of the
external forces.
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5. Conclusion

The viscoelastic control has been prove to reduce or su-
ppress amplitude of vibration of a rectangular plate under
a localized periodic impulsive excitation. We started by
modelling the impact force as a rectangular pulse which
consider in this form enabled to subsequently model the
dynamics of the plate under control for uniform distri-
butions of the viscoelastic coupling. The modal equations
derived from this modelling have been solved analyti-
cally and verified numerically. Considering the condition
for the efficiency of control technics, we found that the
control is effective whatever the values of the control pa-
rameters chosen. Moreover, the effectiveness of the con-
trol increases as the values of the control parameters
becomes higher. We have also shown that the frequency
of vibration of the dynamic absorbing plate has a positive
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effect on the control when it is greater than the one of the
main plate. Regarding the effect of external excitation
location on the plate, we have found that this position has
a particular effects on the intensities of amplitude of
vibration and could influence considerably the dynamics
response of the system.
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