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Abstract 
The inverted pendulum is a classic problem in dynamics and control theory and is widely used as a 
benchmark for testing control algorithms. This paper studies the use of fuzzy control method to 
study the stability control problem of a triple inverted pendulum system. By the linear model of 
the system, the feedback weight matrix of the LQR optimal control and the feedback parameters of 
the linear optimal control are designed to determine the parameters of the fuzzy controller. The 
simulation results show that the proposed method can achieve the stability control of the three 
stage inverted pendulum, and has good dynamic performance with simple parameter selection. 
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1. Introduction 
The inverted pendulum system is a typical nonlinear, strong coupling, multivariable, naturally unstable system 
[1]. In the control process, the inverted pendulum can effectively be used for studies key issues such as the qual-
ity of stability, robustness, mobility, tracking and that is why, it is the ideal model for testing various theories in 
control engineering [2] [3]. So far, it has been used in classical control, modern control and intelligent control 
for stability analysis with techniques such as LQR control [4] [5] fuzzy control method [6], fuzzy neural net-
work method [7] etc. When fuzzy control is used, the total number of fuzzy rules growth exponentially without 
the use of real-time processing [8]. Through the fusion of multiple variables, the input variables of the fuzzy 
controller are reduced, diminishing the difficulty of the design and improving the real-time performance of the 
system. 

In this paper, the design of a fuzzy controller based on the fusion structure for the triple inverted pendulum 
system is analyzed; the fusion weights of the multi-variables are based on the linear model. The control method 
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has the advantages of simple structure, stable control and better convergence. 

2. Triple Inverted Pendulum System Model 
2.1. Physical Model 
As shown in Figure 1, the triple inverted pendulum system is mainly controlled by the object, rails, motors, 
pulleys, belts and electrical measuring device component. The control object is composed of a trolley, a pendu-
lum with two additional links that are connected by a bearing, and can freely rotate in x-y direction. 

2.2. Mathematical Model 
In order to facilitate the study for the triple inverted pendulum system shown in Figure 1, assumptions of the 
following conditions are true [9]: 

1) Friction torque and the relative speed of each part (angular velocity) are proportional;  
2) There is no slip between the belt pulley and the drive belt; 
3) Link 1, Link 2, or Link 3 can be regarded as a rigid body; 
The nonlinear dynamic model of the three stage inverted pendulum system is: 
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The meaning of each parameter can refer to the literature [4]. 
The system status is 

T
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 , because the sensor can only measure the relative rotation 

angle of two connected swing rods, so the measurement is 
T

1 2 1 3 2 1 2 1 3 2, , , , , , ,Y r rθ θ θ θ θ θ θ θ θ θ = − − − − 
    

 . 

3. Fuzzy Controller 
3.1. Fuzzy Controller Structure Design 
The fusion method is used to design a fuzzy controller for the triple inverted pendulum system. The eight input 
variables are divided into two groups: the direct quantity and the differential value and those 2 groups are a 
fused into two variables (see Figure 2). 

3.2. Parameter Setting of Fuzzy Controller 
Fuzzy controller for the above structure set the parameters as follows: 

1) Determine the input and output domain 
For the E and EC domain can be selected as [−1, 1], the domain of Y is also selected as [−1, 1].  
2) Determine the value of a variable membership function language 
For E, EC and Y, are selected 7 language values, respectively, as NB, NM, NS, ZE, PS, PM, PB. And the 

“trimf” membership function is adopted [10], in which the value of the core and the boundary value is the uni-
form distribution of Matlab by default.  

3) Determine fuzzy rules 
In accordance with the principles of linear fusion of fuzzy rules designed as shown in Table 1. 
4) To determine the gain parameters (fusion factor, quantization factor and scale factor) the optimal state 

feedback matrix can be designed according to the linear model of the system. 
K = [k1, K2, K3, K4, K5, K6, K7, k8], K00 = 5 can be set, the corresponding gain parameters can be obtained 

as follows: 
K1 = k1/K00, K2 = k2/K00, K3 = k3/K00, K4 = k4/K00, 
K5 = k5/K00, K6 = k6/K00, K7 = k7/K00, K8 = k8/K00, K0 = −2K00. 
Using the best two performance indicators, taking Q = diag (10100100010000, 0, 0, 0, 0) and R = 1, using the 

LQR Matlab () function, the optimal linear control feedback coefficient matrix is   
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Figure 1. Triple inverted pendulum physical system architecture diagram. 

 

 
Figure 2. Triple inverted pendulum fuzzy controller structure diagram system. 

 
Table 1. Fuzzy rules of the fuzzy controller of the triple inverted pendulum. 
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K = [−3.1623, −57.2348300.8179, −383.7509, −11.5829, −3.8366, 5.3233, −51.9479]. 
The fusion factor of the fuzzy controller can be determined:  
K1 = −0.6325, K2 = −11.4470, K3 = 60.1636, K4 = −76.7502, K5 = −2.3166, K6 = −0.7673, K7 = 1.0647, 

K8 = −10.3896, at the same time, it can be determined that the quantization factor is: KE = 1, KEC = 1; Scale 
factor KU = −10. 

5) Fuzzy reasoning method using Mamdani fuzzy inference methods. 
6) Determine the solution fuzzy method using the gravity method (COG) to solve the fuzzy. 

4. Simulation and Analysis 
Based on the Matlab environment, the triple inverted pendulum fuzzy control system simulation, the initializa-
tion code is shown below: 
 

 
 

Setting the initial state of the system X = [0.05, 0.08, 0.001, 0.008, 0, 0, 0, 0], the simulation run triple in-
verted pendulum fuzzy control system model and the results show the linear velocity and angular velocity of the 
three angles goes to zero. 

As shown in Figure 3, the position curve can be seen that the triple inverted pendulum system is under the 
control of the fuzzy controller. 

And that the displacement is 0, the angles of the 3 links go to zero, the swing rod is stable and upright, and the 
control effect is good.  

The effect of quantization factor and scale factor on the control effect of fuzzy controller is further analyzed. 
Because the fuzzy controller is obtained by the linear state feedback controller, in order to maintain the approx-
imate linear relationship between the control variables and the state variables, the value of the quantization fac-
tor and scale factor can be changed under the following conditions: 

1) KE = KEC; 
2) KEKU = 2K00 = −10; 
So as long as the determination of KE, KEC, KU one of the other, the other two also identified. When KE = 1, 

the input of the fuzzy controller is E and EC, the peak value of E can be found to be −0.1 and 0.6, while the peak 
value of EC is −0.02 and 0.18. So we can increase the value of the quantization factor, and make the input vari-
able cover the scope of the controller. 

The results show that the control system is still in steady state when the KE = 1.5 is in. And when KE = 4, the 
output of the control system is divergent, and the system is not stable, as shown in Figure 4. 

Therefore, when the range of KE is 1 - 1.5, the control effect can be obtained. 
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Figure 3. Inverted pendulum fuzzy control simulation results. 

 

 
Figure 4. Fuzzy Control Simulation position curve (KE = 4). 
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5. Conclusion 
In this paper, the used of fuzzy has facilitate the control of the triple inverted pendulum. Through the linear 
model of the system, the LQR optimal control feedback weight matrix was designed, and the fuzzy control pa-
rameters were designed based on the feedback parameters of the optimal linear control. The simulation results 
show that the method can realize the triple inverted pendulum system stability control and that fuzzy controller 
design method can also be applied to other multi variable and nonlinear system control problems. 
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