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Abstract 
Nonequilibrium effect due to the imbalance in the number of the ↑ and ↓ spin electrons has been 
studied for the tunneling currents in the ferromagnet-insulator-superconductor (FIS) tunneling 
junctions within a phenomenological manner. It has been stated how the nonequilibrium effect 
should be observed in the spin-polarized quasiparticle tunneling currents, and pointed out that 
the detectable nonequilibrium effect could be found in the FIS tunneling junction at 77 K using 
HgBa2Ca2Cu3O8+δ (Hg-1223) high-Tc superconductor rather than Bi2Sr2CaCu2O8+δ (Bi-2212) one. 
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1. Introduction 
Transition from an equilibrium to non-equilibrium state due to an external perturbation makes an output. The 
well known case is the transport phenomena, which can be understood by solving the Boltzmann equation for 
classical treatment and the Liouville equation for quantum one. Even in superconductors, the departure from the 
equilibrium state of the distribution function is found when the superconductors are set in the time and/or spatial 
modulations as an external perturbation. Such a situation, the nonequilibrium superconductivity, can be unders-
tood as a change of superconducting parameters induced by modifications of the distribution function of quasi-
particle excitations. Studies for the nonequilibrium superconductivity have focused on the effects of not only the 
simple quasiparticle injection and extraction but also the spin-polarized quasiparticle transport. The valuable 
considerations have already been done by Tinkham [1]. In the case of simple quasiparticles, the phenomena can 
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be described by introducing two parameters T* and Q* which represent the nonequilibrium temperature and qua-
siparticle charge density, respectively. In the case of the injection of spin-polarized quasiparticles, such as the 
quasiparticle tunneling in the ferromagnet-insulator-superconductor (FIS) tunneling junction, one can experi-
mentally see the suppression of superconductivity whose origin is regarded as a pair-breaking mechanism of a 
Cooper-pair (CP). 

CalTech group has extensively studied the nonequilibrium superconductivity under spin-polarized quasipar-
ticle currents in the FIS tunneling junctions, and found that the phenomena manifesting nonequilibrium super-
conductivity in perovskite FIS heterostructure are observed and are attributed to the dynamic pair-breaking ef-
fect of spin-polarized quasiparticles in cuprate superconductors [2] [3]. We have experimentally studied the var-
iation of the critical current Ic of intrinsic Josephson junctions due to the spin injection and found that the ob-
served modulation of Ic of Co/Au/Bi2Sr2CaCu2Oy mesa is attributed to the injection of the spin-polarized current 
[4] [5]. Recently, we have theoretically studied the charge and spin currents in FIS tunneling junction [6] and the 
spin flows in magnetic semiconductor-insulstor-superconductor (MS-I-S) tunneling junction [7] and found that 
the adopted MS-I-S tunneling junction seems to work as a switching device in which the spin up and down 
flows can be easily controlled by the external magnetic field [7]. 

Spintronics including not only the ferromagnets but also superconductors is one of the most attractive subjects 
in solid state physics and technology. Therefore, it is surely expected that such a research will grow rapidly. For 
example, Kaiser and Parkin have measured the tunneling spin polarization using a superconducting tunneling 
spectroscopy for Al2O3 tunnel barriers [8]. Rudenko et al. have observed the giant growth of the differential re-
sistance using a tunnel junction consisting of superconducting lead with Heusler’s ferromagnetic alloy Co2CrAl, 
and pointed out that this effect is attributed to the appearance of a nonequilibrium state in the lead film as a re-
sult of spin injection into the superconductor [9]. 

Fundamental aspects of the proximity effect under nonequilibrium conditions even in normal metal-super- 
conductor bilayers are not clear [10]. In the present paper, we phenomenologically study how the nonequili-
brium effect due to spin injection should be observed in the spin-polarized quasiparticle tunneling along the 
c-axis of the FIS tunneling junctions. As a F layer, a ferromagnetic CrO2 is selected because of its half metallic 
nature, i.e., a purely spin polarized, and HgBa2Ca2Cu3O8+δ (Hg-1223) and Bi2Sr2CaCu2O8 + δ (Bi-2212) high-Tc 
superconductors are adopted as a S layer. Hg-based superconducting cuprates form a series with the general 
formula HgB2Cn−1CunO2n+2+δ denoted as Hg-12mn ( )1m n= −  with mainly Ba and Ca on the B and C sites, 
respectively. On increasing the number n of conducting CuO2 layers, the transition temperature Tc progressively 
increases, reaching the maximum for Hg-1223 with a value of 135 K, and then decreases. The amplitude ( )0∆  
at low temperature of the superconducting gap of Hg-1223 is 75 meV [11]. The structure of Bi-based supercon-
ducting cuprates form a series with the general formula Bi2B2Cn−1CunO2n+4+δ denoted as Bi-22mn ( )1m n= −  
with mainly Sr and Ca on the B and C sites, respectively. The Tc increases with an increasing number n of CuO2 
layers up to 110 K for Bi-2223. The Tc and ( )0∆  of Bi-2212 we consider here are 86 K and 28 meV, respec-
tively [11]. The crystal structures of Hg-1223 and Bi-2212 differ to each other, but there is a common feature 
such that these superconductors called “cuprate superconductors” include CuO2 layers showing a superconduc-
tive property. From the symmetry consideration for the CuO2 layer, these cuprate superconductors show the su-
perconducting gap with 2 2x y

d
−

-symmetry so that the CPs are in a spin-singlet state. 
It is considered for the present study that 1) the electron states in the vicinity of the Fermi level EF mainly 

come from 3d orbitals of Cu and Cr atoms; 2) the density of states (DOS) that originated from the 3d orbital 
shows a pointed structure meaning the localized nature, on the contrary to the DOS from s and p orbitals which 
show a broadened structure, i.e., the extended nature; therefore 3) the effective mass approximation, which is 
valid for the extended nature, may not be so good for the present system in which the electron states near the EF 
are fairly well localized; and 4) the size of the insulating layer I is a realistic one, whose barrier strength is large 
enough, so it must be noted that 5) Blonder, Tinkham and Klapwijk (BTK) model [12] reaches to the tunneling 
Hamiltonian model since the probability of Andreev reflection decreases with the increasing the barrier strength 
of the I layer. In the present paper, therefore, the tunneling Hamiltonian model based on the electrons with the 
Bloch states decided from the band structure calculations is adopted. 

2. Theoretical 
Tunneling current ( ) ( ),

F
Ti Vσ  with a given spin σ  (= ↑ or ↓) in the FIS tunneling junction is given as a function 

of an applied voltage V as follows [6] [7]; 
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( ) ( ) ( ) ( ), , , .
S S

F F
T S S

L
i V C L Vσ σ

µ
κ µ= ∑∑                               (1) 

Here note that the S shown in Equation (1) is a symbol to identify the superconductor so that this symbol is 
used everywhere in the present paper. The charge and spin currents, ( ) ( ),

F
Ti V+  and ( ) ( ),

F
Ti V− , are calculated as  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ } ( ) ( ), , ,= , , , , ,
S S

F F F F F
T T S S S S Texpt cal

L
i V i V C L V L V Ci V

µ
κ µ κ µ± ± ±↑ ↓= ± ≡∑∑           (2) 

where C is a constant given by ( ) 22πe T  and 
2 22T T T↑ ↓≡ + . In the present paper, we consider the none-  

quilibrium effect on the charge current ( ) ( ),
F

Ti V+ . The ( ) ( ), ,F
S SL Vσκ µ  is defined as  

( ) ( ) ( ) ( )( ) ( ) ( )
2

, , , , ,
S

S
S

F F S
S S LL V eV µ

σ σ σκ µ η ξ λ
Ω

= Θ ∆∑ k k
k

k                      (3) 

where SΩ  is the first Brillouin zone of S. The ( ) ( )S
SL
µλ k  is the coefficient in the expansion by the Bloch or-

bitals ( ) ( ),S
SL
µχ k r  of the total wavefuntion ( )Ψk r  of S such as  

( ) ( ) ( ) ( ) ( ), ,S S
S S

S S
L L

L

µ µ

µ
λ χΨ =∑∑k r k k r                              (4) 

where Sµ  and SL  are the site to be considered and the quantum state of atomic orbital of S, respectively. 
The ση  in Equation (3) is the tunneling probability of a σ-spin electron in the FIS tunneling junction defined 

by  
2

2 ,
T
T
σ

ση ≡


                                      (5) 

so that the value of ση  strongly depends on the magnetic nature of an insulating layer I. As the I, we consider 
here the non-magnetic layer, thus the tunneling probabilities of majority (↑) and minority (↓) spin electrons 
must be equal each other, i.e., 1 2η η↑ ↓= = . 

As a tunneling process, coherent, incoherent and WKB cases can be considered. In the present paper, the 
incoherent tunneling is mainly studied. The reason is described later. In the incoherent tunneling case, the 

( ) ( )( ), ,F S eVσ ξΘ ∆k k  in Equation (3) denoted as ( ) ( )( ), ,F S

Inc
eVσ ξΘ ∆k k  is given by [6]  

( ) ( )( ) ( ) ( ){ } ( ) ( )

( ) ( ){ } ( ) ( )

, ,F S F

Inc

F

eV f E eV f E D E eV

f E f E eV D E eV

σ σ

σ

ξΘ ∆ = − − −

+ − + − −

k k k k k

k k k

                (6) 

where f is a Fermi-Dirac distribution function and ( ) ( )FDσ ε  is the TDOS of the F layer for σ  spin state as a  

function of energy ε . The Ek  is a quasiparticle excitation energy defined by 2 2ξ + ∆k k , where the ξk  is an  
one electron energy relative to the Fermi level FE  and the ∆k  is a superconducting energy gap given by 
( )cos 2sampT θ∆ k  with a sample temperature Tsamp. 
The one electron energy ξk  is calculated on the basis of the band theory using a universal tight-binding pa-

rameters (UTBP) method proposed by Harrison [13]. The energies of the atomic orbitals used in the band struc-
ture calculations have been calculated by using the spin-polarized self-consistent-field (SP-SCF) atomic struc-
ture calculations based on the Herman and Skillman prescription [14] using the Schwarz exchange correlation 
parameters [15].  

3. Results and Discussion  
First of all, we must check how the current-voltage (I-V) characteristics are changed due to the change of tunne-
ling mechanism such as coherent, incoherent and WKB ones. In order to do so, we have calculated the I-V cha-
racteristics ( ) ( ),

F
T cali V+  of the FIS tunneling junction for these three cases, where the F is the ferromagnetic CrO2 

with a half metal phase, the I is a nonmagnetic insulating layer with a real dimensional size, and the S is the 
Hg-1223 high-Tc superconductor. Here we wish to emphasize that the numerical calculations for the coherent 
and WKB cases need a very large CPU time as compared with the incoherent case [6]. The ( ) ( ),

F
T cali V+ ’s at Tsamp 
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= 4.2 K calculated for above three cases have told us that 1) the result calculated for the coherent case shows a 
unrealistic behavior so that there are some regions in which the differential conductance dI/dV is calculated as a 
negative value, 2) that for the incoherent case is reasonable, and 3) that for the WKB case is fairly similar to that 
for the incoherent one, but there are regions in which the dI/dV is calculated as a negative value. From above, we 
consider here only the incoherent tunneling case. 

Next, we must consider the effect of the external magnetic field. In the present paper, the FIS tunneling junc-
tion, in which the F-layer shows a magnetization because of a half metallic CrO2 so that the spin-polarized qua-
siparticle injection has been well done for no applied field, is considered. Generally, the magnetic field has an 
obvious effect on the transition temperature Tc and superconducting gap Δ, however, the external magnetic field 
we consider here is a field made by the magnetization of the CrO2-layer. Therefore, it seems that the effect of 
the external magnetic field may be small. In the present paper, thus, its effect has been taken into account by us-
ing the same method done by Tedrow and Meservey [16]. Namely, the quasiparticle excitation energy Ek has 
been replaced by BE Hµk   for the majority and the minority spin, respectively. Actually, we did a calculation 
for the external magnetic induction Bext with the value of 1 T, and found that there is no detectable difference 
between the calculations for 0extB =  and 1 T. In the present paper, therefore, the effect of the external mag-
netic field has not been considered anymore. In the following, therefore, we consider only the incoherent tunne-
ling case with no external magnetic field. 

Experimental current ( ) ( ),
F

T expti V±  is proportional to the calculated one ( ) ( ),
F

T cali V± . Therefore, if the logarith-
mic derivative is taken for both currents, then a following relation is held  

( ) ( ) ( ) ( ), ,
d dlog log .

d d
F F

T Texpt cali V i V LD
V V± ±= ≡                         (7) 

This relation clearly shows that the logarithmic derivative LD calculated by using numerically calculated 
values is exactly equal to that by using the experimental one. In the following, therefore, we show only the LD 
values deduced from the full numerically calculated charge current ( ) ( ),

F
T cali V+ . 

In the FIS tunneling junction, it is easily supposed that the imbalance in the number of the ↑ and ↓ spin elec-
trons makes a decrease in the number of CPs. This is just a nonequilibrium effect that we consider here. The de-
crease in the number of CPs makes a decrease in the amplitude ( )τ∆  of the superconducting gap, where 

cT Tτ ≡ . Therefore, in order to take into account the influence of such a nonequilibrium effect, we introduce a 
parameter ( )γ τ  with a value between 0 and 1, by which the ( )τ∆  is reduced to ( )( ) ( )1 γ τ τ− ∆ . Here note 
that ( )1 γ τ−  is equal to the parameter ζ  we have introduced previously [7]. It is clear that the condition 
( ) 0γ τ =  means the no consideration for the nonequilibrium effect due to the imbalance in the number of the ↑ 

and ↓ spin electrons. The parameter ( )γ τ  directly reflects the imbalance in spin population, so it must be 
noted that the ( )γ τ  should be treated separately apart from the parameter T* which represents the nonequili-
brium temperature. At low temperature region 0τ  , the nonequilibrium effect we consider here should be 
small and its temperature variation may also be small because of a huge number of CPs at the low temperature 
region. Therefore, it may be reasonable to suppose that ( )0 0γ =  and ( )0 0γ ′ = . For the ( )γ τ , thus, we a 
priori assume that  

( ) ( ) 21 ,γ τ γ τ=                                     (8) 

where ( )1γ  is an adjustable parameter with ( )0 1 1γ≤ ≤ . Equation (8) is just a phenomenological. 
The differences LDFIS − LDNIS of the logarithmic derivatives LDFIS and LDNIS deduced from the charge cur-

rents ( ) ( ),
F

T cali V+  calculated for the FIS and NIS tunneling junctions are shown in Figures 1(a)-(f). Figure 1(a), 
Figure 1(b) and Figure 1(c) are results obtained by using a ferromagnetic half metal CrO2 as F, an Al metal as 
N and a HgBa2Ca2Cu3O8+δ (Hg-1223) high-Tc superconductor as S, and (d), (e) and (f) are those by using the 
CrO2 as F, the Al as N and a Bi2Sr2CaCu2O8 + δ (Bi-2212) high-Tc superconductor as S. As already stated, the Tc 
of Hg-1223 and Bi-2212 is 135 and 86 K, and the ( )0∆  of those are 75 and 28 meV, respectively [11]. In or-
der to make a comparison with the experiment, it is important to define the sample temperature Tsamp even in the 
theoretical studies. In the present calculations, therefore, the reduced sample temperature ( )samp samp cT Tτ ≡  has 
been selected as 0.1 for Figure 1(a) and Figure 1(d), 0.5 for Figure 1(b) and Figure 1(e), and 0.9 for Figure 
1(c) and Figure 1(f), tentatively. Therefore, for Figures 1(a)-(f), the realistic sample temperature Tsamp is 13.5, 
67.5, 121.5, 8.6, 43.0 and 77.4 K, and the resultant ( )sampT∆  is 75, 72, 40, 28, 27 and 15 meV, respectively. 
The horizontal axis is the normalized voltage VN defined by ( )sampV T∆  and the vertical one is the LD in unit  
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Figure 1. Plots of the difference LDFIS − LDNIS of the logarithmic derivatives LDFIS and LDNIS. (a), (b) and (c) are results 
obtained by using the FIS and NIS tunneling junctions with a ferromagnetic half metal CrO2 as F, an Al metal as N and a 
HgBa2Ca2Cu3O8+δ (Hg-1223) high-Tc superconductor as S, and (d), (e) and (f) are those with the CrO2 as F, the Al as N and 
a Bi2Sr2CaCu2O8+δ (Bi-2212) high-Tc superconductor as S. The Tc is 135 and 86 K and the amplitude Δ(0) at low tempera-
ture is 75 and 28 meV, respectively, for the Hg-1223 and Bi-2212 high-Tc superconductors [11]. The horizontal axis is the 
normalized voltage VN defined by V/Δ(Tsamp) and the vertical one is the LD in unit of 1/VN. The reduced sample temperature 

( )samp samp cT Tτ ≡  for (a) and (d) is 0.1, that for (b) and (e) is 0.5 and that for (c) and (f) is 0.9. Therefore, for (a), (b), (c), (d), 

(e) and (f), the sample temperature Tsamp is 13.5, 67.5, 121.5, 8.6, 43.0 and 77.4 K, and the Δ(Tsamp) is 75, 72, 40, 28, 27 and 15 
meV, respectively. The γ(1) with the values of 0, 0.5 and 1 has been selected and the corresponding curves have been drawn 
by red, blue and green colors, respectively. 

 
of 1 NV . The numerical calculations have been done at no external magnetic field and a voltage interval −5 ≤ 
VN ≤ 5, so it must be noted that the real voltage ( )N sampV V T= ∆  differs for all. The ( )1γ  with the values of 0, 
0.5 and 1 has been selected tentatively, and the corresponding curves have been drawn by red, blue and green 
colors, respectively. The condition ( )1 0γ =  means the no consideration for the nonequilibrium effect due to 
the imbalance in the number of the ↑ and ↓ spin electrons, so it is clear that (1) the structures found in curves 
drawn by red color with ( )1 0γ =  are caused to the difference between the densities of states of a ferromagnetic 
half-metal Cr and a normal simple metal Al and (2) the change of curves due to the increase of ( )1γ  directly 
shows the nonequilibrium effect due to the imbalance of the spin population. The calculations show that (1) the 
nonequilibrium effect is found at τsamp = 0.5 and 0.9, and (2) the remarkable change is found in Hg-1223 high-Tc 
superconductor rather than Bi-2212 one. This is caused to the fact that the ( )0∆  of Hg-1223 superconductor is 
fairly larger than that of Bi-2212 one. We have a priori assumed that the phenomenological parameter γ can be 
regarded as a function of only the τ. However, there is a fact that the CP becomes much stable due to the in-
crease of the superconducting gap, and there are some theoretical studies for the superconducting gap such that 
the spin-exchange interaction could be considered as a one of the origins of the attractive interaction for CP 
[17]-[23]. Therefore, it may be reasonable to suppose that the γ should also be correlated with the superconduct-
ing gap Δ, that is, γ may be a function such as ( ),γ τ ∆ . Only the experimental study can clarify this conjecture. 
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In order to make a comparison with the experimental study, we have chosen two temperatures 4.2 and 77 K as 
a Tsamp and calculated the LDFIS and LDNIS. The results for the difference LDFIS − LDNIS are shown in Figures 
2(a)-(d). Figure 2(a) and Figure 2(b) are results obtained by using FIS and NIS tunneling junctions with a CrO2 
as F, an Al metal as N and a HgBa2Ca2Cu3O8+δ (Hg-1223) high-Tc superconductor as S, and (c) and (d) are those 
with the CrO2 as F, the Al as N and a Bi2Sr2CaCu2O8+δ (Bi-2212) high-Tc superconductor as S. The Tsamp is 4.2 K 
for (a) and (c) and 77 K for (b) and (d) and the ( )4.2∆  and ( )77∆  of Hg-1223 are 75 and 69.7 meV, and 
those of Bi-2212 are 28 and 15.2 meV, respectively. The horizontal axis of Figure 2 is in the real voltage, so it 
should be emphasized that the calculated results can be directly compared with the experimental ones. Figure 2 
shows that (1) the nonequilibrium effect due to the imbalance in the number of the ↑ and ↓ spin electrons is not 
found at 4.2 K as is shown in (a) and (c), but is found at 77 K in (b) and (d), and (2) its effect is clearly found in 
(b), that is, the case of the FIS tunneling junction using Hg-1223 superconductor at 77 K. 

At the high voltage region, the I-V curve of FIS tunneling junction approaches to the ohmic line. Namely, the 
effect of the variation of superconducting gap decreases with an increasing the voltage applied to the junction.  
 

 
Figure 2. Basically the same as in Figure 1 but for the case in which Tsamp has been set to 4.2 K for (a) and 
(c) and 77 K for (b) and (d), and the horizontal axis has been given by the real voltage (mV), in order to 
make a comparison with the experimental study. (a) and (b) are results obtained by using a CrO2 as F, an Al 
metal as N and a HgBa2Ca2Cu3O8+δ (Hg-1223) high-Tc superconductor as S, and (c) and (d) are those by us-
ing the CrO2 as F, the Al as N and a Bi2Sr2CaCu2O8+δ (Bi-2212) high Tc superconductor as S. The Δ(4.2) and 
Δ(77) of Hg-1223 are 75 and 69.7 meV, and those of Bi-2212 are 28 and 15.2 meV, respectively. 
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This is a reason why the value of LDFIS − LDNIS at the high voltage region remains the same for the change of the 
( )1γ , as is shown in Figure 1 and Figure 2. 
Our phenomenological approach for the nonequilibrium effect states that if the experiments for the difference 

LDFIS − LDNIS using the CrO2 as F, the Al as N and the Hg-1223 high-Tc superconductor as S are done at two 
temperatures such as 4.2 and 77 K and the detectable differences are found at these temperatures, then such a 
difference is directly correlated with the nonequilibrium effect due to the imbalance in the number of the ↑ and 
↓ spin electrons. 

4. Summary  
For the c-axis tunneling currents observed in the ferromagnet-insulator-superconductor (FIS) tunneling junctions, 
we have phenomenologically studied the nonequilibrium effect due to the imbalance in the number of the ↑ and 
↓ spin electrons, in order to see how the nonequilibrium effect due to spin injection should be observed in the 
spin-polarized quasiparticle tunneling. We have showed that 1) the nonequilibrium effect is found at 77 K rather 
than 4.2 K, and 2) its effect is clearly found in the FIS tunneling junction using the Hg-1223 high-Tc supercon-
ductor rather than Bi-2212 one as S. 
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