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Abstract
The general expressions based on the Fermi distribution of the free charge carriers are applied for
estimation of the transport characteristics in superconductors at the temperature well above the
superconducting phase transition temperature TC. The Hall-effect experimental results in the
normal state of the superconductor YBa2Cu3O7−δ are not finally explained. On the ground of the
randomly moving charge carriers, the transport characteristics of the randomly moving charge
carriers for both single type and two types of the charge carriers are presented. The particular attention has been pointed to the Hall-effect measurement results of the high-TC superconductor
YBa2Cu3O7−δ. It is at the first time derived the Hall coefficient expression for two type of highly degenerate charge carriers (electrons and holes) on the ground of the randomly moving charge carriers at the Fermi surface. It is shown that the Hall coefficient and other transport characteristics
are determined by the ratio between the electron-like and hole-like densities of states at the Fermi surface.
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1. Introduction
In all cuprates whose doping has been optimized for maximum superconducting transition temperature TC, the
resistivity ρ (T ) well above TC is quite accurately linear in T as for ordinary metals. So, the resistivity is proportional to 1 τ (here τ is the average electron scattering time). In metal the Hall coefficient is independent on
temperature which is considered that mobile carrier density is constant and equal to the valence electron density.
As it is presented in [1]-[3], the conductivity is determined by the effective density of randomly moving charge
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carriers neff. For metals, normal state superconductors and other materials with degenerate electron gas the effective density of randomly moving charge carriers is determined by the density of states g ( EF ) at the Fermi
energy EF: neff = g ( EF ) kT (here k is the Boltzmann constant, and T is the absolute temperature). The density
of states g ( EF ) is obtained from the experimental results of the electron heat capacity measurements. For
multivalent metals and superconductors in the normal state with the composite density of states, the Hall coefficient does determine neither the total density of free electrons, nor the effective density of randomly moving
charge carriers.
How to understand the temperature dependences of both resistivity ρ (T ) and Hall coefficient RH (T ) of
YBa2Cu3O7 (YBCO) in terms of a unified physical picture is still an open question. In almost all works the explanation of the resistivity ρ ab (T ) in ab plane is based upon a 2D single-band model for holes. The nearly linear T dependence of ρ ab (T ) is obtained by assuming the free density of charge carriers to be constant and
deducing the approximate relation 1 τ ∼ T from electron-phonon interaction. In YBCO there is also an appreciable anisotropy of conductivity within ab plane, as one will expect because of the mobile holes on the chains.
For YBCO optimized for maximum TC the resistivity ρ a in a direction is about double of ρb in b direction,
and they have the same temperature dependences [4]. The ratio ρ a ρb value is about 2.2 and is independent on
temperature; it indicates that the Cu-O chains contribute about 60% of the current when the electric field is parallel to them, with the rest of the current being contributed by the Cu-O planes. The electrical resistivity in the c
direction is high, as it is expected from the localization in the c direction of the most electron states in the planes.
It is believed that they are tunneling from one layer to the next in the c direction [5]. On the other hand, the
measurement of the Hall coefficient for a single-crystal YBCO shows that for magnetic field parallel to c axis
and for the direct current in ab plane RH is proportional to 1/T, and the charge carriers are holes with RH > 0 .
A study is usually starting from a single parabolic band picture, but there is a problem on explanation of temperature dependences of both conductivity and Hall coefficient: the former implying that n ≈ const with
1 τ ∼ T , and another implying that n ∼ T which follows from the Hall effect measurement. So, it shows that
for a high-TC superconductors with complex band structure the free-electron formulas

=
σ qn
=
µ q 2 nτ m ,

(1)

RH = 1 qn

(2)

and
are not longer hold. As it is shown in [1]-[3], these formulas are valid neither for usual metals, nor for materials
with degenerate electron gas, because the electrons with the energy well below the Fermi level can’t change
their energy E either through scattering or due to external fields as all these states are occupied; the Fermi distribution function leads to f ( E ) = 1 . Only a small part of electrons, whose energy is close to the Fermi level,
are able to move randomly. The relations (1) and (2) are valid only for materials with non-degenerate electron gas.

2. The Basic Transport Characteristics for Degenerate Materials with One Type of
Randomly Moving Charge Carriers
The effective density of randomly moving electrons neff can be presented as [1]-[3]

neff =

∫ g ( E ) f ( E ) 1 − f ( E ) dE =

 ∂f ( E ) 
kT ∫ g ( E )  −
 dE .
∂E 


(3)

This relation is valid in all cases. In the case of high degree of degeneracy, the effective density of randomly
moving electrons can be expressed as
neff = g eff ( EF ) kT ,

(4)

where geff(EF) is the total density of states at E = EF , and neff is proportional to the temperature T. The density
of states at the Fermi energy can be obtained from the experimental results of the electron heat capacity measurements.
For degenerate materials with one type of randomly moving charge carriers such general expressions can be
presented [2] [3]:
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 for conductivity:
=
σ qn=
eff µ drift

q2 D
1 2
=
neff
q g eff ( EF ) vF2 τ F ,
3
kT

(5)

 for drift mobility (Figure 1):
qD qvF2 τ F
,
=
kT
3kT

µdrift
=
1

(6)

 for Hall mobility (Figure 2):

=
µ H 1 R=
H 1σ

qτ F
,
m0

(7)

 for Hall coefficient:

=
RH 1

1
3
3
=
=
≈ const ,
qα ε neff 2qg ( EF ) EF qg ( EF ) m0 vF2
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Figure 1. Drift mobility (absolute value) for single type of
charge carrier dependence on temperature in YBa2Cu3O7
(calculation quantities are taken from Table 1).
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Figure 2. Hall mobility (absolute value) for single type of
charge carrier dependence on temperature in YBa2Cu3O7
(calculation quantities are taken from Table 1).
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Table 1. Charge carrier transport parameters of superconductor YBa2Cu3O7 in the normal state.
T = 100 K

Parameter
Resistivity ρ [8]

T = 300 K

48 µΩ∙cm
4

145 µΩ∙cm
−1

−1

Conductivity σ = 1 ρ

2.08 × 10 Ω ∙cm

0.69 × 104 Ω−1∙cm−1

Diffusion coefficient D (Equation (5))

38.6* cm2/s

13.2* cm2/s

Drift mobility µdrift1 (Equation (6))

4176*

464*

Hall mobility µH1 (Equation (7))

138* cm2/V∙s

46* cm2/V∙s

Scattering time τF (Equation (10))

7.8 × 10−14* s

2.6 × 10−14* s

Effective density neff of randomly moving charge carriers (Equation (4))

3.1 × 1019 cm−3

9.3 × 1019 cm−3

Free path length lF = vFτ F

28* nm

9.6* nm

Electron heat capacity coefficient γ [9]

4.5 mJ/(mol∙K2)

Total density of states geff(EF) at Fermi surface (from γ [9])

3.63 × 1021 eV−1∙cm−3

Fermi energy EF = m0 vF2 2

0.39 eV

Plasma frequency (Equation (9))

1.15 eV

Effective mass of randomly moving electron or hole

m0 = 9.1 × 10−31 kg

Fermi velocity vF = 3D τ F

3.85 × 107 cm/s

Hall coefficient RH1 (Equation (8))

6.6 × 10−3 cm3/C

Note: The mark * note that the same absolute values are for the randomly moving electrons and holes.

q 2 g eff ( EF ) vF2
σ
=
=
≈ const ;
ω
ε 0τ F
3ε 0
2
p

(9)

where µdrift1 is the drift mobility, and D is the diffusion coefficient for single type of charge carriers; τ F and
EF is the average relaxation time and the Fermi energy of randomly moving charge carriers with velocity vF;
RH1 , and µH1 are the Hall coefficient, and Hall mobility, respectively; ε0 is the permittivity of free space;
α ε = EF ( 3kT 2 ) . The absolute values in expressions (6)-(8) for electrons and holes are the same, but for electrons and holes they have negative or positive signs, respectively.
As shown in [6] [7], the average electron scattering time at the Fermi surface at linear resistivity dependence
on temperature T range in highly degenerate materials is equal:

τ F =  kT ,

(10)

where  = h 2π is the Plank’s constant. From Equation (8) follows that only from Hall coefficient measurement results of materials with degenerate electron gas ones could not find the total density of free electrons.
From these expressions also follows that for highly degenerate materials the ratio between the drift mobility and
Hall mobility is valid such relation:

µdrift1
= α=
ε
µH1

m0 vF2
EF
.
=
( 3 2 ) kT 3kT

(11)

So, the drift mobility in highly degenerate materials can be ten or hundred times larger than Hall mobility.
Equation (9) shows that plasma frequency for highly degenerate materials directly does not depend on the effective mass of charge carriers.
On the ground of both the resistivity ρ [8] and the electron heat capacity coefficient γ [9] measurement results
for high quality superconductor YBa2Cu3O7 in Table 1 there are presented its charge carrier transport parameters in the normal state evaluated on the base of randomly moving charge carrier theory (near each parameter
there are cited the equation according to which the mentioned value was calculated). There also has been consi-
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dered that quasiparticles electrons and holes randomly are moving independently.
It is worth here to point that the randomly moving charge carrier density neff in high degenerate materials is
not constant, but is proportional to temperature T. At linear resistivity dependence on temperature range
′ 1 ~ 1 T 2 . Hence, one can be very careful on the interpretation of the
τ F ~ 1 T , and µ H 1 ~ 1 T , while µdrift
conductivity, Hall-effect and plasma frequency measurement results.

3. The Basic Transport Characteristics for Degenerate Materials with Two Type
of Randomly Moving Charge Carriers and Its Applications to Superconductor
YBa2Cu3O7−δ
It is pointed out that the electron-phonon scattering, not the phonon-assisted electron hopping, is highly likely
responsible for in ab plane transport of the high-TC YBCO [8]. It is considered that the linear T dependence of
the in-plane resistivity ρ ab (T ) from TC to room temperature can be explained by the traditional electron-phonon scattering mechanism in a single-band model. In order to explain the nearly linear T dependence of the Hall
number 1 qRH from TC to room temperature, with magnetic field along the c axis, the two-band model with
positive and negative charge carriers and with particular conditions is needed.
The ab plane Hall coefficient of YBa2Cu3O7−δ has the following characteristics [10]-[12]: a) the sign of the
Hall coefficient RH is positive, i.e. hole-like; b) RH is very sensitive to the oxygen content and increases rapidly
with increasing oxygen deficiency δ; c) RH is strongly temperature dependent, that means this is a multiband
system; for a well oxygenate samples (TC is over 90 K) the temperature dependence is such that the quantity
1 qRH varies linearly with T; d) in samples which are not oxygen deficient, the quantity 1 qRH is of the order
of 1021 cm−3. The quantity 1 qRH was mistakenly accepted as the free charge carrier density, because from
Equation (8) follows that for degenerate charge carriers 1 qRH = 3  2 g ( EF ) EF  . Moreover, for materials with
degenerate electron gas and with composite electron energy band structure there is no method directly to measure the total free charge density, yet in the case of single type of charge carriers [3] (Figure 3). But the randomly
moving charge carrier density can be determined by Equation (4) which really causes the transport characteristics in materials with degenerate charge carriers.
Usually in literature using a two-band model, the conductivity and the Hall coefficient are expressed in terms
of the densities of both electrons ne and holes nh and their mobilities µe and µh [11] [13]-[16]:
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Figure 3. Illustration of density of states g ( E ) , functions g ( E ) f ( E ) , and
g ( E ) f ( E ) 1 − f ( E )  dependency on energy for metals and normal state superconductors with composite density of states dependency on energy. The light
grey area represents the total density of electrons n = ∫ g ( E ) f ( E ) dE , and the

dark grey area represents the effective density of randomly moving electrons neff
(Equation (3)) that take part in conductivity and other kinetic processes. Additionally there are represented the Fermi functions f ( E ) and (1 − f ( E ) ) dependency on energy (dashed curves, right scale).
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1
= qnh µh + qne µe ,

(12)

ρ

RH =

nh µh2 − ne µe2

q 2 ( nh µh + ne µe )

2

.

(13)

In these relations on the ground that the average scattering time is defined by scattering time on the Fermi
surface: τ = τ F , there was accepted that the drift mobility is equal to the Hall mobility, which, as it is seen
from Equations (6) (Figure 1) and (7) (Figure 2), is completely incorrect assumption. In this two-band model
the temperature dependence of RH reflects a temperature dependent compensation of Hall voltages caused by
holes and electrons. It is not generally possible to uniquely determine the values ne, nh, µe and µh only from experimental data of conductivity and Hall effect measurements. In order to explain RH ~ 1/T and ρ ~ T behavior
in terms of two-band model ones have to assume a very unusual special relations among the parameters. In [13],
it is assumed that the effective densities of electrons and holes do not vary with temperature, but their mobilities
µh and µe have the forms
−1
µ=
A (1 + BT ) ,
h

(14)

−1
µ=
C (1 + DT ) ,
e

(15)

with B ≠ D . Eight parameters are adjusted in order to give an accurate fit to combined resistivity and Hall data
above 98 K.
In [8], it is proposed that the key quantity is not RH, but the Hall angle which at weak magnetic field
Θ H ≈ EH Ex is proportional to T−2 (here EH = Ey is the Hall electric field strength and Ex is the applied electric
field strength in the x direction). It has been considered that it follows from that in a wide variety of substances
and samples ones find that Hall angle
Θ=
ωcτ=
H
H

1
.
A + BT 2

(16)

Thus, the relaxation time τH which determines Θ H must be ~T−2 rather then T−1. According to Andersen
theory idea [8], that τH is the spinon mean free time since the orbital magnetic field part of the Hamiltonian
commutates with the anomalous interaction which causes by scattering of the quasiparticles carrying the charge.
From his model follows that in the resistivity measurements well above the TC (without the magnetic field) the
scattering time changes as 1 T , but in the measurement of Hall effect, i.e. in the presence of magnetic field, the
2
scattering time changes as 1 T . The measurement of the magnetoresistance in single-crystal YBa2Cu3O7−δ
above 95 K is smaller than 1% of the resistance [17]. So, there is no real evidence that in weak magnetic fields
the charge carrier scattering time drastically changes. Also one can see from Equation (7) that the same scattering time is in the conductivity σ expression and it unambiguously gives that Hall coefficient does not depend on
the scattering time. The same conclusion follows from Equation (13).
As it was mentioned earlier, Equation (13) was derived on the misconstruction base that drift and Hall mobilities for degenerate materials coincide. Let us define the Hall coefficient on the ground of the effective density of
randomly moving charge carriers for two types of charge carriers: holes and electrons. The general expressions
for conductivity and Hall coefficient can be presented as [18] [19]:

σ
= σh +σe ,
RH 2
=

(17)

RHhσ h2 + RHeσ e2 µ Hhσ h + µ Heσ e
.
=
2
2

σ

σ

(18)

There the relation RHh ,eσ h ,e = µ Hh ,e has been used. It is suggested that holes in YBa2Cu3O7−δ arise from the
CuO2 planes, and are very similar to the holes in La2CuO4, while the carriers in the Cu-O chains are electrons
[19]. Including the effective densities of randomly moving holes and electrons, and the drift and Hall mobilities,
Equations (17) and (18) can be rewritten in the following way:
=
σ qph eff µh drift + qne eff µe drift ,
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RH 2 =

qph eff µh drift µ Hh − qne eff µe drift µ He

( qp

h eff µ h drift + qne eff µe drift )

2

.

(20)

In degenerate materials the effective densities of randomly moving charge carriers and their absolute values of
drift and Hall mobilities can be presented in the following way [1]-[3]:

ne eff = g e ( EF ) kT ,

(21)

ph eff = g h ( EF ) kT ,

(22)

µ=
µ=
e drift
h drift

µ=
µ=
Hh
He

qvF2 τ F
,
3kT

qτ F
,
m0

(23)
(24)

where ge(EF) and gh(EF) are electron-like and hole-like effective densities of states at the Fermi surface, respectively; vF and τF are the velocity and the average scattering time of charge carriers at the Fermi surface, respectively. Accounting Equations (21)-(24), Equations (19) and (20) can be presented in such a form:

=
σ q
=
RH 2

qvF2 τ F
1
g h ( EF ) + g e ( EF ) )=
kT   q 2 vF2 τ F g eff ( EF ) ,
(
3kT
3

(25)


q 3 vF2 τ F2 g eff ( EF ) 
g (E ) 
g e ( EF ) 
3
− 2⋅ e F 
1 =
1 − 2 ⋅
.
2
2
g eff ( EF )  qvF m0 g eff ( EF ) 
g eff ( EF ) 
3σ m0


(26)

or in simplified form (by using Equation (8)):

g (E ) 
R=
RH 1 1 − 2 ⋅ e F  ,
H2
g eff ( EF ) 


(27)

where g eff=
( EF ) g h ( EF ) + ge ( EF ) is the total density of states at E = EF . RH1 is the Hall coefficient expression for single type of randomly moving charge carriers. There it was considered that for randomly moving
∗
∗
charge carriers (electrons and holes) the effective mass m=
m=
m0 . It is difficult to believe that the effective
h
e
mass of randomly moving charge carriers in degenerate materials can change with temperature; the latter result
would mean that the Fermi energy EF = m∗ vF2 2 must change at the same scale.
Thus, one can present Equation (27) in such simplified form:

g (E ) 
R=
RH 1 1 − 2 ⋅ e F =
 η RH 1 .
H2
g eff ( EF ) 


(28)

where

η=

g (E )
RH 2 g h ( EF ) − g e ( EF )
=
=1− 2 ⋅ e F .
RH 1
g eff ( EF )
g eff ( EF )

(29)

The quantity η plays the role of compensation of voltages caused by holes and electrons in Hall effect measurement in degenerate material, and the quantity 1 η can be named as a compensation degree factor. Considering that Hall coefficient RH1 for degenerate material with single charge carriers is defined by Equation (8),
from the measurement of Hall coefficient RH2 in degenerate material with electrons and holes it possible to determine the compensation degree factor 1 η , and the part of electron-like and hole-like densities of states at the
Fermi surface, and they changes with temperature.
It was interesting to find such electron-like and hole-like densities of states dependences on temperature in
such a way that they could cause the Hall coefficient RH2 proportionality to 1 T , and at the same time the Hall
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2

mobility µH2 proportionality to 1 T . The obtained electron-like and hole-like densities of states dependences
on temperature are presented in Figure 4. From this figure follows that parameter 1 η is proportional to temperature T (Figure 5). Thus, the slow increase of electron-like density of states and decrease of hole-like density
of states with temperature in principle can produce that Hall coefficient proportionality to 1 T in superconductor YBa2Cu3O7−δ due to compensation effect at temperatures well above the transition temperature TC
(Figure 6).
From Equations (7), (18) and (28) the effective expression of Hall mobility for two types of randomly moving
charge carriers (holes and electrons) can be presented in the following form:

µ=
µ Hh
H2

g e ( EF ) 
σh
σ e qτ F 
− µ He =
=
1 − 2 ⋅
 η µH 1 ,
σ
σ
m0 
g eff ( EF ) 

(30)

where µ H 1 = qτ F m0 is the Hall mobility for single type of randomly moving charge carriers (Figure 2). The
Hall mobility µH2 dependence on temperature for randomly moving holes and electrons with the densities of
states presented in Figure 4 is presented in Figure 7. The obtained Hall mobility parameter µH2 (Figure 7) de2
pendence on temperature explains the proportionality to 1 T of the experimental results [20].
In the case of randomly moving electron and hole quasiparticles, the expressions for Hall coefficient (Equation (28)) and for Hall mobility (Equation (30)), and considering that conductivity dependence on temperature
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Figure 4. The hole-like and electron-like densities of states
dependence on temperature for superconductor YBa2Cu3O7−δ,
which cause the Hall coefficient RH2 ~ 1/T.
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Figure 5. The compensation degree factor dependence on
temperature for superconductor YBa2Cu3O7−δ.
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Figure 6. Hall coefficient 1/RH2 dependence on temperature
in the normal state temperature range for YBa2Cu3O7−δ.
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Figure 7. The Hall mobility µH2 value dependence on temperature for randomly moving holes and electrons in YBa2Cu3O7−δ
with the densities of states presented in Figure 4.

are only due to τ F ~ 1 T , depend only on the ratio of electron-like density of states to the total density of states
g eff ( EF ) , i.e. depend only on parameter 1 η .
As pointed in [5], that near optimum doping rising the temperature has a similar effect, possibly by releasing
carriers from localized states or by increasing the effective hole doping in the CuO2 layers, or by changing the
effective band structure, i.e. changing the effective density of electron-like and hole-like states. In [21], it is
pointed that due to displacement of oxygen atoms in chains there can be changes of density of states in-plane
and in chain states.
So, when the hole-like and electron-like densities of states are close to one other then the small changes of
these densities with temperature can produce the drastic changes in temperature dependence of Hall coefficient
RH2 and Hall mobility µH2 in the case of two types of charge carriers: electrons and holes.

4. Conclusion
This work tries to attract attention to interpretation of transport properties of superconductor YBa2Cu3O7−δ in
temperature range well over the transition temperature TC. On the base of the density of randomly moving
charge carriers and their drift and Hall mobilities, the general expressions for Hall coefficient and Hall mobility
for two types of charge carriers—holes and electrons were derived. Considering that Hall coefficient RH1 for
degenerate material with single type of charge carriers is completely defined, from the measurement of Hall
coefficient RH2 in degenerate material with electrons and holes it possible to determine the compensation degree
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factor 1/η, and the part of electron-like and hole-like densities of states at the Fermi surface, and they changes
with temperature. When the hole-like and electron-like densities of states are close to other ones, the small
changes of these densities with temperature can produce the drastic changes in temperature of Hall coefficient
RH2 and Hall mobility µH2. It is shown that scattering time τF always has its usual dependence on temperature: τF
~ 1/T.
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