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Abstract
The economic environment for financial institutions has become increasingly risky. Hence these institutions
must find ways to manage risk of which one of the most important forms is credit risk. In this paper we use
the mean-variance (mean-standard deviation) approach to examine a banking firm investing in risky assets
and hedging opportunities. The mean-standard deviation framework can be used because our hedging model
satisfies a scale and location condition. The focus of this study is on how credit risk affects optimal bank investment in the loan and deposit market when derivatives are available. Furthermore we explore the relationship among the first- and second-degree stochastic dominance efficient sets and the mean-variance efficient set.
Keywords: Banking Firm, Investment, Risk, Derivatives, Hedging, (µ, )-Preferences, Stochastic Dominance

1. Introduction
In our paper we examine the behavior of a banking firm
under credit risk. The banking firm can hedge its investment risk exposure by trading futures contracts. Credit
risk is one of the most important forms of risk faced by
banks as financial intermediaries. Management of risk
through the selection and monitoring of borrowers and
creating diversified loan portfolios has always been one
of the predominant challenges in risk management in the
banking sector [1,2].
In our model we will use the term derivatives for both
securities originating from loan securitization and
financial advanced instruments such as futures and options. One of our objectives is to examine how the possibility of selling part of the entire uncertain loan portfolio
of a bank at a deterministic forward rate will affect the
bank’s behavior in the deposit and loan market. Derivatives are financial instruments designed to reduce interest
rate risk.
Derivatives can take the form of forwards, options or
swaps which may be imbedded in financial assets such as
loans and bonds. Derivatives allow an investor to reduce
or eliminate credit risk or to buy credit risk in order to
control total risk.
The number of derivatives transactions has increased
significantly worldwide in recent years. The main reason
for the rise of derivatives is an increase in dramatically
Copyright © 2011 SciRes.

fluctuations in risk as in the Asian Financial Crises in
1997, the Russian Financial Crises 1998, the Argentinean
Financial Crisis in 2001, Enron crisis in 2002 and the
financial crisis in 2007. There are many ways in which
financial managers can utilize derivatives. The main applications are hedging, arbitrage and speculation. This
paper shall focus on hedging, i.e., the desire of an investor to reduce risks in order to stabilize income and
cashflow streams.
The basic motivation of the study can be interpreted as
follows. Banks face risk. If the banking firm does not
hedge, there will be some stochastic variability in the
cashflows. Random fluctuations in cashflows due to
credit risk result in variability in the amount of the
bank’s profits. Variability in profits will generally be
undesirable, to the extent that there is risk aversion. As
derivatives have the ability to reduce this variability in
cashflows, consequently the expected utility of the bank
manager can be increased [3,4].
This study analyzes the optimal hedging policy of a
risk-averse competitive banking firm faced with an exogenous change in credit risk. The two-dimensional meanstandard deviation model are used because this approach
provides a clear and straightforward economic intuition
for the bank’s revision of its optimal hedging policy whenever a parameter of the decision-making process changes.
[5-7] have shown that if all random alternatives to be
ranked are equal in distribution to one another, with the
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U. BROLL ET AL.

exception of scale and location, then any expected utility
ranking of all random alternatives can be based solely on
the means and standard deviations of the alternatives.
Many well-known families of distribution functions, including the bank hedging model presented in this paper,
satisfy this location and scale condition.
The analysis in this paper is based on the concept of (µ,
σ)-preferences. The (µ, σ)-criterion on decision-making
under uncertainty has experienced growing attention in
very recent contributions, see for example, [8-13]. For a
(µ, σ) risk-averse bank manager, this study derives a direct relationship between an exogenous change in parameters, the optimal hedge ratio and the elasticity of
risk aversion. Furthermore, the relationship between the
first- and second-degree stochastic dominance efficient
sets and the mean-variance efficient set are explored.
The plan of the paper is as follows. Section 2 presents
the model of a competitive banking firm under credit risk
when derivatives are available. Derivation of the main
results will be included. In Section 3 the concept of stochastic dominance is introduced to explore the relationship between the first- and second-degree stochastic
dominance efficient sets and the mean-variance efficient
set. Section 4 will be the conclusion.

2. Optimal Hedging and Increase in Risk
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minus interest rate paid on deposits and operational
costs.
As highlighted in the literature, there are many new
instruments in the financial markets today which allow
efficient risk management in banking. The creation of
such instruments to manage credit risk is one of the most
important steps towards complete risk-sharing markets.
The following section shall analyze the impact of derivatives on a bank’s optimal deposit, loan decisions and risk
management. The derivative trades a risky cashflow into
a certain cashflow. The bank can hedge the credit risk by
taking a short (long) position, i.e., selling (buying) contracts H, in the derivatives market. The given forward
rate is denoted by rF . It is assumed that there is a positive risk premium in the futures market (backwardation),
i.e. rF  E  rL  .
Substituting the bank’s balance constraint and taking
into account hedging possibilities will lead to
   r  r  L   r  r  D  rK  C  L, D    r  r  H .

L

D

F

L

The bank management is (, )-risk averse. This means
that (i) the agent’s preference can be represented by a
two-parameter function V(, ) defined over mean  and
standard deviation  of the underlying random variable,
Y, such that:
V  ,    E u Y     u  y  fY  y;  ;   dy
b

a

Consider a risk-averse bank in a one period framework.
The bank is a financial intermediary, taking deposits D
and making loans L. By bank’s technology it faces operational costs C(L, D) with strictly positive marginal
costs: CL > 0 and CD > 0. Equity capital, K, of the
bank is assumed to be as given. At the beginning of the
period, the bank has the following balance sheet:
LM  K D

where M is the bank’s interbank market position. M can
take a positive or a negative sign, implying lending or
borrowing in the interbank market at an interest rate r
which is assumed to be deterministic.
Loans, L, granted by the bank are risky subjected to
uncentain repayment. Therefore the effective rate of return is risky:

 L  L 
1

L  rL

Deposits issued by the bank is assumed to have the
same maturity as the loans. The bank is a quantity setter in
the loan and deposit market where the supply of deposits
is perfectly elastic and the deposit rate, rD , is given. With
credit risk, the random profit of the bank is defined as
  r L  rM  r D  C  L, D  .

L

D

Profits consist of the uncertain interest earned on loans
plus positive (negative) interest on interbank position
Copyright © 2011 SciRes.

where u is the utility function, Y is an investment or return with mean , standard deviation  and pdf fY and (ii)
that the function V satisfies the following properties:
Vu  0 , Vuu  0 , V  0 ,   0 and V   , 0   0 .
Assume that the partial derivatives  2V  ,    2
and  2V  ,    exist, then V is a strictly concave function and the indifference curves are convex in
the (, )-space [14].
Given (, )-risk aversion, the decision problem of the
bank management reads:
max V   ,   ,

L, D, H

where   and  are expected profit and the standard deviation of profit respectively. Examination of the
first order necessary conditions for the maximization
problem leads to the following proposition:
Proposition 1: Given an derivative market and the
bank’s exposure to credit risk as described above, in the
optimum: bank can separate its decision on risk management from its decisions on loan and deposit volumes
and with backwardation, the bank underhedges its credit
risk exposure.
Proof: From the first order conditions, we obtain two
deterministic equations in loans L and deposits D such
that:
rF  r  CL  L, D  ,
TI
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r  rD  CD  L, D  .

Since the derivative market is biased, we have rF 
E  rL  , an underhedge, i.e. L < H, is then implied.
Proposition 1 is an example of the well-known separation property in the presence of hedging instrument. As a
consequence, the bank will choose a volume of loans and
deposits as in the case of certainty. Furthermore Proposition 1 is the result of the biasedness, i.e., a risk premium
leads to an underhedged position.
The elasticity of risk aversion can be derived by characterizing the sensitivity of the hedge against a change in
risk. In order to analyze an increase in risk and the revision of the optimal hedge policy, H, the elasticity of risk
aversion is defined as follows:
Definition 1: Given  > 0, the elasticity of risk aversion with respect to the standard deviation is

 S , :  S



H
= sign 1   S ,  .


Definition 2: Given  > 0, the elasticity of risk aversion with respect to the expected profit wealth is:

 S ,  :  S 


S

where S  V V and S   S r .
Corollary 1: With an increase in the expected futures
rate, r , the hedge ratio will decrease if the elasticity of
risk aversion is less than unity; remain unchanged if the
elasticity of risk aversion is unity; and increases if the
elasticity of risk aversion is greater than unity.
Proof: Using the same calculus as in proof of proposition 2 one can easily verify that
sign

H
= sign   S ,   1 .
r

S

where S  V V and S  S  .
Let S be the marginal rate of substitution between 
and , thus, S is interpreted as a measure of risk aversion
in the (, )-space. The elasticity of risk aversion,  S , ,
is—in absolute value—given by the percentage change
in risk aversion divided by the percentage change in risk.
The change in credit risk is as follows: rL    
E  rL    , where  has zero mean and unit standard
deviation. Then, increasing  models an increase in risk.
Substituting rL    for the random variable generates a
relationship between optimal hedge amount H    and
the risk measured by the standard deviation of rL    .
Now the following claim can be made.
Proposition 2: Given backwardation in the derivatives
market, when the risk increases, then the optimal hedge
will increase if the elasticity of risk aversion is less than
unity; remains unchanged if the elasticity of risk aversion
is unity.
Proof: Expected profit and standard deviation of profit
are respectively

 

   E  r   r  L   r  r  D
E 
L
D
 rK  C   rF  E  rL   H ,

    L  H   rL
By using S  V V , the first order condition of the
hedge problem implies
S

V  rF  E  rL  
LH



  0.


This condition can be satisfied if and only if the term
in brackets equals to zero. Applying the implicit function
theorem and Definition 1, we have:
Copyright © 2011 SciRes.

sign

3. Stochastic Dominance and Mean-Variance
Approach
Mean-variance efficient sets have been widely used in
both economics and finance to analyze how people make
their choices among risky assets. [15] demonstrated that
if the ordering of alternatives is to satisfy the NM (Von
Neumann-Morgenstern, [16]) axioms of rational behavior, only a quadratic NM utility function is consistent
with an ordinal expected utility function that depends
solely on the mean and variance of the return. Thereafter,
[17] formulated an efficient set of definitions corresponding to the quadratic utility assumption. [18] pointed
out that even if the return for each alternative has a normal distribution, the mean-variance framework cannot be
used to rank alternatives consistent with the NM axioms
unless a quadratic utility function is used.
[7] extended the mean-variance theory to include the
comparison among distributions that differ only by location and scale parameters and to include general utility
functions with only convexity or concavity restrictions.
[19] elaborated on Meyer’s results to prove that the firstand second-degree stochastic dominance efficient sets
are equal to the mean-variance efficient set under certain
conditions while [20] found that the sign changes of the
indifference curve slope depend on the speed of increase
in the absolute risk aversion.
Earlier on, this paper has used the mean-variance (or
mean-standard deviation) approach to examine a banking
firm that is subjected to certain credit risk and hedging
opportunities for a scale and location family of distributions. Next, it shall explore the linkage of the mean-variance efficient set to both the first- and second-degree
stochastic dominance efficient sets and to the utility
TI
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functions for both non-satiated and risk-averse investors.
Definition of the stochastic dominance concept is as follows:
Definition 3: Given two random variables X and Y
with F and G as their respective probability distribution
functions, X is at least as large as Y and F is at least as
large as G is the sense of:
1) FSD, denoted by X 1Y or F 1G , if and only if
F  x   G  x  for each x;
2) SSD, denoted by X  2Y or F  2 G , if and only if
x
x
  F  t    
G  t  for each x;
where FSD and SSD stand for first and second order
stochastic dominance respectively. If in addition there
x
x
F  t    
G t  ,
exists x such that F  x   G  x  and  
we say that X is larger than Y and F is larger than G in
the second of SFSD and SSSD, denoted by X 1 Y or
F 1 G and X 2 Y or F 2 G respectively, where
SFSD and SSSD stand for strictly first and second order
stochastic dominance respectively. The definitions of the
utility functions for both non-satiated and risk-averse
investors are as follow:
Definition 4:
1) For n = 1, 2, ; U n and U ns are sets of utility
functions u such that:

  

U n U ns  u :  1

i 1



u       0, i  1, , n ,
i

where u   is the i th derivative of the utility function
u.
2) The extended sets of utility functions are defined as
follows:
i





U1E U1ES  {u: u is (strictly) increasing},

and





U 2E U 2ES  {u is increasing and (strictly) concave}.

Note that in Definition 4, it is known (e.g. see Theorem 11C in [21]) that u in U 2E ,U 2ES are differentiable
almost everywhere and their derivatives are continuous
almost everywhere. Notice that any investor whose utility function belongs to U1 ,U1S , U1E or U1ES is a nonsatiated investor who prefers more to less. Any investor
whose utility function belongs to U 2 , U 2S , U 2E or U 2ES
is a non-satiated and risk-averse investor who prefers
more to less but whose marginal utility function is decreasing. The relationship between the investment distributions with stochastic dominance relation and the
utility function of the non-satiated and risk-averse investors have been well developed as summarized in the following proposition:
Proposition 3: Let X and Y be random variables with
probability distribution functions F and G respectively.
Suppose u is a utility function. For n = 1 and 2; we have
Copyright © 2011 SciRes.
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the following: F  n  n  G if and only if u  F     
u  G  for any u in U such that





U n  U  U nE U nSE  U  U nES .

Note that Definition 4 holds for any integer n and
Definition 3 and Proposition 3 hold for the third order for
Proposition 3 can be found in [22]. The third order is
excluded in this paper because only the results in the first
two orders are needed. The proof for Proposition 3 can
be found in [6,16,23-25]. [10] extended Proposition 3 to
include the convex stochastic dominance theory.
The basic principle underlying stochastic dominance is
quite straightforward. As an example, suppose that investors attempt to choose between two risky assets, X
and Y. Also, suppose that the distribution of returns to
assets X and Y are highly complicated, but the return to
asset X always exceeds the return to asset Y. In this case,
as long as investors are non-satiated, no one will buy
asset Y since the investors can always do better by holding asset X. This basically iterates the results of the
above proposition with n = 1. Similarly, the above proposition with n = 2 demonstrates that the non-satiated
and risk-averse investors will prefer risky asset X to Y if
and only if X stochastically dominates Y in the second
order. As Proposition 3 provides the equivalent relationship between stochastic dominance and utility function, a
person is thus known as a first order stochastic dominance (FSD) risk investor (or known as a non-satiated
investor) if his/her utility function belongs to U1E and
call a person a second order stochastic dominance (SSD)
risk averter (or called as a non-satiated and risk-averse
investor) if his/her utility function belongs to U 2E . The
preference of random profits in a location-scale family of
distributions for the FSD and SSD investors are further
explored in the following proposition:

 and 
Proposition 4: For the random profits 
1
2
with means 1 and 2 respectively such that
  p  q
 ,

1
2

 

 

   u 

1) if p  qy    y for all y, then u 
1
2
for any u such that u  U1S U1  ; and
2) if 0  q  1 such that p 1  q      2 , i.e.,
   u 

1     2 , then u 
for any u  U
1
2
S
ES
E
such that U 2  U  U 2 U 2  U  U 2 .
Proof: For part (1),

 

 











 y P 
  p  qy
P 
1
1



 P 

  p  qy
 P p  q
2
2

y







  
 . Together with the results in PropoHence, 
1 1
2
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sition 3, we obtain part (1). One can easily modify the
proof in [24] to obtain the proof of part (2).
Proposition 4 illustrates that if two random profits belong to the same location-scale family satisfying
  p  q
 with p  qy     y , then the random

1
2

profit 1 stochastically dominates the random profit
 . Hence the random profit 
 is preferred by FSD

2
1
investors. The random profits satisfying the inequality
relationship as stated in part (2) of Proposition 4, then
 for any SSD investor. These
 is preferred to 

1
2
results are also suitable for the effective rates of returns
as stated in the following corollary:
Corollary 2: For the effective rates of returns rL1
and rL2 with means 1 and 2 respectively such that
  r L  rM  r D  C  L, D  , if r,
rL1  p  qrL2 and 
i
Li
D
rD and C  L, D  are independent of rLi , then we have
   u 

1) if p  qy     y for all y, then u 
1
2

for any u such that u  U1 ; and

 

 

i

2) if 0  q  1 such that p 1  q      2 , i.e.,

   u 
1     2 , then u 
for any u  U
1
2

 


 



such that U 2  U  U U  U  U 2ES .
Similarly, Corollary 2 tells us that if two effective
 with
 and 
 satisfy 
  p  q
rates of returns 
1
2
1
2

p  qy     y , then the effective rate of return 
1

stochastic dominates the effective rate of return  2
 is preferred by FSD investors. If the efand hence 
1
 
 satisfying the inequality
fective rate of returns 
1
2

relationship as stated in part (2) of Corollary 2, then 
1

is preferred to  2 for any SSD investor.
In part (2) of Proposition 4 and part (2) of Corollary 2,
 has a bigger mean and
one can easily show that 
1

smaller variance than  2 . Hence, we obtain the following corollary:
Corollary 3:
 and 
 with means
1) For the random profits 
1
2
1 and 2 and variances  12 and  22 respectively such
  p  q
 if    and    , then u 
 
that 
1
2
1
2
1
2
1

for any u  U such that U 2  U  U 2E or
u 
2
U 2S  U  U 2ES .
2) For the effective rates of returns rL1 and rL2 with
means 1 and 2 and variances  12 and  22 re  r L  rM 
spectively such that rL1  p  qrL2 and 
i
Li
rD D  C  L, D  , if r, rD and C(L, D) are independent of
 u 

rLi and if 1  2 and  1   2 , then u 
1
2
E
S
for any u  U such that U 2  U  U 2 or U 2  U
 U 2ES .
It is common to compare the assets in the - indifference curves diagram if one applies the mean-variance
(mean-standard deviation) approach. In this connection,
E
2

 

S
2
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we can rewrite Proposition 4 and Corollary 2 in the following corollaries to start its relationship in the - indifference curves diagram:
 and 

Corollary 4: For the random profits 
1
2
2
with means 1 and 2 and variance  1 and  22
  p  q
 in the - indifrespectively such that 
1
2
ference curves diagram,
1) if  1 , 1  and is in the north of  2 ,  2  , the
 is preferred to the random profit 

random profit 
1
2
for any FSD risk investor; and
2) if  1 , 1  and is in the north-west of  2 ,  2  ,
 is preferred to the random profit
the random profit 
1

 2 for any SSD risk averter.
Corollary 5: For the effective rates of returns rL1
and rL2 with means 1 and 2 and variances  12
and  22 respectively such that rL1  p  qrL2 and
  r L  rM  r D  C  L, D 

Li

D

in the - indifference curves diagram, if r, rD and C(L,
D) are independent of rLi , then
1) if  1 , 1  and is in the north of  2 ,  2  , the
 is preferred to the random profit 

random profit 
1
2
for any FSD risk investor; and
2) if  1 , 1  and is in the north-west of  2 ,  2  ,
 is preferred to the random profit
the random profit 
1
 for any SSD risk averter.

2
The above corollaries provide an easy way to compare
different random profits and compare different the effective rates of returns. One can simply plot their means and
standard deviations in the - indifference curves diagram. Those in the north are preferred to those in the
south for any FSD risk investor; and those in the northwest are preferred to those in the south-east for any SSD
risk averter.

4. Concluding Remarks
In the paper, analyses have been conducted on optimal
hedging of a competitive banking firm where credit risks
in the economy are tradable on a financial risk-sharing
market. Specifically, it has been shown that a (µ, σ)-riskaverse bank management revises its optimal hedging
policy according to its preference, i.e., its intensity of risk
aversion. The elasticity of risk aversion determines whether
or not a bank management decreases or increases the
optimum hedge ratio when parameters of the decisionmaking process changes [26-28].
Furthermore, reviews have been made on the meanvariance (mean-standard deviation) approach together
with extensions on the results derived from the literature.
Lastly, comments have been made on finding in the literature which states that the first- and second-degree
TI
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stochastic dominance efficient sets are equal to the
mean-variance efficient set.
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